Differential
& Integral
- Calculus

FELICIANO and UY




ifferential and Integral Calculus

n.general, if there 1s a relation between two variables x .and y such
hat for each value of x, there corresponds a value of y, then y is
1id to be a function of x. Symbolically, this is written in the
orm*

y = {(x)

The function concept may be extended to relations between
.ore than two variables. Consider the equation;

z= f(xy).

his implies that z is determmed when x and y are given and it is
istomary to say that .z is a function of x and y. For instance, the
>lume of a right circular cylinder is a function of the altxtude h
1d radius r of the base. that is,

V = f(r,h) = 7rh.

It is iraportant that we he familiar with the functional note-
on In mathematics and the physical sciences functional no-
tion plays a convenient and important part. In the example
2low, we shall illustrate how to set up a formula showing the
mctlonal relation between the variables.

XAMPLE.-: The area of a rectangle is 6 sq. in. Express the pe-
_rimeter P of the rectangle as a function of the
length x of one side, :

DLUTION: Since tt.2 area‘is 6 sq. in., then the lengtk of the
~ otherside is - and the perimeter is

Limits

2. Ify==

9 Iff(x)-3x2*-4x+1 find -

EXERCISE 1.1

1. Iff(x)=x*~dx, find (a) T(-5) (b) £(y + 1) (0)
f(x+Ax) @) fx+1)—f(x—1).

~—, find X as'a function of y..

3. Ify= tan(x+ =), find x as-a function of y.

4. Express the-distance D traveled in t hr by a car whose speed

'is 60 km/hr..

5. Expresé.the area A of an equilateral triangle as.a function ol

its side x.

6. The stiffness of a.beam of rectangular cross section is propor-

' tional to the breadth and the cube of the depth, If the breadth
is 20 cm, express the stiffness as a function of the depth‘

7. A right circular cylinder, radius of base x, height y, is ins-
cribed in a right circujar cone, radius of base r and hexght h
: Express y as function of x (r and h are constants). :

8. Mf(x)=x?+1, -find«‘__(éiﬁ):__;(l)_ h% 0.

f(h+3)-f(3) b 0.

10. If £ (x) = ‘;‘f‘é and g (x) = x2=3, find f [g(x)] and g[t (x)] |

1.2 Limit of a Function

'Familiarity- with the limit concept is absolutely essenha} for

3

a deeper understanding of the calculus. In this section, wé shall-
begin our discussion of the limit of a function but we emphasize

that our treatment here will appeal more to our intuition than

to rigor. And since our approach is a non-rigorous one, we there-

fore, expect you to grasn this idea with case.

- 6\
P—-2(x+ x)

83 *The notation y = f (x) is due to the Swiss mathematician Leonard Euler (1707
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The example above illustrates the fact that f(x) may have a
-limit at a number g even though the value f(a) of the function is
undefined. Moreover, it shows that the limit and value of the
function are two different concepts. v

EXAMPLE 2. Evaluate lun&‘)-i-f-é-%l if f(x) = x2 — 3x
x> 2 X — ’

Solution: A straight substitution of x = 2 leads to the indeter-
minate formJ. Since £(x)'= x2 — 3x, then f(2) =4 — 6

= — 2. Hence. .
lim S —£(2) _ . (%2 — 3%) — (— 2)
x> 2 X_2 x—2 X“'?
= Ijm X2 8x+ 2
x— 2 X2
o (x—1)(x—2)
—ln—yz Tx—2: ,
= lim (x — 1)
x—’z
= 1

EXERCISE 1.3

Evaluate each of the following:

x3 —64
1. lim—
x‘-) 4. x2 he 16

‘X2 +2x — 8
2. lim —V—=— =
. x“—!'l2 3x—6

3 lim x2—138x + 12
T x>3x3—14x+15

4. lim x}—x2-x—-2
" x=22x°—-5x? + 5x—6

Limits

;0.
11
12,
13.

4,
: lim

15. .
16.

17.

lim (X *8F —9
x—0 2X
lim Vx+ 16— 4
X—0 X .

i x—1

x-8 X— 8
11
lim X2
x—~4 - xX—4
. x*-8
xl—%. X2 —4
. x—3
lim
x23yx—2-vV4—x

.tan 2x
n Sec 2x
x ——
4

sin® x
x— 0 SINX — tanx

— coc?
T 1— cos?x
x—0 1+ cosx

.. sinx sin
lim SnX sin 2x
x=0 1—cosx

11
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. sin? x
18. lim ——mm
«—n 1+ cosx

If f(x) = VX, find

19, qim X —f(4)
x~d X — 4

20. lim EM

x—0 X
ff(x)=x*— 2x-f— 3, find‘ .
21. in_‘rrg flx) - 12
2. fm L D1

x=0

1.5 Infinity

Let f(x) be a function. If we can make f(x) as large as we
please by making x close enough, but not equal, to a rea! number
a, then we describe this situation by writing.

lim £(x) =

X—a

where the symbol e is read “infinity”’.

o 1 :
In particular, consider the function f(x) = — The table be-

low shows that as x takes on values successively approachmg1 the
number 0, the value of l—grows larger and larger. We say that be-
comes infinite as \: approaches 0 and indicate this by wntmg

L.imits Differential and Integral Calculus 13

1,0 as x>0

X

In more compact form, we write

lim — =
X—>0 X y
x 1 0.1000 0.0100 | 0.0010 | 0.0001 - 0
f(x)_=—,§— 10 100 | 1,000 | 10,000 > ool

Bear in mind that = is not a number which results from di-
vision by zero. Recall that in the real number system, division by
zero is not permissible. In fact, it can be argued that the statement

lim f(x) =

X a

is not an equation at all since % does not represent a number. It
is merely used as a symbol to imply that the value of f(x) in-
creases numerically without bound as x approaches a. *

1.6 Limit at Inﬁnit‘y

A function f(x) may have a finite limit even when the in-
dependent variable x becomes infinite. This statement “x becomes
infinite” is customarily expressed in symbolism by *“x ~> e,

Consider again the function f(x) = ;1(— It can be shown- (in-
tuitively or formally) that—]" approaches a finite limit (the number
zero) as x increases without bound That is,

* #The symbol % is used for infinity if no particular reference to sign is made. The
symbols + @ (read “plus infinity”) and — ° (read “minys infinity””) are used in some
books in connection with statements about limits. The symbol + ©° is used to indicate
that f (x) becomes positively infinite (increases without bound) while — o0 is used to
mean that f (x) becomes negatively infinite (decreases without bound).
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% 70 as x>

We shall consider this fact as an additional theorem on limits a
in symbol, we write

L1
L9‘ lim — =0
. The use of L9 is illustrated in the following examples. ‘
EXAMPLE 1. lim L = jim (_.1_ N § 1
X —» 00 x3 x o0 \ X X X
=lm —. Lim —. Lm L by L.
-X — 0o X — 00 x—->o0 X )
= (- ‘
| |
EX 4 N | ]
AMPLE 2. lim = = 4 ljm L h
x—00 X2 x - 00 X2 w ]
X — 00 X
R R |
4 ,l:_r?oo X ilglw —X— by
=0 o by L
. . 1
- EXAMPLE 3, lim ‘-1 = gy (1)+ |
. X—co X% vxr-:lo (X) ’ Why‘
1 RS
= . 2 4 ..
[xh}.noo X] by .'

: BXAMPLE:

{amits 16

Prom the examples above, we intuitiveiy feel thatif n is any posi-
Uve number, then ‘

1

~ lim =0

X —» 00 xn

This is given as a theorem in some books. Note that when n=1,

we have L9, '

A function f(x) =Nx) may assume the indeterminate form

@ when x is replaced by fw However, the limit of f(x) as x be-

| ®omes infinite may be definite. To find this limit we first divide E

N(x) and D(x) by the highest power of x. Then we evaluate the

L Bmit by use of L9.

2
Evaluate lim —X.*t3x—6
x—»o0 2x3 +5x+3

Solution: The function assumes the indeterminate form
<= when x is replaced by . Dividing the numer-
ator and denominator by x3, we get

3 _ 6

_ 448
4x3+3x2._.6= X ?
x—o  2%3 +5x + 3 X~ 24..§_ +-§.
| X2 x

=5+0—0

2+0+0

= 2

EXERCISE. 1.4

E.valuate each of the following,

o lim S *t4x®es o L Bx—5
x-o 8x3 + 7x — 3 x-® SLET T
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3x2+x + 2 . 6. ]i x3

2. lm xllloo &;‘:1—)2

x—- x3 + 8x + 1

3. lim X*5O 7. lim (X*2P —(x—2
x»‘ooxz +1 ) X > 00 x2°

4 lm X rx*2 8 lm YT
x> X2 —1 C x—o  Bx+1

1.7 Continuity

In Section 1.4, we emphasized that the limit and value of 4
function are two different concepts. In fact, in Section 1.2, wher
we discussed the meanmg of hm f(x) = L, we dehberately ignore

> a ‘
the actual value of f(x) at x = a However, in Section 1.3, we made
mention of the fact that the limit of a function f(x) as x = a ma
turn out to be just the value of f(x) at x = a. That is, hm f(x) fia)i

Now when this happens, we have an event of some- mathematlcaY
significance. The function f(x) is said to be contmuous at x = a
This leads to the following definition.

DEFINITION 1.2 A function f(x) is continuous at X=a 1'

if hm f(x) = f(a).

Note that the condition hm f(x) f(a) in the deflmt)on,

above actually implies three c')ndltxons namely

(1) f(a) is defined.

(2) lim f(x) = L exists, and
X—>a

(3) L=f(a)

- If any of these conditions is not satisfied, then f(x) is said to b,

discontinuous at x = a.

A function f(x) is said .to be continuous in an interval if-i
is continuous for every value of x in the interval. The graph o

*This definition was formulated by the French mathematxcnan Augustin Louia
Cauchy (1789-1857).

[

Limits , 17

this - functlon is “unbroken” over that interval. That is, the graph
of f(x) can be drawn. w1thout lifting the pencil from the paper
(see Fig. 1.1). ;

EXAMPLE 1. The function f(x) = x? is continuous at x = 2
because hm x? = £(2) = 4. In fact, it is continuous
for all finite values of x. The graph of the function -
is shown in Fig, 1.1, .
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EXAMPLE 2. The function f(x) = = is continuous at x = 3
because hm—l—- f(3) = %— It is, however, discon-
tinuous at x=0 smcex Etg -’12 = o0, The graph of the
functlon (see Fig. 1.2) contains a “break” at x =0,

4x

EXAMPLE 3. Is the function f(x) >
" interval 0 € x < 5?7

4 continuous over the

Answer: No, since at x = 2, f(2) is undefined.
EXERCISE 1.5

Find the value or values of x for which the functxon is dlscontx-
nuous,

3x 5x +1 1
1. . Sl
x=5 I > =8
3x + 2 6x + 3
2. 4, X
2 —-8x+15 x2 -9 6 x3 —3x* + 2x
1.8 Asymptotes
Let f(x) = N , D(x) # 0 be a rational function, i. e. N(x)

D(x)
and D(x) are polynomials. Suppose we wish to sketch the graph
of f(x). A useful aid in sketching the graph of a function is to find,
if there is any, the asymptote of its graph. The asymptote may be
a vertical line (no slope), a horizontal line (zero slope) or a non-
vertical line which slants upward to the right (positive slope) or
slants downward to the right (negative slope). The following
definitions are used to determme the vertical and horizontal
‘asymptotes

DEFINITION 1.3 The line x = q is a vertical asymptote of the
graph of f(x) if lim f(x) = .

X—a

Limits 19 -

DEFINITION 1.4 The line v- = b is.a horizontal asymptnte of
: the graph of f(x)if lim f(x) = & ,

(—.oo

EXAMPLE 1. Since 31513;2_—"3 = oo, then x = 3 is a vertical
asympttjt‘e of the graph of the function de:
fmed by f(x) = ——2-13 :

EXAMPLE 2. y= 9is a hormontal.ﬁsymmofeOf thegraph

x'2 @
of f(x) = Yy g(lr_\‘cqg l;m -—-—*—~—~2 3 =2,
EXAMPLES. y = 0 is a horizontal a"symptote of' the
P 3x 3x =0
of f(x)- e “since xllrr;x .‘_;_1 = 0.

