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preface

Based on the arrangement of the material, this book can be
used as a text for a one-semester course in Differential Calculus
¢{Chapter 1 to Chapter 8) and another one-semester course in
integral Calculus (Chapter 9 to Chapter 14). However, this present
edition does not contain all the topics that are usually found in
other books on calculus at the university level. This is justified
for one simple reason. We believe that the necessary time to
discuss all of them is not available. But then the instructor should
feel free to diséuss any topic not included in this book if time per-
mits for such topic to be studied profitably.

In writing this book, special attention is given to the problem -
of presenting the material interestingly and understandably.
To . offset some of the difficulties which many students usually
find in their first acquaintance with the principles and techniques
of calculus, we tried to keep our discussion as simple, clear and
informal as possible. We believe that too little rigor does not
help students attain mathematical maturity and too much of it
overwhelms them. To escape this regrettable possibility, rigor
is judiciously used here. In fact, it should be noted that the formal
proofs of some theorems which are essentially difficult were deli-
berately omitted. We have alsc included a large number of exam-
ples to illustrate the uses or applications of certain concepts, defi-
nitions or theorems but unless we feel that they are needed, we
do not put in so many details in our illustrations. The problems
in the ezercises vary in difficulty. While there are problems which
are obviously easy, there are also those which are relatively diffi-

cult.

Perhaps, to a certain degree, the ordering of the topics and
the method of presentation differ from those of other books
bearing the same name. Such changes arise largely from our ex-
perience. But our idea of what is best and of what goals are attain-
able now may undergo changes with the years. This is because
the teaching of calculus is not static. For this fact, we encourage
fbhe instructor to formulate his'own approach or method which
He thinks is more teachable and understandable.

Our colleagues have been very cooperative and generous in
sharing with us their observations and opinions regarding the
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chapteER

Limits

Calculus is a branch of mathematics which started to deve-
lop in the 17th century. Sir Isaac Newion (English, 1642-1727)
and Wilhelm Leibniz (German, 1646-1716) created calculus in-
dependently of each other and amazingly at about the same
time. The invention of Calculus by these two remarkable men
has _provided the scientists a mathematies that -could handle
many of the difficult problems about motion and things that
change. Today, calculus has important applications in almost
every field of study that uses mathematics. :

The word “calculus” is derived from the latin word for
stoie or pebble. In ancient times, pebbles were used for counting.

Thus caleulus roughly means a “method of calculation.” The
technique of calculation developed by Newton and Leibniz was
undoubtedly remarkable so much so that it was called the CAL-

CULUS.

In ihe study of calculus, the. first important-concept or-idea
which must be introduced is the concept of limit. Actually, as
we shall eventually notice, the whole structure of calculus is
based upon the limit concept. The purpose of this chapter is to
impart to the student a thorough knowledge and understanding
of this basic concept. :

1.1 Functional Notation

The function concept is needed when we discuss the princi-
ples of calculus in general terms. Reeall that a function is a cer-
tain law of correspondence. It is generally associated with a for
mula. For instance, consider the formula for the area of a 6ircie |

A=ar

¥or eac eianed is & val
“0; t::zhAvplue assigned to », there corresponds a value of A. We
is a function of r and in symbol, we write

A=f(r).
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f there 1s a relation between two variables x and y such
x. there corresponds a value of y, then y is
’ - - . - : 2 =

Symbolically, this is written in the

In general, i
that for each value .of
said to be a function of Xx.

form*
y = {(x)

The function concept may be extended to relations between
more than two variables, Consider the equation,

z.= f(X,y).

This implies that z is determined when x and y are g?ven and it is
customary to say that z is a function of x anq y. For instance, the .
volume of a right circular cylinder is a function of the altitude h
and radius r of the base. that is,

V = f(t,h) = 7r*h.

It is irmportant that we he familiar with the functional nota-
‘tion In mathematics and the physical sciences functional no-
tation plays a convenient and important part. In the example
below, we shall illustrate how to set up a formula showing the
functional relation between the variables.

EXAMPLE: The area of a rectangle is § sq. in. Express the pe-
rimeter P of the rectangle as a function of the
length x of one side. ‘

SOLUTION; Sipce the area is 6 sq. in., then the length of the
other side is % and the p‘erime'ter is |

P-=-2(:2 ;,vi)

_\
*The notay; '

3 on =, A : >

1783), Y= 1 (x) is dge to the Swiss mathematician Leonard tuler (177

(



Limits : 3

EXERCISE 1.1

1L Iff(x) = x* — 4x, find (a) £(=5) (b) £(y* +1) (o)
f(x+4x) (@) £(x+1)—f(x— 1)

2 + 3
2. Ify== x-3— , find x as a function of y.

If y = tan (x+ =), find x as a function of y.

4. Express the distance D traveled in t hr by a car whose speed
is 60 km/hr.

Express the area A of an equilateral triangle as a function cf
its side x.
6. The stiffness of a.beam of rectangular cross section is propor

tional to the breadth and the cube of the depth, If the breadth
is 20 cm, express the stiffiess as a function of the depth.

7. A right circular cylinder, radius of base X, height y, is ins-
cribed in a right circuiar cone, radius of base r and height h
Express y as function of x (r and h are constants).

8. Iff(x)=x* + 1, find -f(’“h{: LES T

| h+3)—f(3)
9 f(x)Sax2 —dy sl ol 3)hf-‘:.3’..h=;eo.

Bl i e S B . ' ; %S
10. If f (x)= s and g (x)= x2‘ 3, find f [g(x)] .and‘g[t (x’]
1.2 Limit of a Function

Familiarity. with the limit concept is absolutely essential for
a deeper understanding of the calculus. In this section, we shall
begin our discussion of the limit of a function but we e’mphasiZe
that our treatment here will appeal more t

_ . : \ O our intuition than
to rigor. And since our approach is a non-

o rigorous one, we there.
fore, expect you to grase this idea with cage. ¢ e
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Consider the function defined by the equation

f(x)= 3x+ 1

and assign some values to x near, but not equal, to a specific
number, say 2. For each value of x in the neighborhood of 2. we
compute the corresponding value of y. To get an idea of what i
happening, we construct a table of values as shown below:

: T ‘
‘x |1:500 [1.890 | 1.999/-2.009 | 2.050 | 2.160 | 2.300 | | '
: ' | s

f(x);5.500 |6.670| 6.997| 7.027 7.150] 7.480 7.900} fl

The table shows that when x is near 2, whether a little less t

or.a littie greater than 2, f (x) = 3x+ 1 is nearer 7. In other words,

“3x+ 1 approaches the numt=r 7 as a limit when x approaches 2"

The abbreviated symbolic form for this statement is - i

BRI T a5 x> 2.

We may also say that ‘‘the limit of 3x+1 as x approaches 2 is 7.”
In symbel, we write this as

im (3x+1) = 7.
X2

From: our intuitive discussion above, we may formulate

the -fonewi;;g'defi;i-itiori of the limit of a function.

DEFINITION 1.1 Let f (%) be any function and let aand L be

numbers. If we can make £(x) as close to I as
we please by choosing x sufficiently close to
a then we say that the limit of f(x) as X ap"
Proaches a is L or symbolically.

X>>q

- lim f(x)=L. 1



defimition above is, of course, guite imprecise since it
s b:el;e purely on an intuitive point of view*. How'hile
intuition is not always convincing to everyone, we think that
the given definition is adequate for our purpose aside from the
fact that our approach here saves a good deal of development.
In fact, we shoyld mention that, historically, the limit concept
developed or evolved in just the way ‘we have presented it above.

1.3 Theorems on Limits

This section deals with several theorems ~by means of which
we shall be able to evaluate the limits of functions rapidly and
efficiently. To evaluate or to find

lim f(x)

X—>a S
means that we are to find the number L that £(x) is neer, when-
ever x is near g but not aqual to a. Of course, when x = a, the
yalue of the function is f(a). It may be that f(a) is also the 1imit,
Le., L = f(a). Thus to evaluate ‘ ' -

lim (4 —~x2)
p S 6 &

means to find a number which 4-x? is near wh br
imoer wh : - When
the number 1. By Definition 1.1, we know pregt enever x is near

lim (4—:’1);3-
X =]
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To obtain the limits of more complicated functions, we
use the following theorems which we shall state symbolica))
out proof.*

nal]

¥ With.

Ll. limc=c¢ ¢ = any constant
: x> q
L2. limx=gq ’ a = any real numbe
X >q

L3. lim ¢ f(x) = ¢ lim f(x)
X>a X—a

L4. lim [f(x) + g(x)] = lim £(x) + lim g(x)
X—>a X—>qg X—>a

L5. lim [£(x) - g(x)] = lim £(x) - lim g (x)
X—>q X —>a X>q
lim f(x)
16. lim 2 - — L
x- g8&(X) Tme(x)

n
L7 mVi®) = vImi®x) , n = any positive integer

X—>a X g and f(x) > 0 if n is even.
n
L8. lim [t(x)]" = [iim f(x)J"
X—>gq X—>q

In stating the aboye theorems, we assume that f(x) and

g(x) are defined for all \?alues of x in some interval conl""inin.g -
€xcept possibly at g itself. These theorems may be stated br.'eﬂy
. words. For instance; L4 is sometimes stated as ‘‘the limit of

a4 sum is the sum of the limits,”” To illustrate the use of these
theorems, we have the following examples.