EXAMPLE 4. There is*no honzontal asymptote fozr the
' Ax? ax? .,
1 sxnceyﬁxgb o —1

 graph of f(x) = Z=—

- From Definitions 1.3 and 1.4 and the examples above, we
can make certain generahzatlons which would facilitate further the
process of finding the vertical and horizontal asymptotes* of the
graph of the rational funct:on defmed by the equation

N(X) , Dix) = 0

Since N(x) and D(i) are polynomials, we may let
N(x) = a,x™ + agxm-bo+ o tay + ap
D(x) = -b x" +"bl'-x\“‘—"?1"+ cis + tjn"_‘ R .b,,

where m and n are positive mtegers anda,,a;,...8, and bu, by,
b, are constants. We now formulate the following rules for

*Other pmpertws of a ctrve such as jts imereepts and symmetry are ‘assumed.
familiar to the student..
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4

tm 1B+ 262 —4] — (32 — 4],

= Alim At ‘ 13. GivenV = 3 1rr3 find gy
, » o r
: 14. Given S = 4xr?, find dS
= lim 3“*62): —38t? dr
Ato 16. GivenS=2b+ & finggg
, ‘ 3t—4 &'
_ . 6tAt+3(at)?
Altl—{no At ’
Ueometric Significance of gf
= Alim (6t + At) | ' _
e : Consider the graph of y = f(x) shown in Fig. 2.2. Let P(x,y) d
Q(x + Ax, y + Ay) be any two points on this curve. Line S
= 6t intersects the curve at P and Q and having inclination « is

i the secant line of the curve. Note that thé slope of S is
EXERCISE 2.1 '

m = tano = &Y - _f(x+Ax)—f(x)
Ax AX

' Find the derivative by use of Definition 2.1 J\ ‘ i) .
1. y= 4x* = 5x , 7. y=vV4x+3 Qlxtax, y+ay)
v=x 4+ ' = 2x_ T
2. y=%x +2x . A 8. y 741
. = 9, = ‘—3—‘— ()
3.oy=4vx =i W | A
_6 _ bx?
4. y=¢ 10. Y= i 5
"B oy= ¥x
6. y=2-—5x ,.4+ ~ : -—3x
11. Givens=+/t— 2,finda‘1:. [ - '
. : AXx
12. Given A=r* find g_?"‘. X 1
FIG. 2.2
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- 2x+ 1P (0) — 12 (2x + 1)2 (2)
' (2x + 1)

_—24(2x + 1)
B (2x + 1)

- =24
(2x+1p41

L= 4@2x+1) why?

2nd Solutiqn:k y = (2x+1)3

dy_4d o1y
dx 4 dx(2x+1)
dx -ad

dx

—-12(2x+ 1)™* (2) \

=—.24 (2x+1)”*

- 24
(2x+1)*

4

3rd Solution: y = m

dy _ 4(=3) 51._(2,(_,_1) by Df

dx (2x+1)* dx

N v
T (2x+1) 2)

: — 24
(2x+1)*

by DS

4(-38) @2x+1) * L (2x41) 'byD;

weentiation of Algebraic Functions : 39

MPLE 4. Find ey = (2x+1) (ax-1y7.

Kolution:

L ay s d e d , N
= (2%+1) —&—(41( 1) + (4x 1) dx(2x+1) by D5

dx
(2410, 2 (dx-1) () + (4x-1).3 (2x+1) (2) by D7
©2(2xF1)% (4x-1) [4(2x+ 1) + 3(4x- 1)]

2(2x+1)* (4x-1) (20x+1)

EXERCISE 2.2

%{ of each of the following:

1 y=5x3—4x’+3x—f6

—_ 4 RS
T y=Yx+  +Vx

1 y= \3/2x-'7
" y:(3x2—4x+1)5 .

“ y:W

" 4x—5

I L —

2x+1

. 9x+1

V3x?+2
v (2x+5)V4x-1

10 v (3x+4)? (x-5)3

H Y
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2x—3\
1. feX—9
y (5x+1
- 3x—4
12. =
Y=V 2x+5
e
3
13. y{ X6}
: y (3x+4
14 Y= 13/” );2 — 4x"_3’
15. y=4Wx+ 1)
16- y = 4
Vbx+3
17 y=—u=2
v= (4x+1)3
Evaluate % at the specified value of x:

18. y=6(Jx+2)?, x=8
1. y=vV6—vVx , x=14

29. y = 33 +‘4x"‘l,x=1

L4

o e——

V3x—2

21. y = (2x—1)? x=2

Find the slope of the tangent to the curve at the given poin‘

22. y=1T—x*+4x* ,(-1,2)

23, y=x4+2' (2,3

24, y=3x* - 2, (210

Differentiation of Algebraic Functions 4]
Find the values of x for which the derivative is zero.
26. y=x>+4x>—3x—5

27. y= x4 — 8x3 + 22x% — 24x+ 9

98 V' = 12x4 gx' o

x—1

2. Y= T+

Find the values of x given that

oL dy -
30. y=2x-—3x andgy 14

dy _
dx

2 4 1
31, y=x3 —x 3 and 1

_ ay? -1 Ell_
32. y=3x*+4x andg-=11 2

2.5 The Chain Rule

Certain functions are formed out of simpler functions by a
process of substitution. Functions which result in this manner are

called composite functions. .

L3

For a general discussion of composite functions, consider the -

functions f and g given by y = f (u) and u = g(x) respectively. We
have here a situation in which y depends on u and u in tumn de-

pends on x. To eliminate u, we simply substituteu =g (x)iny ={.

(u) and thereby obtain a new function h expressed symbolically
‘n the form
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The functions f and g are said to be inverse functions, To dis-

tinguish between f and g, we shall call f the direct function and
g the inverse function. :

derivative of ¥ with respect to x or-g-i- of a function written in the
form x = ggy). This is a accompuished by using the so called
inverse function rule which we state as follows:

Let us now focus our attention to the problem of finding the

INVERSE PUNCTION RULE:

If y is a differentiable function of x defined by
y = £(x), then s mverse functior detineg by x = g(y)
is a differentiable function of y and Co

D11: dy _ 1
dx dx/dy

Note that D11 ‘clearly shows that the rate of change of y
with respect to x (dy/dx) and the rate of change of x with res-
pect to y (dx/dy) are reciprocals. [t also says that the deriva-.
tive of the inverse function is equal to the reciprocal of the de-
- rivative of the direct function. The proof of D11 is given below.

Proof of D11: (et y = f(x) and x = g(y) be inverse func-
- tions. Then y is a funcuon x and x is a function of y. By D10,

dy _dy dx
dy dx dy
and ‘ 1=dy dx
dx dy
or ' dv _ 1
- dx dx/dy

EXAMPLE. Ifx =y’ — 4y?, . fing g}!{’ :

Solution: Since x = y> — 4y®* | then. %;,5=3y’ — 8y

and by D11,

~ntiation of Algebraic Functions

gl:"‘———l‘—""‘—_‘
dx 3y? — 8y

EXERCISE 2,3

45

the Chain Rule to find %— and express the final answer in

of x.

y=u+4+u , u=2+1
y=+vu* -1 ,u=4\/;
y=@u—4)> ,u=x*+4
y=(u-2)% | u=4x* +1
y=+vu u=4x—2

- __ 2u U= x2
vy x
y=vu , u=yx

W [nverse Function Rule to find % )

]

10

B

12

13

14,

x=y+y?+y

X = \/-Y-'*‘ :/T
x=(4— 3}’)%
x=2(4y + 1)
= 6—,—._.
(8y+1)?

x=vV1+JI+ vy

x ;(BXLI‘)‘
3y —




i6 Differential and Integral Cg

2.7 Higher Derivatives

Recall that from the equation y =
tiation the equation

dy _ ¢
dx. £

The derivative ﬁ- or f'(x) of the function f is a number th '
pends on x. Hence ' is itself a function of x and may be’ dif§
tiated again with respect to x. "This process is represented sy¢

lically by any of the followmg notations:
d (dyy. dy
dx - Adx ’ dx?
L= 1"w

d o
x )=y

Dy (ny) = D§Y

dy

If we refer to—>-as the first denvatlve of y = f(x) thed

dx

d2
’ shall refer to a—-—- (read “d squared y dx sguared”) as the sed

2
derivative- of y =

o8
. is to be differentiated twice.
Further differentiations _g’ivg us.. the deriv.a_tives , of
- higher than 2.. These derivatives are defined and denoted &
lows*:
‘: *In practlce, the symbol y" (read y double prime) and y" (read y triple pri

used in place of y( ) and y(3) respectively. Similarly, " (x) and f" (x) are used inste
- (2 (x) and f3)

D (x).

f(x), we get by diff

= f(x). The operator g ; Indicates that y =

(x) respectively. The symbol y" should not be used in place of y( ;

entiation of Algebraic Functions 47

d3 " " . 3
Y _¢ (x)=y" = D}y 3rd derivative

Cy - @ g)= y@_ DL

4th derivative

' . 0
ry=f) (x)=yM =D v nth derivative

Wete that parenthesis are used in y™ anc §™(x). The
v (n) 15 used to distinguish 1t from the symbol yn. Re-
Wat y" indicates the nth power of y = f (x) while the pre-

seanon holds for the symbo] £ (x).

Ify=x* -~ 2x® + 55 — 4, then

= y =4x3—6x% + lbx

]

v’ =12x%2 - 12x + 10

= y” =24x— 12
- y@) =94

EXERCISE 2.4

Pwut the second and third derivative of each of the following:

b v o x% 4+ 3x? + 4x

notation y(*) indicates the nth derivative of y = f (x). The -
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10.
11.

12,

13.

14.

Differential and Integral C ‘

x+1
Ify = ¥X, find f' (8) and £" (8).
Ify = x*, find y* and y®,

Find t}le point on the curve y = x* + 3x for
y=y"

How fast does the slope of the curvey = (x? + x
change at the point where x = 2? -

Find the rate of change of the slope of the
y=x*—1at(2,7).

2.8 Implicit Differentiation

~ In the preceding sections, we have been concerned
with functions defined by the equation

y = f(x).

\
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In this form, y is said to be an explicit function* of x. For exam:
ple, in the equation y = x* + 4x + 3, y is an explicit function
of x,

If y is a function of x but is not expressed explicitly in terms
of x, then y is said to be an implicit function of x. In each of the
¢quations below, y is an implicit function of x. )

1. X2 + 4xy + 4y? = 0

2. 2-(Q1-x)lny=0

3. v =4x2 + 9 ' . ,

4. VX+y +xy=21
5. ’ex=cosy

Equations (3), (4) and (5) can be written in the form given
by equations (1) and (2), i.e., the right member of the equation -
is zero. Then, in general, an implicit function may be represented®
by the equation .

E (2.3) f(x,y)=0

An implicit function given in the form E (2.3) can be converted
to the form y = f(x). For instance, the explicit form of the equa-
tion (3) above is y = /4x> + 9 while that of equation (5) is y =
Arccos eX, The reader is urged to obtain the explicit forms of
equations (1), (2) and (4). However, there are implicit functions
which are quite difficult (and may be quite impossible) to convert
to their corresponding explicit forms. Thus finding dy from an

implicit relationship between x and y is of particular importance -

in those cases where it is difficult (if not impossible) to obtain
an explicit solution for y in terms of x.

To find gxx or y' of an implicit function, we differentiate

both sides of the equation with respect to x and then solve for

(‘% or y'. The process involved is called implicit differentiation.

*If from y =f (x), we solve for x in terms of y, e ‘get the fom: X =g (. In
this latter form, x is said to be an explicit function of y.

"
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Differentiation of Algebraic Functions . 51
EXAMPLE 1. Find ¥ ify? = 4x? + 9,
‘ -4 since x* + y* = 4
| - -
1 . d 2 d 2
Solution: ax V) = gz (4x+9) '
* X Note that y” can also be obtained without solving for y'

dy  terms of x and y. That is, starting witn 2x + 2yy = U ot

ZYa‘; =8x+ 0 » k
. x+yy =0

%% = 47" we can differentiate fmplicity again to obtain
1+yy"+yy =0

EXAMPLE 2.  Find y' if x* + 4xy+ 4y* = 0. 1+yy"'+ (3P =0

Solution: 2x + 4xy' + 4y + 8yy’

A =0 Solving for y", we get L
4xy' + 8yy' = —2x— 4y w_ = el 2
(4x+8y)y’ = — (2x+4y) v
» y = (x+2y)
. ) 2x + 4y’ X ) _
~ s - - ; - . . ‘.f. . .
EXAMPLE 3. Find v if %2 + v - 4. Substituting y v in the equation above and simplifying,.we )
Solution: Differentiating with respect to x, we have get y” = — .%
, - ) g
2x + 2yy' =0
YT ) EXERCISE 2.5
y = ’

Find g—g by implicit differentiation
Differentiating. further with respect to x,

v = y=1)-(—x)y
y2

1. xX*+y® ~6xy=0

2. x2+xy’+:y’;1

3. JVxty + xy = 21"

- v —
Vv 4, Vx+Jy=\la
= —Yz';xz . 5. b?x®+a?y? =2’b?
y
_ -(x%+y? 6. (z- y) = (xty)?
==

7.y =4(x* +y7)
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2 - (3xpl
8. 5 (2 ~3
9. y?-8x+2y=0

10.

Find y” in each of the following:

11. xy= 3?
’ 2
12. x3 +Yy

2 2
3 3

=a
13. y*—-16x=0
14. x* — 2xy+ 3y? = 4

15. 4x? + 9y* = 36

Find the slope of the curve at the given point.

22.

16. 2x* + 2y = 9xy at (2.1)

17. y*=x*—-1 at (3’_2)

18. x2 + 4/xy + y?
19. x> +x’y+y* =9 at (—1,2)

20. \/33;+‘ JAy =5 at(3, 2)

A circle is drawn with its center at (8, G) and with radius r

such that the circle cuts the ellipse x> + 4y? = 16 at right
angles. Find the radius of the circle.

25 at(4,1)

The vertex of the parabola y?> = 8x is the center of an el-
lipse. The focus of the parabola is an end of the minor
axis of the ellipse, and the parabola and ellipse intersect

at right angles. Find the equation of the ellipse.

WPILER

Some ApBquatiqns
of the erlvatlve

The derivative is a powerful. toel in the solution of many
" n science, engineering, geometry and economics. Among -
imoblecms which you will find not only useful but also quite
tinyz are those situations which call for maximizing or mini-
a function. For instance, a manufacturer is interested in
v inp his cost of production. An engineer may want to:
wine the dimensions of the strongest rectangular beam that
v ut from a circular log of known diameter. A farmer may
to fmd the area of the largest rectangular field which he can
« with a given amount of fence. We shall find that the
thve is a very useful aid in solving such types of problems. .
this chapter will introduce the students to some applica-
of the derivative.

®epuiations of Tangents and Normals

tn ~crtion 2.3, we have seen that the derivative of a function
W iterpreted as the slope of the tangent to the graph of the

Pr(xuy)

" eposing application of the derivative is a technique called Newton’s method.,
we - 1l onables one to find the zeros of a function as accurately as desired. This is
YT Can this book.
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function. In Fig. 3.1, the line T is the tangent to the curve y
at P, (x1, y1). The other line N perpendicuiar to T at P, is
the normal to the curve.

it v = f(x) is differentiable at x. . Le., f (x,) exists,
we may formulate the tollowing definitions about the tange
normal to'the curve y = £ (x).

DEFINITION 3.1 The tangent to the curve y = f(x)

(xl, y;) is the line through P with
(Xl)

DEFINITION32 The normal to the curve y = f(x)

(x,, ¥,) is the line through P, and
dicular to the tangent at P, .

The equation of the tangent is given by the point-slo

of the equation of a straight line in analytic geometry, that is

E@3.1) y—y,=m(x —x,)

where m = value of y’ at x = x, orm={f' (x,) Since the

is perpendicular to the tangent, then its slope is the’ negativi
procal of the slope of the tangent Hence the equation of t

mal is

E(3.2) Y=Vi="mE—X%)

where as defined above m = £’ ).

EXAMPLE: Find the equations of the tangent and nor
the curve y = x* at the point (2, 8).

Solution: The point of tangency is (2, 8). Hence X =
¥, = 8. Since y’ = 3x?, then m = 3(2)? = 12.

By E(3.1), the equation of the tangent is

y—8=12 (x— 2)
or  12x—y—-16=0

‘® v=

Applications of the Derivative 55

By E(3.2), the equation of the normal is

y—8=T5 (x~ 2)
x+12y — 98 =0

EXERCISE 3.1

e cquations of the tangent and normal to the graph of the
finction at the given point.

by 3x*—-2x+1, (2,9

9 v-1+3Wx , (47)

d v-=xv/x—1 , (5,10)

‘ yl = 1_(_3)'(’ (2a2)

2, 1,2

Where will the tangent to y = +/4x at (1, 2) cross the x-axis?

At what point on the curve xy?> = 6 will the normal pass
Whrough the origin?

¥ind the area of the triangle formed by the coordinate axes
o the tangent to xy = 5 at (1, 5). :

| "uul the area of the tnangle bounded by the coordmate

v and the tangent toy = )5 at the point (2 4).

¥ nd the area of the triangle formed by the x-axis, the
vanygent and normal to xy = 4 at (2, 2).

? el the tangent to x* + y* = 5 and parallel to 2x—y = 4.

1 -
¥ind a normal of slope —3~to the curve y? = 2x3
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13. Show that the i;angent with slope m to y* = 4ax is th
y = mx +f—z-:r-;

3.2 Angle Between Two Curves

The angle between two curves at a2 point of inters
may be defined as the angle between their tangeriis at this g
of intersection. If the tangents are not perpendicular to
other, then such'tangents form a pair of acute angles and a
obtuse angles. The acute and obtuse angles are supplementary,

For a general discussion of this concept, consider the
y=1 (x)and y = 15 (x) which intersect at a point P, (%,
as shown in Fig. 3.2y Let 97 and 6, be the inclinations )
tangents T, and T, at P, respectively. Let ¢ be the an
tween these tangenis. Then, by definition, ¢ is also the |
between the curves. It can easily be shown that ¢, 6, a
are related by the equation

¢ ="th —& (1)
Then taking the tangent of both sides of (1), we get

tan ¢ = tan (6 —8) (2)

tan 6; — tan O, (3)

tan ¢ = 1+ tan65 tant;

or

Let m) and m, be the slopes of T, and T, respectively,
m; = tan -6y and m, = tan-65. Substituting these in eq
(3) above, we obtain '

m, —m
tang = —2 1. (4)
¢ 1+m, m,
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By {Xo.¥0)

FIG. 3.2

The sign of tan ¢ in (4) is positive or negative depending
upon the values of m, and m, or on the order in which m, and
m, are used. If tan ¢ > 0, then ¢ is acute and if tan ¢ < 0, then
v 15 obtuse. In most books, it is customary to find only the
acule angle of interection between the curves. The same is true
- this book, Since tan ¢ > 0 if ¢ is acute, then we may use"
the absolute value symbol in the right member of (4). Thus
our final formula would be

m; — m,

E (3.3) 1 Fmgm, |

tan ¢ =

where the values of m, and m, are given by the derivatives of the
functions at P0 (xo, ¥, That is,

m = L[ 0]ap,

m, = adi [f2 (x)] atP_
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EXAMPLE: Find the acute angle of intersection between the
. ‘curves x? = 8y and xy = 8.

Solution: Solving the given equations simultaneously, we
get x = 4 and y = 2. Hence the point of inter-
section is Py (x,. v4) = (4, 2) as shown in Fig.
3.3. :

Differéntiating the first equation x*> = 8y, we get

dy _. =m1‘

E{:

)

Similarly, differentiating the second equation xy = 8, we
get

dy_8_xy_ -y .

dx x?. x2 X 2

Therefore at the point (4, 2), we have

m = .i. =1
1 4 .
FIG. 3.3
» ; A
m = 2= % EXERCISE 3.2
o Find the acute angle between the given curves.
Then by E (3.3), we obtain . o y ‘ s
. ' 1. 1 L 372=2xand4x‘+4y’+5y=0
tan¢ =|—2— 2 . x*+y’=5andy® =dx+ 8
L+ M | Ty o
‘ 3.‘ x2y + 4da’y = 8a® and x? = 4ay
= ;-3]‘= 3 4. 2y? = 9x and 3x* = — 4y

Hence, ¢ =Arctan3 5. x'y + 4y = 8andx’y = 4

0 =717 6. xy=18andy’ = 12x
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‘In each of these subintervals, f(x) is either
sing or decreasing. In the subinterval I, if
(choose any conveniept value of x witfx'
binterval), we see that f'(x) > ( and 4§
quently f(x) is increasing in 1 It 1 <
f'(x) < 0 and f(x) is decreasing in I,. If
f'(x) > 0 and f(x) is increasing i [, . The
of the function is shown in Fig. 3.6
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L=m3 |
1 = [3,%) EXERCISE 3.3
14 .

, 1, ; 1, I, W interval or intervals where the function is increasing and
\ 3 # s decreasing. ‘
., ' : : b f(x)= 2x3® + 3x? —.36x
A o 1 2 3

? f(x)=x>—-—3x+3
FIG. 3.5

A (x)= (x? — 9)?
4 N(x)=3x2—-6x—~9

n b fix)=x>—6x*+4

f(x) = x* — 8x® + 22x? — 24x + 12

Jnterval,
y Vo) = VX, (1,4)

o f(x)=x*"—4, (—2, 3]

¥ f(x)=6x—x2, (— ],3J
"lﬂ 1ix) = x® — 4x® + 2x, 10.2]
Mof(x) = 6x + 3x2-~ 4x°, [1,3,

Motix)= 3x— 3x%, [% 2]

simum and Minimum Values of a Function

Nappose y = f(x) is a function which is continuous for .all

1
1
|
1
l
1
1
|
I
!
1
1
|
1

#a Jomain. Let the graph of this function be represented by
#+h shown in Fig. 3.4 in the preceding section. For the
At ol the curve, we observe that

between Aand B, f'(x)>0

ine whether the function is increasing or decreasing in the *
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(b)

(c)

Differential and Integral Calculus

Next, we consider x = 3. Following the pro-
cedure above, we find that '

(—)ory <0

i

when x<8. ¥y = (+) (—)
when x >3 y' = (+)(+) = (+)ory >0

This. satisfies (2) of FDT and théréfore, y is a
minimum at x = 3.

Substituting x = -1 iny = x® — 6x* + 9x — 3,
we get y = 1 which is the maximum value of the
function. Likewise, substituting x = 3, we get
y = — 3. This is the minimum value of the func-
tion. :

Therefore, the maximum point is (1, 1) and the
minimum point is (3, — 8). The graph of the
function is shown in Fig. 3.7.

(3,-3)

FIG.317
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. EXERCISE 3.4

Find the value or values of x for which the given function has a
maximum or a minimum value

1. y=8x —9x? + 1
2. y=x%—4x%+ 4x

3. y=4x"' +x

x2+1
6. y=—% ’
7. y=x%(x— 1) .
3 2 §
8. 4y=3x* - 16x +24x . -

9 3y=x>+3x*—9x+ 3

x> —4x+ 5
x—2

10. y=
11, y=x>-3x*+3

12, y=x*—6x>+9x+ 3
13, y=2x3 —9%x* + 12x + 4

14, y=(x—2)*

3.5 Significance of the Second Derivative

~ In section 3.4, it was shown how the sign of the first deriva-
tive or y’ of a function y = f(x) determines whether the function
Is &4 maximum or a minimum at a critical value of x in a given in-
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Now, we recall that by definition

&y _ i(éé’.)
dx?  dx\ dx

,,P is the slope of the curve or the tangent at any point, then
(11

d’¥ O
dx dx (slope)

"’, or y” measures the rate of change of the slope of a curve. '

i s d .
$hat along ABQ of the curve in Fig. 3.8, e (slope) is nega-
de nlong QCR, —:;— (slope) is positive. Hence, we conclude -

terval. Now we shali show how the sign of the second derivative
or y" may be used for the same purpose. ‘

. Consider again the graph in Fig. 3.4 but this time with .
points Q and R added as shown in Fig. 3.8. For the part ABQ, we
observe that the curve always lies below its tangent. It is cus-
tomary to say, in this case, that the curve is concave downward
(as seen from below). It is clearly seen, likewise, that for the
part' QCR, the curve always lies above its tangent. Here, we say |
that the eurve is concave upward (as seen from above). :

) The graph of y = f(x) is concave upward if y” > 0 and
concave downward if y” < 0.

# i 2 maximum point and C is a minimum point, then we
‘hude that -~ ’

) The graph of y = f(x) is concave downward at a maxi-
mum point and concave vpward at a minimum point.

»m (i) and (ii), we may formulate a test for determining
a function y = f(x) is a maximum or a minimum at a cri-

e of X.

md Derivative Test (SDT)

¢ The function y = f(x) is a maximum at x =a
f ' (a)=0and f" (a) <0. ‘

L ¢0)  The function y = f(x) is 2 minimum at x = @

. '(a)=0andf" (a)> 0.

Moo that if £ (@) = 0 orif " (a) does not exist, then SDT
#) under this particular situation, we may use FDT.

11 1 Find the value of x for which the function -
y=x> —6x +9x— 3isa maximum or a mi-
nimum.