\

* ;
mit (de“a_;:l’:"? of these theoremg are made by use of the formal definition of 4 i
" Gefinition) which js Not within the scope of this book.
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EXAMPLE 1:
iirfz(x2 +3x+4) = {iriu;c? + lim 3x + lim 4 by L4
& X =2 x—>2
2
=[lim x] + 3limx + 4 by L, L3, L1
X =9 x— 2
[2]2 +3(2)+ 4 by L2
=14
EXAMPLE 2:
lim (x + 4) V2% + 5 = lim (x + 4) lim/2x + 5 by L5
x =2 X2 x 2
= (lim x + lim 4)+/lim (2x+5) by L4, L7
X =2 x—r 2 x> 2
= (lim x + lim 4) v/lim 2x +lim 5 by L4
x— 2 x— 2 x— 2 x> 2
_ (limx +lm4)V2Zimx+im5  byL3
x— 2 x> 2 x> 2 x> 2 :
= (2+ 4)+ 2(2) + 5 by L2, L1
=18
EXAMPLE 3: >
lim (8x + 4)% = [lim (3x + 4)] . by L8
X"‘3 x-3 % %
2 2 |
5-’8 x> 3
" }iiMX+,l‘uf34T : by L3
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2
= [3(3) + 4] by L2, L,
= 169

Note that the limits of the functions in the above exampleg
can be obtained by straight substitution. For instance, in example
2, we see that straight substitution of x = 2 gives the destret
limit. Thus in practice, the solution may simply be written as
follows:

lim (x+4) V2x+5 = (2+4) /2(2)+5
x>2
= (6)V9
= 18
EXERCISE 1.2

Evaluate each of the following:

(93}

1. lim (x2 —4x + 3) lim (2x + *V/x = 4)

x—*2 P AR
b D :
2. llm—x'Tz— 6. hm(4x—3)(xz+5)
x—3 x— 2
V3
3. lim (tanx + sinx) T i s
x =B x»’3x\/X+1
4 : :
4. lim = 8. lim ——SX*2
x o= x=0x3 —9x +4

3

1.4 Indeterminate Forms

Consider the function defined by

fix) = N(X)
(x) D(x) D(x) # 0
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Suppose at x = a, N(a) = D(a)= 0

S N(m) e 20,
%) Gy 0

which is undefined. We say that at x = a, the function f(x) assumes
the indeterminate form s . The other indeterminate form* that
we shall encounter here is = . Obtaining any of these forms by
straight substitution does not necessarily mean that f(x) has no
limit. We shall see in the examples below that even if f(x) assumes

the indeterminate form s at x = g, the limit of f(x) may be definite,
i.e., the limit exists. This limit is usually found by changing the
expression defined by f(x) into a form to which the theorems on
limits can be used. Consider the following examples. ' ;
x2 —4

EXAMPLE 1. Evaluate lim —5—

K= e

Solution: This can not be evaluated by straight substi-
tution since when x = 2, we have

i . 2o T Ly

T R DR O
which is meaningless. That is, at x = 2, the
function assumes the ‘indeterminate form %

However, if x # 2, then

x2—4_(x—2)(x+2) _yx+2
X =2 X —2

Therefore, to evaluate the limit of the given
function, we proceed as follows:

2=l fim (x=2)(x+2)

ii—t-rnzx_'z x> 2 x-—2
'= lim (x + 2)
X—+2
= 2wt 2
- =4

* ; oy
Other indeterminate forms will be discassed in Chapter 5.
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The exampie above illustrates the fact that f(x) may ha,
limit at a number g even though the value f(a) of the fun(‘tio: a
undefined. Moreover, it shows that the limit and valye of thles

function are two different concepts.

EXAMPLE 2. Evaluate lim f‘f‘l eyt o,
x—2 %

Solution: A straight substitution of x = 2 leads to the indeter.
minate form-o- Since f(x) = x? — 3x, then f(2)=4 ¢

= — 2. Hence.
l,m.ﬁil___l i 2 —8%) — (- 2)
x=>2 gt o X2
= o= dx + 2
‘;,-02 x 2
WodE S =1 (X —2)
: o o x—2

' x—>2

= 1im"(li ==1)
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10.