'FIG. 3.8
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Solution: Since y = x® —6x>+9x— 3

then y = 38x%—12x+ 9= 3(x— 1)(x

and y" = 6x— 12

Settingy’ = 0, we get x = 1 and x = 3.
note that

when x=1,y" <0
when x=3,y">0

Therefore, the function is a maximum
and a minimum at x = 3. The resﬁlts
with the results in the example given i
3.4

"A point where the sense of concavity changes is |
point of inflection. For instance, in Fig. 3.8, consider
The curve to the left of Q is concave downward wh
right, the curve is concave upward. Hence Q is a point
tion. Like the maximum and minimum points, the poi
flection is an essential feature of a curve when one is
graph of a function.

It can be shown that if v = f(x) has a point of infl
X = a, then f” (a) = 0 or " (a) does not exist*. To de
the curve of the function has a point of inflection at
value, we may use any of the following tests:

POINT OF INFLECTION TESTS (PIT)

(1) If £"(a) = 0 and if £'(x) 2 0 for x<a and
* for x > g, then y = f(x) has a point of infl
X=a.

(2) If£"(@) =0andif £"(a) # 0, then y = f(x) has
of inflection at x = ¢,

*This fact is stated as a theorem in some books on calculus.

Agphications of the Derivative
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wanly, statement (1) says that Y = f(x) has a point of in-
ol u if the second derivative is zero at x = a and the
derivative changes sign as the value of x increases through

ot (2) states that if the second derivative is zero but the

0': o

wwlive is not equal to zero at x = a. then y =
m/lectionatx = @

Find the

f(x) has &

'values- of x for which the curve of

y = x* — 4x? has points of inflection.

= 4x® — 12x? = 4x? x— 3)

vy’ = 12x?
Netting y"

Whese values.

(n)

th)

— 24x = 12x (x — 2)

= 0, we get x = 0 and x = 2. Now we test

By statement (1)

Forx = 0:
Forx=2:
Since the

the curve

when x< 0 ,y" >0
when x>0,y"<0

when x<2 ,¥y" <0
when x> 2 ,y"> 0

sign of y” changes in either case, then
of the function has points of inflection

atx=0andx = 2,

By Statement (2)

Differentiating further y", we get

n

y =
When x
When x

"

Since y

24x — 24 =24 (x—1).

=0, y" =—24%0

=2, y" =24%#0

#* 0, then the curve of the function has

points of inflection at such values of x.
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EXERCISE 3.5

Find the value (or values) of x for which the curve of the

function has a point of inflection.
1. y=(x—-1)0*(x—6)
2. y=2x>-—-3x*—-36x+ 25
3. y=3x*%—4x*+1
4, y=x*-—4x® +4x?

5. y=38x’—15x*+20x’ +3

Find the maximum, minimum or inflection point of each

given curves. Sketch the graph.
6. y=x—-38x*+4
7. 4y = 3x* — 16x° + 24x?

8. 38y=x%+3x>—9x+ 38

2

9. y= 1
1. y= . 6x

y x‘+3

4x
x2 +4

13. y=

3.6 Applications of Maxima and Minima

.. The methods of determining the maximum or
value of a function in the preceding section find many
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tions in a surprisingly wide variety of problems in science, engi-
neering, geometry, economics, and other disciplines concerned
with maxima and minima. These problems, whether they are of
practical importance or simply of theoretical interest, are often
referred to as “‘max-min™ problems. In solving problems of this
type, no general rule applicable in all cases can be given. However,
the reader may find the following steps possibly helpful: ‘

1.

2.

Draw a figure whenever necessary anc denote the variable
quantities by x,y, z, etc.

Identify the quantity to be maximized or minimized

and express it in terms of other variable quantities. If

possible, express this quantity in terms of one indepen- °
dent variable. '

Find the first derivative of the function and set it to
zero. (why? ) The roots of the resulting equation are the
critical numbers which will give the desired maximum or
minimum value 'of the function. (Note: The critical
number which gives a maximum or a minimum value’may _
be verified by SDT, However, in practice, the desired=
value can be selected at once by inspection.) .

EXAMPLE 1: A long strip of tin 30 cm wide is to be made

into a gutter with rectangular cross section by
turning up equal widths along the edges. Find
the depth of the gutter:which yields the greatest
carrying capacity.

Solution: Let x = depth of the gutter (Fig. 3.9)

y = base of the rec:tangulér cross section
A = area of the re:tangular cross section
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To .insure the greatest »carr'ying' capacity, we must make

the area of the cross section as great as possible. That is, The volume, of the cylindrical tank is

we maximize A. Thus V =ar’h (2)
| A=xy (1) Differentiating (1) with respect o,
But 2x+y=30 (2) ,
From (2), we get : g__ré = 4nr + 2”%% + 27h
y =30—2x (3)
Substituting (3) in (1), we obtain ’ . dA dh -
Setting —— = 0 and solving f =, we get .
A = 30x — 2x2 _ (4) € 3r ving ordrwg
Differentiating (4) with respect to x, ' dh 2 —h (3)
da _ — v ar T r L :
ax 30— 4x ,
Setting A — 0. ?;;n;tlrt;ﬁ differentiating (2) with respect to |
30— 4x =0 2 dh (note: V is constant)
C=ar° =—+ 2nrh .
x="75cm ) dr

EXAMPLE 2: A closed cylindrical tank (Fig. 3.10) is to be made and solving for dh , we get

with a fixed volume, Find the relative dimensions dr
of the tank' which will require the least amount - dh - %h
of material in making it. ' - = = ()
' dr r
Solution: This 'problem amounts to finding the relation bet- . .
—, Wween the height h and the radius r of the tank of Equating (3) and (4), we have a
minimum surface area and fixed volume, : :
' | Z2r—h _ -2
h Let A = total surface area of the tank r r )
. = ft = qr? . . .
S , ﬁt - :;:: gf tg: Zg;tm;i ar? from which we obtain the relation h = 2r. The
, + Ab _ area of the si de — 27ri'h fesult tells us that the proportion which requirgs
' |__r 1 5 = volume of the tank (constant)" the least amount of material in making the tank

with a fixed volume is that the height should

FIG. 8.10 The quantity to be minimized is A. Thus , be twice the radius of the base.

A = A+ A + AL ALTERNATIVE SOLUTIQON: Another solution
1s to reduce the function to be made a mifimum

or A =2rr’ 4 20rh (1) as a function of a single variable. Thus in this
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problem, we may express A in terms of the
variable r. We start with the two equations (1)
and (2) given above, That is,

A = 271 + 27rh - (1)
V = nr’h (2)
From (2), solve for h.
h =Y
mr (3)
Substitute (3) in (1) and simplify to
A = 270 + gltY @

Differentiating (4) with respect to r, keeping in
mind that V is a constant, we get

dA 2V

= = 4nr— 5

dr r?
Setting da. 0,

dr
4nr - 2V
or 2> =V (5)

Substitute (2) in (5). We get

2rr® = nr*h

h=2r

which - agrees with the result of our first solution

above.
EXERCISE 3.6

A’ closed right circ.ular cylindrical tank is to have a capacity
of 1287 n®. Find the dimensions of the tank that will re-
quire the least amount of material in making it.

Agppheations of the Derivative

W . olume of an open box with a square base is 4,000 cm?® .
1 the dimensions of the box if the material used to make
hon s 4 minimum.

I the volume of the largest right circular cylinder that can
«ut from a circular cone of radius 6 em and height 9 cm.

it the height of the right circular cylinder of maximum
su- Lthat can be inscribed in a sphere of radius 15 cm.

} the dimensions of the largest rectangle that can be ins-
« m the ellipse 9x* + 16y> = 144. The sides of the
tangle are parallel to the axes of the ellipse.

wosceles trapezoid has a lower base of 16 cm and the
ny sides are each 8 cm. Find the width of the upper
for greatest area.

feaps0idal gutter is to be made from a sheet of tin 22 cm
by bending up the edges. If the base is 14 cm wide,

t width across the top gives the greatest carrying capa-

v .

wim of the bases and altitude of an isosceles trapezoid is

«m I'ind the altitude if the area is to be a maximum.

bulding with a rectangular base is to be constructed on a
i the form of a right triangle with legs 18 m and 24 m.
e huilding has one side along the hypotenuse of the
wle find the dimensions of the base of the building fo:
wian floor area.

tes Langular field is to be enclosed and divided into four
I lots by fences parallel to one of the sides. A total
10000 meters of fence are available. Find the area of the
+1 held that can be enclosed.

«un of floor area 18 m? is divided into six cubicles of
a !loor area by erecting two wooden partitions 2 m high
#ilel to one wall and another partition 2 m high parallel
sonther wall. Find the dimensions of the room if the
v amount of wood is used.

# . nan window, consisting of a semicircle surmounting a

f @1 yle, has a given perimeter. Find the radius of the se-
M o L to admit the most light.
& +¢t circular cone of radius R and altitude H is circums-

Akt ahout a sphere of radius r. Find the relation between
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- 14.

15.

16.
17.

18.

20.

21.

22.

23.

24.

. point (4, 0).
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H and r if the volume of the cone is to be a minimum. 1

Find the lengths of the sides of an isoscéles triangle
given perimeter if its area is to be as great as possible.

1 . 2 '
| V.l the point on the curve y =73 J18 — x* (first-quad-
fent) where a tangent may be drawn so that the area of

W trangle formed by the tangent line and the coordinate
$aex s 0 minimum. :

. A rectangular field is to be fenced, one side of which is the
Wiy of a straight river. It is given that the material for the
fa. opposite sides costs T3.00 per meter and the material
$d» the side opposite the river costs P6.00 per meter. If an
vunt. of 600.00 is available, what should the dimensions
to enclese a maximum area?

munufacturer of a certain brand of ‘appliance estimates
t he can sell 5,000 units a year at P900.00 each and that
can sell 1,500 units more per year for each $¥100.00
tvase in price.  What price per unit will give the greatest
wrns? :

An oil can with a given volume is made in the shap
cylinder surmounted by a cone. If the radius r of the
equal to 3/4 of its altitude h find the relation betwee
the height H of the cylinder for minimum surface are
can. ]

The sector of a circle of radius r has a given perim
Show that L = 4r for maximum area of the j

A rectangle is inscribed in the ellipse b®x? + a?y?
with each of its sides parallel to an axis of the ellips
the greatest perimeter which the rectangle can have.

A wire of length L is cut into two pieces, one of v
bent into the shape of a circle and the other into th
of an equilateral triangle. Find the length of each g
that the sum of the enclosed areas is a minimum. 4

Find the length of the longest beam that can be mof
rizontally from a corridor of width @ into a’co
width b if the two corridors are perpendicular to each

dloned rectangular box whose base is twice as long as it
wile has a volume of 36,000 cm®. The material for the
» 1osts 10 centavos per sq. cm.; that for the sides and
mtom costs 5 centavos per sq. cm. Find the dimensions
t will make the cost of making the box a minnimum.

manpo-grower observes that if 25 mango trees are planted

hectare, the yield is 450 mangoes per tree and that the
Ll per tree decreases by 10 for each additional tree per
twe. How many trees should be planted per hectare to
an the maximum crop?

A man in a boat 6 km from the nearest point P on a
shore wishes to reach a point Q down the straight
12 km from P. On water, he can travel 4 km/hr and
5 km/hr. How far from P should he land in order §

mize his total travel time?
« e to be charted for an excursion. The bus company

i $20.00 per ticket if not more than 200 passengers
@ = (h the trip. However, the company agrees to reduce the
. of cvery ticket #0.05 for each passenger in excess of
W assengers. What number of passengers will produce the
s unum gross income?

A line is drawn perpendicular to the x-axis cutting
rabola y = 4x — x? and the line y = 12 — 2x'at §
and L respectively. Find the value of x which m&
distance from L to P a minimum. ‘

The upﬁer and lower vertices of a rectangle he ont
x2 = 5 — y and x* = 4y rspectively. The sides of

KR . v ted Rates
tangle are parallel to the coordinate axes. Find the m rd Rates )
area of the rectangle. - .. . '
| ~recall that if y = £(x), then $¥ is the rate of ch

The points (3, 2) and (1, 6) lie on the ellipse y? + 4% #e-i L to x. Hence if y = f(t), %ﬁen glis the; rate oilfncg:a?‘f y
Find a point on the ellipse so that the area of the ® 1 espect to t. If t denotes the ti;\e then %M s i %e
having these three points as vertices is a maximum. b 'ooas the time rate of change of y Likewisét i"\s}irsnfhi
Find the point on the curve y = x’ which is nee w1+ 0! change of x. These rates of change are rela,tgdt by the

e
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E (3.4) dy _ ax
dt dx dt

iy
For example, 1f y=x% +4x + 3 then ::-;- =2x % 4 and b,

(2x+4) at This equation is said to be the result of
tlatmg both sides of y = x> + 4x + 3 with respect to th
Thus in practice, to fmd%% of the equatlon y = f(x), w
get the derivative of y with respect to x and then mul
result by 4% -

Many physical problems deal with rates of change o
ties with respect to time. For instance, when water is po
a tank, the water surface is rising with respect to time. Th
change in the water level may be expressed in terms of t
change of the depth of the water. If we denote this de
then :Th is the time rate of change of the depth. Simil

represents the volume, then g—:’ is the time rate of chan

av
wolume. If V = f(h), then by E (3.4), we have — ‘3"

‘In solving ‘‘time rate’ pbroblems. it is important t
that all quantities which change with respect to time
denoted by letters. Do not substitute the numerical valuel
variable until after differentiation with respect to the
done*,

EXAMPLE 1: Water is poured into a conical tank 6 m
top and 8 m deep at the rate of 10 m*/
fast is the water level rising when the
the tank is 5 m deep?

Solution: (See Fig. 3.11) At time t, let

r = radius of the water surface
h = depth of the water
V = volume of the water

It is given that 4¥ = 10 m® /min
required to find dh dh at the instant
5m,

FIG. 3.11

*This ecror is commonly committed by the siudent.
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I he volume of the water in the tank at time t is

(1)

1
V =—nr*h
3 V
e we are to find%—{l, then we have to express V as a function of
n In Fig. 3.11 and by similar triangles, we have .
L. l’.. ' : (2)
7=

Solving for r in (2), we get

. 3h ‘ (3)

Substituting (3) in (1) and simplifying, we obtain

_ 3rhs @
V=51 |

Differentiatihg (4) with respect to t

dV _ 9nh?  dh (5)
dt 64 dt

Substituting ?’ =10and h = 5 in (5),

10 = 2257 dh (6)

64 dt

Solving for %ht— in (6), we obtain

. dh 128 m

dt 457

A ship A is 20 km west of another ship B. If A °*
sails east at 10 km/hr and at the same time
B sails north at 30 km/hr, find the rate of change
of the distance between them at the end of 3

hr.

/min

“AMPLE 2:
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Solution: (See Fig. 3.12) At time t, let
s = distance between the ships

x = distance traveled by ship A
'y = distance traveled by ship B

where x = 10t and y = 30t. Hence $% =10 and $¥ =30.

»-_—_IL——
//
s
//
///.
s,/ y
7
,’
7
7
//
PR T V. A — .
tx 4 20-x
e 20 km ————4
FIG 3.12

It is requn'ed that we find ,f-‘when t= 7 hr
Using the right triangle in Flg 3.12, we get the

relation
=(20--x)* +y (64
Differentiating (1) with respect to 
plifying, dy
ds _ —(20—x) dt +ym 2

dt s

When t = % , we get

5
- 15

x= 10 (

):
y = 30( K

}l

adfe q.a‘-s

Solving for s in (1) and substlttutmg these values
of x and y, we have

s=v(20— x)* +y?

Some Applications of the Derivative 83

.=+/(20— 5)* + (15)?
=152

Substituting the values of x, y, s, 9% and 9Y in
(2), we get dt dt

ds _ = (20— 5) (10) + (15) (30)
dt 152

= 10v/2 km/hr
Alternative Solution: Another ‘approach "is to
express s in terms of t only. To obtain this, we
substitute x = 10t and y = 30t in (1). Thus

= (20— 10t) + (30t)>

or s = V(20 — 106 + (3007 .

Differentiating -

ds _ — 10t) (— 10) + 2(30t) (30)
dat 2/(20 — 10t))" +’(3o=’6)=)“‘F

Substituting t = 1/2, we get

-

ds ¢
@ = 104/2 km/hr

EXERCISE 3.7

The radius of a right circular cone is increasing at the rate of
6 cm/sec while its altitude is decreasing at 3 cm/sec. Fingd the
rate of change of its volume when its radius is 8 cm and lts
altitude is 20 cm.

A ladder 6 m long leans against a vertical wall. The lower end
of the ladder is moved away from the wall at the rate of
2 m/min. Find the rate of change of the area formed by the
wall, the floor and the ladder when the lower end is 4 m from
the wall
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Aboy 5 ft tall is walking away from a street light at the rate
of 3 ft/sec. If the light is 12 ft above the level ground,'deter-
mine (a) the rate at which his shadow is lengthening, (b) the

rate at which the tip of his shadow is moving and (c) the rate !
at which his head is receding from the light when he is 24

ft from the point directly below the light.

Water is running out of a conical tank 3 m across the top and.

4 m deep at the rate of 2 m® /min. Find the rate at which the
level of water drops when it is 1 m from the top.

A reservoir. is in the form of a frustrum of a cone with upper

base of radius 9 ft and lower base of radius 4 ft and altitude

of 10 ft. The water in the reservoir is x ft deep. If the level of
the water is increasing at 4 ft/min, how fast is the volume of
the water in the reservoir increasing when its depth is 2 ft?

NOTE: The volume of a frustrum of a cone of upper base |

rau:lius1 R and lower base radius r and height h is
V= §7rh(R2+r2+Rr).

At noon, ship A is sailing due east at the rate of 20 km/hr..

At the same time, another ship B, 100 km east of ship A, is

sailing on a course 60° north of west at the rate of 10 km/hr."

How fast is the distance between them changing at the end
of one hr? When will the distance between them be least?

A ship is sailing north at 22 km/hr. A second ship sailing
east at 16 km/hr crosses the path of: the first ship 85 km
ahead of it. How fast is the distance between them changing
one hour later? When are they closest together?

Two roads intersect at 60°. A car 10 miles from the junction
‘moves towards it at 30 mi/hr while a bus 10 miles from the

junction moves away frpm it at 60 mi/hr. Calculate the rate '
at which the distance between the vehicles is changing at

the end of 20 min.

A bridge is 10 m above a railroad track and at right angles to
it. A train running at the rate of 20 mjs passes under the
center of the bridge at the same instant that a car running
15 m/s reaches that point. How rapidly are they separating
3 seconds later? ‘ '

A light at eye level stands 7 meters from a house and 5 me-
ters from- a path leading from the house to the street. A man
walks along the path at 2 meters per second. Find the rate

-
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s+t which his shadow moves along the wall of the house when
r. .. meters from the house.

\ Limp post 3 m high is 6 m from a wall. A man 2 m tall is
wlling directly from the post toward the wall at 2.5 m/s.

Jow fast is his shadow moving up the wall when he is] . 5m
fooon the wall?

e volume of a cube is increasing at the rate of 6 cm? /min.

M.w fast is the surface area increasing when the length of an
C ecdyos 12 em?

Mol s poured at the rate of 10 m? /min so as to form a co-

wial pile whose. altitude is always equal to the radius of its

- bma- I'ind the rate at which the area of its base is increasing
eho o the radius is 5 m., .

A ‘rough whose cross section is an equilateral triangle is 6 m
by and 2 m wide across the top. If water is entering the
feoivh at 15 m?® /min, at what rate is the water level rising in
he trough when it is three-fourths full?

W.ter is poured into. an inverted conical cistern of altitude
)}/ 1 and radius of base 5 ft. If the water.level rises at 36
I i, find the rate at which the dry surface of the inside of
¥ cone is decreasing«when the water is 4 ft deep.

| A pherical iron ball 8 cm in diameter is coated with a layer -
»! - of uniform thickness. If the ice melts at the uniform
#ete o 10 cm?®/min, how fast is the thickness decreasing at
Wb nstant when it is 2 cm thick? ‘

Water flows out of a hemispherical tank at a rate which is 4
fanies the square root of its depth. If the radius of the tank is
A 1t how fast is the water level falling when the water is 4 ft
deep?  Hint: Use the formula for the volume of a spherical
wyment, e, Vo= ]% = h? (3r—h)

We. tilinear Motion

v hody which moves in a straight line is said to be moving
w. cur motion, If the moving body is small in comparison
Wha o Ltance it covers, then it is customarily referred to as a
L YT

tervbe the  directed distance of a pérticle P from a fixed
4 ) o a coordinate line (Fig. 3.13). If the motion of P along
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the line is given by the equation s = f(t), then the velocit;
the acceleration a are defined as follows:

. As _ ds
-E (3.5) v = lim 252=29
At- o At dt
. . Av _ dv
E (3.6) a—= hm —_— = —
At o At di
| |
S
| |
— o
0] P
FIG. 3.13

Thus, we note that the velocity is the time rate of ¢

the distance while the acceleration is the time rate of ¢ A

the velocity. The absolute value of the velocity is called t|
of the particle.

The sign of the velocity determines the direction of

of a particle P relative to its starting point. It can be sho

(a) If v> O, the particle P is moving to the right.
(b) If v < O, the particle P is moving to the left.

‘The sign of the acceleration determines whether the
increases with the time. It can also be shown that

(a) If a> O, the velocity v is increasing.
(b) If a< O, the velocity v is decreasing.

EXAMPLE 1: The motion of a particle moving on a co
line is given by

s=t>—6t2+ 9+ 3

Describe and diagram the rectilinear mo#

t> 0. -
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v=g%= 3t2 — 12t+ 9= 3(t— 1) (t— 3)

S PV S
a=g=6t—12=6(t—2)

Hencev=Owhent=1landt= 3
and. a=Owhent=2
We observe that

(@) When t < 3, v> 0 and a < 0. Hence during
the time ¢ < 1, the particle is moving to the
right with decreasing velocity.

(b) When 1 <t < 2, v< 0 and a< 0. Hence
during this time interval, the particle is
moving to the left with decreasing velocity.

(¢) When 2 <t < 3,v< 0 and a> 0. Hence
during this time interval, the particle is mo-
ving to the left with increasing velocity.

(d) Finally, when t> 3, v>0anda> 0. Hence
~during the time interval t > 3, the particle
is moving to the right with increasing veloci-
ty.

The motion decribed above is shown schema-
tically in Fig. 3.14. Note that when t = 0, the par-
ticle is at s = 3 and moving to the right with
v = 9. The particle continues to move to the right
until t = 1 when v = 0. Since s = 7 when t = 1,
then the particle momentarily stops after moving
4 units to the right of its original position when
t = 0. It then reverses direction and moves to the
left until t = 83, When t = 3, v= 0 and s = 8.

Thus it comes to stop again upon reaching its
original position. Then it turns right and moves
off {0 infinity. ‘
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_§

t=3
- O - + + ; t +

FIG. 3.14

One of the most important types of rectilinear mo
that with constant acceleration. For example, a freely fallin
near the earth’s surface moves with a constant accelerati
freely falling we mean that air resistance is neglected. The
tant of acceleration due to gravity is denoted by g and is nt
cally equal to 32 ft/sec® or 980 cm/se¢? .

Consider a body in rectilinear motion which moves ve
upward or downward. The effect of gravity is to slow the
down if it is rising and speed it up if it is falling. Suppose a
thrown vertically upward from a point A with an initial ve
Vo. It can be shown that its distance s ft from the starting
A at the end of ¢ sec is

vot — 16t2

i

E (3.7) s (Vo in

I

E (3.8) s = vgt — 490t 'ivo inc

Note that s > 0 if the body is above A and s < 0 if it is bel
If the body were thrown downward, then we consider Vo

EXAMPLE 2: A body is thrown vertically upward fron

ground with an initial velocity of 96 ft/sec.:
the maximum height attained by the body.
Solution: 'Subsfituting Vo = 9§ in E (3.7), we have
s— 961 — 16t (1)
Then by E (3.5),

v=196—-32t (2)
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At the highest point, v = O. Hence from (2)

O = 96— 32t
t = 3sec.

This is the time required to reach the highest -
point. Substituting t = 3 in (1), we get

= 144 ft.

- Hence the maximum height attained by the body
is 144 ft. '

EXERCISE 3.8

In each of the following, s (in ft) is the directed distance of a
moving body or particle from the origin at time t (in sec) on-a
coordinate line. Describe and diagram the motion for t > 0.

»

1. s=2t> — 15t* + 36t
2. s=1t3—9t> + 24t + 3
Jos=t>-12t2 + 5 -
4 s=t — 92 + 15t + 4

Find the values of t for which the velocity is increasing.

e

0. S=t3—6t2+4
6. s=1t"—12t2 + 5
7. s=t* -8+ 5

K. s=(t—3)* _
9. If s = /Bt + J4t, find the velocity and acceleration when
t= 2. '

1o, If s = t3 — t? | find the velocity when the acceleration is 2.
"1 If s = 3t*> — 16t when will the acceleration be zero?