13

12,

13.

14.

15.

16.

2 f o

X—0 X
lim _}_(—_1__
x—1vVX+3—2
=D
Ll_r.rtxz xX—8
1 1
s 28
x-4 X—4
i xec 8
xLZ. x? —4
—3
lim 2

tan 2x
li
= Sec 2x
T
4
2 sind x
hm — i

x— 0 SiNX — tanx

. 1 — cos?
1110 5 X
x—0 1+ cosx

X si i
ik nx sin 2x
x=+0 1—cosx

L |
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sin? X
1+ cosx .

18. lim

X = 1K

If f(x) = VX, find

.

. 4x)—f(4)
S £ x~4. x—4

i fO+ %)= (9)
A '- x

RS : x-—Q

/¢ can make f(x) as large as we
\‘bu‘t, not equal, to a rea! number

\ f(x) = — The table be-
éssxvely approachmg the
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.l_—roo as x—‘)O_
X

[n more compact form, we write

X-—~>0 X
r X 0.1000 0.0100 | 0.0010 | 0.0001 = Oﬁ1
f(X)='—xl—‘ 1 100 1,000 | -10,000 - oo

Bear in mind that o is not a number which resultg f‘r'c'>m di-
vision by zero. Recall that in the real number system, division by
zero is not permissible. In fact, it can be argued that the statement

R =ics

is not an equation at all since * does not represent a number. It
is merely used as a symbol te imply that the value of f(x) in-
creases numerically without bound as X approaches a. *

1.6 Limit at Infinity

A function f(x) may have a finite limit even when the in-
fiependent variable x becomes infinite. This statement “x becomes
infinite” is customarily expressed in symbolism by “x —> >,

Consider again the function f(x) = ;1{— It can be shown:(in-

tuitively or formally) that— approaches a finite limit (the number
zero) as x increases without bound. That is,

————

*The symbol o js used for infi
Symbols + oo (reaq
books in connection
that f (x) becomes
Mean that f (x) beco

nity if no particular reference to sign is made. The
plus infinity”) and — ©° (read “minys infinity”) are used in some
With statements about limits. The symbol + o is used to indicate
positively infinite (increases without bound) while —° is used to
mes negatively infinite (decreases without bound).
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~_1.. -‘-)'0 as el
x
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From the examples above, we intuitively feel that if n is any posi-
tive number, then

B =0
x—-o0 Xn

This_is given as a theorem in some books. Note that when n=1,
we have L9.

A function f(x) = I;(x)

may assume the indeterminate form

2 when x is replaced by «. However, the limit of f(x) as x be-
comes infinite may be definite. To find this limit we first divide
N(x) and D(x) by the highest power of x. Then we evaluate the
limit by use of L9. .

3 N
EXAMBEE:  Eantate lin. e oan 0
x—0 2x3 +5x+3

Solution: The function assumes the indeterminate form
2 when x is replaced by «. Dividing the numer-
ator and denominator by x3, we get

8 e
3 g X' %8
ji AEAIh el e
x— 2x3 +5x +3 x:*°°2+§_+_3_
x3. x3

=0 Geki0ze—0

2 +70'+0

= 2
EXERCISE 14

Evaluate each of the following.

1 lim S +4x2+5 2 8x.— &
o iheg e HRTTT
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" x3
i
B (2% — 1)y

To lim %
X — 00 x2
5 VOxZ ¥ 4
g -
X — o0 6x + 1

asized that the limit and vaiue of 4
icepts. In fact, in Section 1 .2, When
,.Af(X) = L, we deliberately ignoreq
- ~a,

it of a functlon f(x) as x - a may
) at X =a That is, hm f(x) f(a).

Aed vent of some mathematlcal

~

it » . Louis
mathematician Augustin L
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this function is “unbroken” over that interval. That is, the graph
of f(x) can be drawn without lifting the pencil from the paper
(see Fig. 1.1).

EXAMPLE 1. The function f(x) = x°® is continuous at x = 2
because hm x? = f(2) = 4. In fact, it is continuous
for all finite values of x, The graph of the function
is shown in Fig. 1.1.

L f(x)=x®

FIG. 1.2
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J55
; 1,

» 9 The function f(x) = 3
EXAMPLE 2. Y 1 Xy : ‘
because lim - = £(3) =3 It i1s, however, discop.

s continuous at x = 3

Sy
— 3 — = o0 h gr g
tinuous at x = 0 smcexEr(r)l = The graph of the

function (see Fig. 1.2) contains a ‘‘break” at x =

4x
EXAMPLE 3. Is the function f(x) ;x2 B continuous over the

interval 0 £ x £ 57

Answer: No, since at x = 2, f(2) is undefined.