12 An object is thrown vertically upward from a point on the
ground with an initial velocity of 128 ft/sec. Find (a) its
velocity at the end of 3 sec., (b) the time required to reach
the highest poiut, and (c) the maximum height attained.
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A body is thrown vertically upward from a point on the

ground. If it attains a maximum height of 400 meters, find

its initial velocity.

From the top of a building 42 meters high, a body is thrown

vertically upward with an initial velocity of 36 meters per
second. Find (a) its greatest distance from the ground and
(b) its velocity when it strikes the ground. :

An object thrown vertically upward from the ground rea-
ches a certain height after 2 sec and returns to the same
height on descent, 8 sec later. Find its initial velocity and the
height in question.

chapter

4

Ditferentiation of
Transcendental
Functions

We shall discuss in this chapter the differentiation of a new
class of functions. These functions which are not algebraic are
callgd transcendental functions. The trigonometric functions and
thelr inverses, together with the logarithmic and exponential func-
Lions, are the sinfplest transcendental functions. )

4.1 The Function

Consider the function f defined by the equation
f(u) = ﬁ%_u.

This function assumes the meaningless form@-for u = 0. However, .
thg limit of this function exists whenu approaches zero. To prove, -
this, consider Fig. 4.1 where arc AC subtends an angle u (measured

i radians) at the center 0 of a circle of radius r.
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Nolution: lim KRS oy (1+-Si;(l—x)
X=20
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be the perpendicular to OA and BC be the tangent
to the circle at C. From the figure, we note that

] - : . sinx
Area of AODC < Area of sector AOC < Area of AOBC - _hm 1 +lim X
X0 x-o0
or . + (OD) (DC) < 5 (0A)* (u) <% (OC) (CB) (1)
: : = 1+1
By Trigonometry and with r = OC, we get the following relations: . ,
, - 5
OD = rcosu . 5
DC = rsinu PLE2. Jim SI0°3Xcosx
_ . Sinu X-0
CB = rtanu =r. cosu Bolution: :
. . sin® 3XCOSX  _  pi SiD? 3X COSX .
Substituting these values in (1),-we have lim 2 lim =<3 %
X0 ,
+1* cosu sinu< 4r? u< iy sinu L . .
cosu @ = lim (s:;xi&x - s?:x 9 g:osx) .
' X0 -

Dividing each term of (2) by 5 sinu, we get
: : = lim sngx lim 51;3th 9cosx

u_ < 1 . X0 X250 X=0
cosu< ginu  cosu - 3) . 111
Taking the reciprocals of the terms in (3) - 9
1 - sinu B ¢
cosu > > cosu (4)
From (4), we note that as u— 0, cosu~land l-—1. Since sinu EXERCISE 4.1
lies between cosu and cm—’ both of which approach one as u f
approaches zero, then sipd + 1. We now formally state this fact cach of the following limits:
as a theorem. P sin3x ’ 6. lim SO tan2x
s » SIN2X to 1
T (4.1) If the angle uis in radlans then the ratio 2% approa- e X0 sin2x
ches unity as u approches zero. In symbol, and .
PP o v x t“;‘:x 7. lLm SiD3X
L0 lim My oo | x>0 3x
u-o
‘  on ‘,:‘ iOSX 8 lim 3=cosX
X + sinx BN x>0 4x

EXAMPLE 1: Evaluate lim
X+0

X
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4. lim 4x? 9. lim 1— cos4x |
-‘———-——5 by . —————
x+0 1—cos % x-0  Xsindx
\ 10. lim 1— cos’x
. 2 - e
5. lim xsu:-_2:'x' Xx+0 X:cosx
X-+0

4.2 Differentiation of Trigonometric Functions

The following formulas are used for. differentiating
metric functions. The symbol u denotes an arbitrary diff
function of x.

du

. d,. — du_
D12: a;(smuA) cosu dx
D13: d — —cing A4
D13: dx(cosu) sinu dx

. .d = eon? du
D14: —dx(@nu) sec’ u~g-—

A 5 = —csc?udw
D15: dX(cotu] csc’u ix
D16: i(seeu) = secutanu 9%

dx dx
‘D17: —(l(cscu) = —cscucotu S
dx* ‘ dx

‘We shall give the proofs of the first three formulas. T
of the remaining three should be carried through by the i
In proving D12, we shall use Definition 2.1 (Chapter 2)
D) proof.

" Proof of D12:
~ Let y = sinu where u is a function of x. Then we ha§
Pungy - sin (u + Au) —sinu. By Definition 2.1,

tation of Transcenidental Functions 95

4 - lim by
du Au-0 Au
= lim “'sin (u + Au) ~ sinu
_Bu-o Au
-~ lim _2cos(u+ T Au) Sin + Au " (why?)
Au-+o Au .
v . :
= lim <98 (u + 7 Au)sin 3 Au
Au-+o "lz‘ Au'

- N 1
lim  ¢os(u+7Au) lim sin 7 Au
Au-o0 - Au-ol Au

cos(u+ 0)-1

¢ v == sinu, then

d, ..
3 (5inu) = cosu :—;{‘l

of D13:

» prove D13, we may use again Definition 2.1 and L10 but
se, its proof is based on the result already achieved for
et 11, by using D12. :
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. In trigonometry, we have the following relations:

sinu = cos ( 5 m-u) 1)

‘cosu = sin ( -+ 7—u) | (2)

Differentiating (2) with respect to x,

(cosu) = —9~ sin ( 5~ 7—u)

= cos ( ——<1r—u) —(g? (5-7—u)

= smu )

Therefore,
d du
iy § ) = e —
i (cosu smu Ix
Proof of D14:

We shall, use D12 and D13 to prove D14. Since

tanu = Smu
cosu

Then differentiating both sides

_d_(sim)
a— (tanu) = (COSU)

cosu g—;(sinu) — sinu C—%— (c

cos?u

cosucosu —QB — sinu ( — smu)

dx

cos?u

_ cos?u + :gin’u du
' dx

cos“u

1_du
cos®u dx

Intferentiation of Transcendental Functions 97

Therefore, we have

= du
d-?{(tanu) sec?u — res

The following examples illustrate the use of the formula for
differentiating tngonometnc functions:

KEXAMPLE 1: Find %;(— ify= sin4x

Solution: We note that y = sindx takes the forrn.'y = sinu
with u = 4x. Hence -

dy d- Lo ?

ax - cos4x i (4x) " ‘by D12
= cos4x (4)

4cosdx -
o dy e :
KXAMPLE 2: Find 5 if y = sin4x

Solution: If we write y = sin® 4x as y= (sindx)?, then it
takes the form y = u® with u = sindx and n = 3.
This suggests the use of D7. Thus

a— = 3sin? 4x E—— (sin4x) » ‘by D7
ISR ’
= 3sin? 4xcos4x I (4x) : by D12

il

3sin? 4x cosdx (4)
= 12sin® 4xcosdx

As we get more familiar with the formulas and their uses, we
muy perform some steps mentally and thus shorten our solution.
For instance, in Example 2, we may omit some steps given above.
I'hus in practice, the problem is worked out sitiipty this way:
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EXAMPLE 3: Find 5=
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y = sin® 4x

dy _ 3sin?4xcos4x (4)
dx .

.= 12sin® 4xcos4x

dy if y = tan* 5x
‘Solution: y = tan*5x
LY. - gtan® Sxsec? 5x (5) by D7, D14
x ) .
= 20tan® 5xsec? 5x

EXAMPLE 4: Find the height of a right circular cylinder of ma-

Ik

LN

ximum volume that.can be inscribed in a sphere
of radius 15 cm.

Solution: This can be solved by the method used in Chap

ter 3. In fact this is Problem 4 in Exercise 3.6.

This time, we shall solve it by using trigonometric )

functions. In Fig. 4.2, we have
h = height of the cylinder
r = radius of the base

Let V = volume of the cylinder. We are asked to

find h for maximum V.

FIG. 4.2
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The volume of the cylinder is
V =nr?h (1)

Since we are going to solve this by use of trigo-
nometric functions, we introduce ©- as our new
variable. From the right triangle in Flg 42, we N
obtaln the following relations:

h = 30cosé ‘_ (2)

r = 15sin® (3)
Substituting (2) and (3) in (1) and simpliying,

'V = 67507 sin? Gcos& (4)
leferentlatlng (4) with respect to 8-

a
d;’ 67501 [ sin? 6( — sin®) + cose(zsnwcose)J

= 675607 (sinB) (2cos? B - sin®@) ' - .,
dv

Setting T 0,

6750n (sin®) (2cos? 9—sin? 8 <0 4

Then we have

sing = 0 (discard this value)

and: 2co0s? — sin?ﬂ-¥ 0
2cos’— (L — cos’H =0
3cos?9—-1=0

Substituting this value in (2), we obtain
h=10v3 cm.
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100
EXERCISE 4.2
Find g and simplify the result whenever possible
1. y=-Lx+-Lsin2x
) 2 4
- 2. y=sinbx — -?3'—’—sin3 5x.
3. y=sin?4x + L osex
. y= 5
4. y = 3xcos %‘”” 9sin —g—
5 =3 x + 3 sinxcosx + 1 cos® xsinx
) 8 8 4
6. y=x? sinx + 2xcosx — 2sinx’
7. y¥ sin (x + 4) cos (x — 4)
 1_cosdx
8 v= sindx
9. y = 3tan2x + tan’ 2x
10. y = sec? 4x + tan?4x
11 y. 8CX— %—'_.csc3 X
12 'y, sec*x — 2tan’x
13,. y = sec’ 2x — 3sec2x _
14. y = csc*x— 2cot?x
: ' 3 X 3 X x
15. y=— —g‘ cot’ —-3— + cot? —3—— 3cot 3 X
16. cos(xy)=x—Yy '
17. sin(x + y)=x+y
xcosy = sin (x + y)
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mny | ycosx =0

the following problems by making use of Trigonometric

| the dimensions of the right circular cylinder of maxi-
m lateral surface area which can be inscribed in a sphere
tachus 4 in.

strength of a rectangular beam is proportional to the
ith and the square of the depth. Find the dimensions
the strongest beam that can be cut from a circular log of .
hux R. ’

i the length of the shortest ladder which will reach from

ground level to a high vertical wall if it must clear an 8-ft
icnl fence which is 27 ft from the wall.

! the volume of the largest conical tent that can be cons-
‘tedd with a slant height of 12 ft.

| the area of the 'largest regular cross that can be ins-
wil in a circle of radius R. (A regular cross is a square
mounted by four equal rectangles.)

ladder 10 ft long leans against a vertical wall. The upper
sips down the wall at 5 ft/sec. How fast is the ladder
wing when it takes an angle of 30° with the ground?

W of the equal sides of an isosceles triangle has cons-
U length of 4 ft. If the angle 6 between these sides in-

» at the rate of 10 rad/sec find the rate at which the
ww nereasing when 0

M 1vpotenuse of a right triangle is 25 ft. If one of the acute
ten increases at the rate of 4 degrees per second, how
w the area increasing when the angle is 30 degrees?

wientiation of Inverse Trigonometric Functions
' @e 1 ull from trigonometry that

. . . <
v Arcsinx iff x = siny and — Z sy s T
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Note that without restricting the values of y in

d . ) 1 - du
[ — %> %5 ithe equation y = Arcsinx* does not define a gy (Arcsinu) = V1w dx
d. -1 du
o ) ) s (Arccosu) = \/——————m,—- dx

The reason for this is that for any value of x ini the interv
there are infinitely many values ot y which will satisfy 0l (Arctanu) = 1 du
tion y = Arcsinx*. However, with this restriction, we dx 1+u? dx
for each value of x in {— 1, 1], there is a unigue value d - -1 du
instance, dy (Areeot) = TR Gx
: 1 du
y=Aresin(+)=% ‘;i\ (Arcsecu) = — —— ax
y= Arcsin(—1)=— & ‘;l\ (Arcescu) = —A—— du

_ ' uvur—1 dx
The notation Sin'x is often used for Arcsinx but in-
we- shall use the "Arc" notation. * The definition of the
inverse trigonometric functions are as follow:

DIk

l.et 'y = Arcsinu

y = Arccosx iff x =cosyand 0< y<nr Then  u = siny

y = Arctanx iff x = tany and — S < y< ¥+ thfferentiating (2) with respect to x

du_ oo
= Arccotx iff x =cotyand O< y < n dx  °9% Ux
y = Arcsecx iff x = secyand — 7 < y< — Zforx < Nulving (3) for%%

dy _ 1 du

0<Ly<¥% forx>1
=YY=z dx ~ cosy dx

y=Arccscxiffx=cscyand—7r<yS—%forxS—-

«f the radical is chosen since cosy > 0 for

O<y<ZI forxZ21, el '
? s . o -y < *1? ). Hence (4) becomes

The following formulas are used for differentiating
trigonometric functions. The symbol u denotes an arbi

ferentiable function of x.

dy _ 1 du

dx VT oar dx

’ substituti in (5
* The student who is not so familiar with the properties of unverse tri ubstituting (1) in (5)

functions should refer to any standard text on trigonometry for review. u

d (Arcsmu) \/—_._. d

** The notation Sin ~'x is considered inconvenient by some people since it
read as "sinx with exponent -1" The -1 in this expression is nat an expo

fore Sin-'x does not mean (sinx)! or X

103

(1)

(2)

(3)

4)

Hut cosy = /1 — sin‘y =./1 — u? The positive sign
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Proof of D22:

Let y = Arcsecu
Then u = secy ‘

Differentiating (2) with respect to x
d
%‘% = secytgpy aiy

- ay
Solving(3) for ax

1 du-
secytany dx
But sey = u and tany = JVsecly — 1=vua’ ~

positiv sign of the radical is chosen since tany
— 13y < ~—%and0_<_ y<§—). Substitutis

dy
d%

valuesin (4).

dy o1 du
dx  w/ui-1 dx

Sincey= Arcsecu, we finally get
1 du
uyu? —1 dx

(;lx (Arcsecu) =

The student is urged to give the proofs of the re
mulas. Here are some examples to illustrate the use of

. las above.
EXAMPLE 1: Find 5% if y = Arcsin3x

Solution: Since y = Arcsin3x takes the form y ¢
where u = 3x, then we use D18. Thus

Differentiation of Transcendental Functions 105

EXAMPLE 2.

Solution:

FXAMPLE 3.

Solution:

. X o
If y = Arctan o find =

By D20, we have

A ladder 25 ft long leans against a vertical wall.
If the lower end is pulled away at the rate of
6 ft/sec, how fast is the angle between the ladder
and the floor changing when the lower end is "

Rl

1 _d_(3x)
J1 = (3x) &

3

V1 - 9x?

dy.

16 + x?

7 ft from the wall?

In Fig. 4.3, we let x = distance of the lower end

of the ladder AB from the wall CB and let 6-=

angle between the ladder and the floor CA. We
want to find %‘Q when

Since

then

cosé

o

It

al'ti = 6 ft/secand x = 7.
X

25

Arccos 215-

=
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Differentiating with respect to t,
do-_

dt \/_— 25 dt
625

Substituting x = 7 and g t

%Q-= — % rad/sec.

The minus sign indicates that € is decreasing.

EXERCISE 4.3
Find (Zli—yx_ and simplify the result whenever possible

1. y=Arcsiny 1— x?

X
2. y = Arccos. 1_?(

3. y= A rctm')%—

4. y= Arccot tm%)

5y = Arcsec Vax+ )

=6, we get-

v Arccsc —)2(~

y /11— Arctan ‘géf%lfa;

y Arccos % - @

v x+/1—4x? + -+ Arcsin2x

y - Jﬂ— 2Aicse¢ -’-(2—- &
y - Arccotx + Arctan —fi—%—-

y = Arctanx + Arcsec \/,1 + x2

y = xAresin?x — 2x + 24/1- x* Arcsinx

y = (x — 1)4/2x — x? — Arccos (x—1)

X g y _ -
Arcsin v + Arccos - = ;

x .
14 Arctany—"—‘- XxX—Yy
LT a2 'x2 — a?
L I Vx a +aArccot( — )

Iy -a? — %% + aArcsin -if—

jo v=ab Arctan (ac;) tx)

x+b

oy —Arccot1 bx.

$olve the following problems by making se of inverse tngono-
metric functions.

8l The lower edge of a picture is 4 ft, the upper edyge 9 ft

should he stand if the angle subtended by the picture is a
maximum?

Infterentiation of Transcendental Functions - 107

above the eye of an observer. At what horizontal distance

.
.
B S
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number e is a nonterminating and nonrepeating decimal and
ur can be obtained to any desired accuracy. In practice, the

simate value assigned to e is 2.718.*%*
1

The graph of y = (1 + x) * is shown in Fig. 4.4. It shows
tneally that as x approaches zero from the left, y decrea-
I approaches e as a limit. On the other hand, as x approa-
soro from the right, y increases and likewise approaches e
Wmit. Furthermore, we note that as x becomes positively
. y approaches 1 as a limit and as x approaches — 1 from
ht, y increases without bound. Hencey =1 and x = — 1 are
lotes of the curve., ’

22. At what point on the line x = 4 does the line segment from
(0, 0) to (0, 6) subtend the greatest angle?

23. A sedrchlight, 1/2 mi from a straight shore, rotates at the
rate of 2 rev/min. How fast is the spot of light from the
searchlight moving along the shore when it is 1 mi from the
point on the shore nearest the searchlight?

24. An isosceles triangle has legs 10 cm. The base decreases at
the rate of 4 cm/sec. Find the rate of change of the angle
at the apex when the base is 16 cm.

25. A ladder 14 ft long is leaning against a fence 8 ft high with the
upper end projecting over the fence. If the loyver end slides !
away from the fence at the rate of 2 ft/ sec, find the rate at
which the angle between the ladder and the ground is chang:
ing when the upper end is just at the top of the fence. :

26. A searchlight is trained on an object falling under the in-
fluence of gravity from a height of 500 ft. Find the rate
at which the beam of light is following the object when the
object is 100 ft from the ground. Assume that the search-
light is 200 ft from the point where the object hits the
ground.

 In general, if u is a function of x, we define e as

L11: e=lim (1+ u)/v
u- o0 "

x
AN

y=(14x)*

L
4.4 The functions (1 + u)"
. The function defined by the equation
1
y=(1+x)"*

assumes the meaningless form 1° for x =0. However, it can be
shown that the limit of this function exists when x approaches
zero.* This limit is denoted by e. That is,

!

!

i

[

i

!

[

i
x=-i

1
lim (l4x)¥X=e
X-+0 :

» : . . PR ..
A rigorous proo!f showing the existence of this limit js beyond the scope of this » inite se h
» ¥t 7 value can be computed by the infinite series method which is not discussed *
LYY Y 4

book.
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Sincey = logbu, then we have
‘ = 41n(2x + 1)

4a 1 du
a= (logpu) = m (logbe) ax

D25 can be obtained directly from D24. Note that if we |

replace b by e in D24, we get .
'&_ (logeu) = Tl— (logee) a_x" 2x+1
| KXAMPLE 3: Ify=1n [X* % finqdy.
But log u = lnu and log.e = 1n e = 1 by P4. The equatlon above x_ 4 dx
finally becomes D25, that is
Solution: i .
4 (= L8 otion: T s beysolved by direct applicuon of D23
udx solve this by applying first R2, P3

and P2 before using D25. Thus

>Y=1nxlx+4

EXAMPLE 1. Find ify = logs (4x + 3),

dx X —
Solution: Letu= 4x + 3. Then by D24. —in (Xt4 ' '
u ] y 1n ( _4> "~ by R2,
dy _ _(log-e) (4 - o -
ax 4x+3 (logge) (4) | ' -
-1 X+4)
_ 4 (logse) =+ In <x,~4> by P3
4x+ 3 . '

. 1
. - [1n(x+4)—1n\x—4 ] by P2
EXAMPLE 2: Find$Y if y = 1n (2x+ 1)° (==4) y

dy _1 [ 1 ‘1 .
dx 2 x+4  x+4
Solution: Letu= (2x + 1)*. Then by D25, 4 -
dy 1 4(2x+1)* 2 x* - 16
dx (2x +1)
8 EXERCISE 4.4
2x+1 tind ?llx and simplify whenever possible.

Alternative Solution: Another solution is
apply first P3 and then use D25. Thus

I y=logV/2x+45

y=1n(2x + 1)* >y =log sin? 4x
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’ ") + 2Arctan %—-=0

3. y=logv V12x
y = log [(x—-‘l)3 (x+ 2)‘] R
y= In (x+3)

4
6.
6. y=1n (x:F \/;(.’Tl)
7
8

s ylnk =1

hmic Differentiation

y=1n* (x+ 3)

= /ﬁ.‘i’_‘*-
y= ,ln a—bx
_qn [1—sinx\?
9. y=1n (1 + sinx) .

10. y = xArctanx — 1n 1+x°

s section, we shall learn how to find the derivative

son which is expressed as a product, quotient, power

®f two or more differentiable functions of x by a pro- _ .
wn as logarithmic dtfferent!a.tion .This procedure ’

the following steps:

Wake the natural logarithm of both sides of the equa-
#on which defines the function.

Mmplify the right member of the resulting equation by N
making use of the properties or laws of logarithms. -

11. y = 1n(secx + tanx) y
‘ Ivfterentiate with respect to x and solve forgy.

x—5)*
12. y=1n (x—4)

1 fy=2x+ 1) \/ 3x + 5 fmd dx by logarith-
mic dlfferentxatxon

13, y=1n X(x+1}
(x+2)°

= ,
14. y = xArcsec2x — 4 1n (2x + [ax? - 1) m  ‘Taking the logarithm of both sides, °
: Iny=1n(2x+ 1)/3x +5
=: 15. y=x4 (1_1“4) ny n (2x ) X |
-u.‘ 16. y=4ix /x* +a? +4a’ In (x+V/x? +2°) In(2x + 1) +-4-1n (3x + 3) by P1,R2,P3
. 1 ‘
A - fesentiating with respect to x,
= X _a 2 2 '
- 17. y xAtcta_p 2 "3 In(a? + x?) i 7_____( o L ;___1_“_;.(3) by D25
» 2% + 1 2 3x+5 77
- 18. y = In (1nsecx) T
® 2 ., 3 .
; 19. y = In(1n4x) & 2+1 0 23x+5) .
. 90. siny = 1In(x+y) o (2x+1) V3% + B [4(3x + 5) + 3(2x + 1)]

2(2x + 1)(3x+ 5)
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Then " EXAMPLE 4.6
lny = ulna;

Pind %% and simplify whenever possible.

Differentiating with respect to x

_ qdx
_1- gl_ﬂ 1 (_il.l__ 1 y= 3
y dx~ “"¥dx . 1+2%
. 4 1— ZX
dy du .
= 1na) 3=
ax — ¥ (1n2) g¢ 3 y= 4%Indx
L . e
Beplacing y by a", we obtain D27, that is ¢ y=e=
’ _oxl
aq}z(au = a' (lna) g}% B y=ele™
eX_q
. 6 y=1In 9%
Note: D28 may be obtained directly from D e
by replacing a by e. T y=In(e"x")
: o d 2%
EXAMPLE 1. Ify= 4°% find a%’* A y=x
: o
' Vv y=x
Solution: y = 42X
, ‘ . i 3F+3Y=6
9 _ 42% (1n4) (2) " byD
dx o xY+2Y=8
= 42X (21n4)
1 X+ Inixy) =38
= 42X (1n16)

1y X4 ¥ = XY

14 eYsinx = %—

Solution: Ty = eSinX
dy . v olndx g Indy 4
= 511X (cosx) by
dx 1 Xt Vo2

123
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18.

19.

20.

21.

4.9 The Hyperbolic Functions

Differential and Integral Calculus .

Find the value of A so that y = Ae*' will satisfy the equation

yu _ 2yl _ 3y - ezt_

Find the minimum value of y = ge* + %%,

2

Find the maximum point of the graph of y = e ™

Find the area of the largest triangle cut from the first quad-
rant by a line tangent to. y = ™"

Certain combinations of the exponential function e

X and

eX occur frequently in mathematics, science and engineering.

These functions are called .hyperbolic functions*. They are de- .

fined as follows:

DEFINITION 4.1

DEFINITION 4.2

DEFINITION 4.3
DEFINITION 4.4
DEFINITION 4.5

DEFINITION 4.6

sinhx = €-~ e
coshx = éi%j
tantx - %
cotn ~ S5

__1
sechx‘ = Goshx

cschx = —
chx sinhx

The notation sinhx is read ‘‘hyperbolic
others are read in the same manner.

sine of x”’. The

The following identities can be deduced directly from the
definitions of the hyperbolic functions.

cosh?x - sinh!x =)

H1.

*They are called hyperholic functions because they can be related to a hyperbola,
Recall that the trigonometric fuictions are also called circular functions.because of thelr

relation to a circle.

ervntiation of Transcendental Functions

H2. tanh?x + sech‘x = 1

H3. coth?x — csch?x = 1

H4. sinh2x = 2sinhxcoshx

H5. cosh2x = cosh?x + sinh?x
= 1+ 2sinh?x
= 2cosh?’x— 1

{PLE 1. Prove that cosh?x — sinh?x = 1.’