EXERCISE 1.5

Find the value or values of x for which the function is discont;.
nuous. ;

3x Bx *71 1
Lo~ 3. w4 5. i
2 __315_'."L_ B 6x , X+ 3
X —8x+15 2 9 % = 3% + %x

1.8 Asymptotes

beb fx) = %g% » D(x) # 0, be a rational function, i.e. N(x)

and D(x) are polynomials, Suppose we wish to sketch the graph
of f(x). A useful aid in sketching the graph of a function is to find,

5 there is any, the asymptote of its graph. The asymptote may be
g 28 tzcal‘ line (no slope), a horizontal line (zero slope) or a non
vertical line which g

ants upward to the right (positive slope) o

downward to the ri ' lowing
definitions are us:f; the right (negative slope). The fo

Asymptotes, o determine the vertical and horizontal

DEFINITION 1.3 The line x = ¢ is a vertical asymptote gl

graph of f(x) if lim f(x) = .

X—a
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DEFINITION 1t 4 The iney = b isa honzontal asymptote of

the graph of f(x) if lim f(x) = ¢&.

X— o0

EXAMPLE 1. Since lim —2X
X~ 3X =

asymptote of the graph of the function de-
fined by f(x) = 20

=oo then x = 3 is a vertical

X—=3
EXAMPLE 2. y = 2 is a horizontal asymprote of the graph
Ly . 2 L
of f(x) = -- since lim = 2.

2% -6 (= 2x% -6

EXAMPLE 3. y = 0 is a horizontal asymptote of the

e MR i
of f(x) 5 sx-nc:c-.xl_l.mm_'x2 g 0.

EXAMPLE 4. There is*no horizontal asymptote for the
A2

graph of £(x) = 22X since lim 2L~
| o

From Definitions 1.3 and 1.4 and the examples above; we
can make certain generalizations which would facilitate further the
process of finding the vertical and horizontal asymptotes* of the -
graph of the rational function defined by the equation

fx) = %’é"—)’ , Dex) = 0

Since N(x) and D(x) are polynomials, we may let
N(x) = ap_xr'n L D GO SR e

D) = byx* +'bixt=1'+ ... + b, + b,
where m and n aré positive integers and a, +v8,...2, and b b,
b, are constants. We now formulate the following rules for

*Other Properties of a cirv its . nts: ,
famitiar 16 lhestu::m_ . e such as Its iintercepts and symmétry afe assumed
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finding the vertical and horizontal asymptotes of the rationy

=———(—)Nx .

function f(x) D(x)

1. To find the vertical asymptote of the graph of f(x), we
set D(x) = O and solve for x. If x = k wherg Kk is any
real number, then the vertical asymptote is the line x = k.

2. To find the horizontal asymptote of the graph of f( X), we
have the-following conditions to observe:

Cl1: If m < n, then the horizontal asymptote is y = 0.

3
-

o

C2: If m = n, then the horizontal asymptote is y =

C3: If m > n, then there is no horizontal asymptote.

, 2
EXAMPLE 5. Sketch the graph of y = —2%

x? —4°

Solution: Note that N(x) = 2x? and D(x) = x* — 4.
L. Intercepts: x = 0 andy = (

II. Symmetry: Symmetric with respect t i
: : o the y-axis.
TII. Asymptotes: £ ;

& Setting x? — 4 - 0, we get x = 2 and x=— 2
as vertical asymptotes,

(_2) Since m = N = 2, condition C2 is satisfied and

because 40 = 2 and b, = 1, then the horizonial
asymptote is the line V&2,

Iv. Additiong) Information:

(1)  For all x > o we find that y > 0. The curve lies

above the X-axis,



4
&

(2) Forall - 2< x < 2, we findy < 0. The curve lies
below the x-axis.

(3) For all x < — 2, we find y > 0. The curve lies

above the x-axis.
The graph of the function is shown in Fig. 1.3

T

Y

 iadand y:2

)

xX=-2 x=2

FiG. L3

Consider again condition C3 where m > n, ie. where the
degree of N(x) is greater than the degree of D(x). While there
is no horizontal asympotote, there may be a “slanting™ symptote.
To find the equation of this asymptote, we proceed as follows:

By long division, write

- N(x)
y D(x)

in the form

o R(x)
Ly #UQ(X) +——-——D(x)

:hcre the'degree of R(x) is less than the degree of D(x). The equa-
1on of the “slanting” asymptote is y = Q(x).