Proof: Since by definitions.4.1 and 4.2

X_ —-X . X X
Winhx)=£ € 2e and coshx = i—tzf’_——

Then, we have
2 .
X -X ~-x\2
tosh? x — sinh?x = (e 4'28 )-(ex — e )
2

- e+ 2e*e "X 4 e~ _eX—2e¥e ¥ 4 o=
4 4

e+ 2+ e — et 2P

FLE 2. Prove that sinh(—x)= — sinhx

Poof: By Definition 4.1
e(=%) _ o —(=X)

2

sinh (—x) =

125

-
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Finally substituting (1) and (6) in (4), we get the desired form

d (oq-1 v 1 du
ae Enw = 7S &

Alternative proof of D35:
Let u be a differentiable function of x. Then by De , anh 1 X2 <1
tion 4.8,
eonh 1 %
sinh 'u = In(u+ Vul+ 1)
tanh 11— 2x)
Differentiating with respect to x - 1 (x+1)

eoth -1 (coshx)
1/1—x
.ﬂ'lh (TI—X—)

conh 1 (sec2x)

. d _ ,
- 4z (6inh luy= ——L (1+ u_\du
ut+/u?+1 Vur+1l / dx

_ 1 u2+1+u>%g
u+/ul+1 \Yui+1 x
=—1 du
w1 &

vach 1 (tanx)
In (\/x2 +1+ x) - sinh—lx

EXAMPLE 1. Ify = sinh™! 4x, find 3
X In (1--9x?) + 2tanh~13x

Solution: 4¥ . ___ 4 —i~(4x)
X (4x)? +1 dx 7"
4

Viex? +1

EXAMPLE 2. Ity = cosh ~1(2x~1), find &

Solution: 91: 1 —(%{- (2x—1)

dx  f2x—1)>-1

_1
x? —x

tion of Transcendental Functions

EXERCISE 4.9

& y' and simplify whenever possible.
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The Indeterminate
: Forms

hin chapter, we .shall study two theorems which have
setical importance in Calculus. We shall also learn a
+ method for finding the limit of a quotient of two
especially when such quotient can not be evaluated
By the limit theorem (L6) in Chapter 1.

% Theorem

theorem which we shall state below is a very useful
e proof of many theorems in Calculus. This theorem
Inted by Michel Rolle (French Mathematician, 1652-

1) ROLLE’S THEOREM

If a function f(x) is continuous in the closed
mterval [a, b); if f'(x) exists on the open interval
(a, b); and if f(a) = f(b) =0, then there is a number
¢ 1n (a, b) such that f'(c) =0. ‘

st the proof of this theorem in this book. However,
of this theorem can be appreciated on the basis of its
» evidence, Consider the graph of y = f(x) in Fig. 5.1.
et hetween the points A(a, o) and B(b, o), there exists
#ne point on the curve where the tangent is horizontal
= In Fig. 5.1, the point in question is P. However,
» '+ more than one number in the open interval (a, by
pi ¢+ ) O, Thus in Fig. 5.2, the tangent line is horizontal
sl v ¢,y Thatis, f'(c;)=1f(cy)=0.

135
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T

FIG. 5.2

EXAMPLE. Consider the function f(x) = x* —
the interval [1, 3]. Since f(x) is a polyn
it is contiiuous on [1, 3]. Also f'(x)
exists for all x in (1, 3). Finally we note
= £(3) = 0. Hence the three conditions of
thesis of Rolle‘s thereorem are satisfied

The Indeterminate Forms , 137

must be a number ¢ in (1, 3) which satisfies the
conclusion of the theorem. At x = c, f'(c) = 2¢ — 4.
But f'(c) = 0. Therefore, 2¢c — 4 = 0 and we get c =2.

5.2 Mean Value Theorem

The mean value theorem (or law of the mean) is one of the
important theorems of Calculus. For instance, it is used to esti-
mate the values of functions when direct calculation is diffi-
cult. It is also used to prove that two functions having. the same
derivative must differ by a constant. These are but only two of
s important uses.

T(5.2) MEAN VALUE THEOREM

If a function f(x) is continuous on the closed
interval [a, b] and if f'(x) exists on the open inter-
val (a, b), then there is a number c in (a, b) such that

f(b) —f(a) '

E(51) f'(C) = —T:T .."

We shall use Rolle’s theorem in the analytic proof of the
mean value theorem. Therefore, we must first form a function
F(x) which will satisfy the three conditions of Rolle‘s theorem.
L.t this function be given by the equation

Py = TL2I@) gy s gy — 1) 1)

wole that F(x) is continuous on [a, b], differentiable
anil K(a) = F(b) = 0. Differentiating (1) with rospect to x
5 f —_ ,
Fixy = “CL2T@) _ gy
a (2)
~nee [(x) satisfies the three condition of Rolle's theorem, then

here exists a number ¢ in (a, b) such that F’(c) = 0. Hence, at
+ ¢, erquation (2) becomes ’

#

‘

DS -



, which was to heiproved. ' . !
The mean value theorem may be interpreted geometricall
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— f(a)

F(c) = f(.bgi*a —f(c) = 0
or equivalently
o - 1)

n Fig. 5.3, we see that the ratio

f(b) — f(a)
" b—a3a

is the slope of the line through A ((a, f(a)) and B (b, f (b)) whi]
f'(c) is the slope of the tangent of thé curve y = f(x) at the po| 1

P (c, f (c)). Thus the mean value theorem states that between the poj )
A and B on the curvey y = f(x), there is a point where the tangent limg

parellel to the line through A and B..

FIG. 5.3
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EXAMPLE 1.

Solution:

ENAMPLE 2,

Solution:

Given f(x) = x* + 2x — 1 and [0, 1]. Verify that
that hypothesis of the mean value theorem is
satisfied. Find the value of c that satisfies its con-
clusion. :

f(x) = x* + 2x — 1 is continuous on the closed
interval [0, 1] since it is a polynomial. We also note
that f'(x) = 2x + 2 exists on the open interval
(0, 1). Hence the hypothesis of the mean value
theorem is satisfied. To find the value of ¢ which
will satisfy its conclusion, we proceed as follows:

Since f(x) = x> + 2x — 1, a=1 and b=0, then
f(a) = £(1) = — 1
£(b) = £(0) = 2

Since f'(x) = 2x + 2, tﬁen when x = ¢, we ha?re

f'(c) = 2c + 2

Substituting these values in E(5.1), we get
2c+ 2 = %’:-]-(“)—

and c = %

Use ﬁhe mean value theorem to prove that
10.77 <V 117< 10.85. ~

Let f(x) = v/x, a = 100 and b = 117. Then f(a)
= £(100) = /100 = 10, f(b) = £(117)= VIIT and

since f'(x) = ,1__. , then f'(c) = e Substi- ‘
2Vx

2/c

tuting these values in E(5.1). we have

1 JIl7T—10

2/c 117 — 100
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Solving for v/ 117, we get

V117 = 21\;5 + 10

where 100 < ¢ < 117. Since (10)> = 100 and

(11)* = 121, then it follows that

100< ¢ < 121
or 10<c< 11

Taking the reciprocal, we have

111
107 U 0 11

Multiplying the inéquality above by *lzland then
adding 10,

17 17 17
24 0 > + 10 > + 10
20 © 1 /e 22

10.85 > /117> 10.77
The inequality above is equivalent to
10.77 < V1IT < 10.85
which was to be proved.
Now, suppose we write E(5.1) in the form
f(b) = fa) + (b—a) f(c)
af then consider again Fig. 5.3 Note that if b is near ¢, then c

ilso near a. That is, ¢ comes closer and closer to ¢ as the dit.
fanceb— aigets smaller and smaller. Then we can see that when

b-is sufficiently small, ¢ approximates the value of a, i.e., ¢ = g,
Trsymbol = is read “is approximately equal to”. It follows thét

fil = f'(a). Replacing f'(c) by f'(a) in the equation above, we get

E(.2) f(b) = f(a) + (b—a) f'(a)

eterminate Forms 141

son may be used to approxXimate the value of a function
= h when b — a is sufficiently small.

. 1. Approximate the value of /82.

ton: Let f(x) = +/x,a = 81 and b = 82. Then

f(a)=v81=9
f(b) = ml '
f = o=

1 _ 1
f'(a) = """‘ﬁ = 18
Substituting these values in E(5 .2)., we get
‘ 1

\/wé9+(82—81)--i—§

- y_sg or 9.06
18

EXERCISE 5.1

N that the three conditions of the hypothesis of Rolle‘s

witisfied by the given function on the indicated inter-
t the value of ¢ which satisfies the conclusion of the

fix) =x*?—x—2, [—1,2]
fix)=x>—-3x , [0,V3]
fix) = xlnx , [0, 1]

fix) = sinx , [0,n]

P v tollowing, find ¢ such that E(5.1) is satisfied.

)X, (8, 4]
) VE, [4,9]
fix) - eX, [0, 1]
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8  f(x) = Inx [; g]

‘Use the mean value theorem to prove each of the folla

9. 211<v94< 212
10. 2.071<+/4.3<2.075
11. 0.17<In(1.2)<0.20

aot be evaluated by the methods mentioned above. The
®f this section is to introduce a systematic method for
the limits of such functions. This systematic method
o I.‘Hospital's Rule* and we shall abbreviate this as
our convenience. This rule is stated here somewhat
te . without strictly mentioning the specific condi-
red. The proof is also omitted here.

) L‘Hospital‘s Rule

If im f(x) = lim g(x) = 0, then
X— a X— a .
lim f(x) = lim f:!x!
X— a g(X) x—a 8 (X)

Explain why the mean value theorem does not apply:

12, y = x2 ., [-1,1]

13. y = - i 5 [1, 3] provided the latter limit exists.
) he £ wis, LHR states that to evaluate the limit of the frac-
Use E(5.2) to approximate the value of each of the fa 0 o .
Mat takes the form ° at x = a, differentiate the numere-
5 . .
14. ' \/-33- noniinator separately* and then take the limit.of the
15. \/65 oo
) . fg ; In case, this new fraction assumes again the
16. 2.03Y
(3 the process may be repeated, that is, reapply LHR. How-
117. Vv125.8
reapplying LHR at any stage, we may simplify first
18. (9)3 uotient whenever possible. For instance, simplification
. RezY! tion of common factors of the denominator and
19. muy be done first before reapplying LHR. The use of
20. 1 M llustrated in the next three sections.
V26 ' 9 ma =
, rterminate Forms 0 and — =
5.3 L* Hospital‘s Rule it

' fix) = lim g(x) = 0, then the function defined by
In section 1.4 of Chapter 1, we learned how , o> a
mit of a quotient of *wo functions when the nu

nominator approach zero. In evaluating such a

changed it into a form to which the limit theorems @

w«! to have the indeterminate form-% at x = a. To

That is, we employed certain algebraic manipul
factoring an expression or rationalizing the deno
ever, there are functions having indeterminate

-+« French mathematician G.F.A. L'Hospital (1661-1704), who popular-
1 textbook published in 1696.
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. 1 :
evaluate lim x) _0 , we apply LHR. Consider the
X~ a (x) 0 ‘
below : |
2x
EXAMPLE 1. Evaluate lim £ — 98X 1
X .

X—>0

Solution: The quotient assumes the form % when x

2.
Applying LHR, we get
J.
. .e¥™ — cosx . 2e** +sinx
lim ————= = lim T
Xx— 0 X X— 0 1
4.
= 2% + sin0
=2 (1) + 0 5.
=2
If the lim f(x) = lim g(x) = o, then the fraction d 6.
X0 X =00 |
2(—(—2?) is said to have the indeterminate form —:}at x=a.L
1.
applicable for this form.
EXAMPLE 2. Evaluate lim = H.
X—>o e
. 2
‘Solution: Since lim =~ = 2 we apply LHR i
x—oo g% oo ? ) :
lim X = i 2% '
X0 @2X xl_{noo 262‘ (. 10
. X
= ,{‘_, S (cancell y
= lim
y e g (reapply

‘The Indeterminate Forms
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EXERCISE 5.2

Fvaluate each of the following limits:

. t —
lim 2nX —Xx
x— o X — sinx

xInx —x? + x
(x—1)?

x>0 Xx?

x1n (1 + x)

lim \
1—cosx -

X—=0

COSX
X %_ sin2x

i 1nx!°
m

X » 0O X

tanx
« - Ftan3x
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2
13. lim %=
x—+0o0 X3
2
14. ?Too Inx
. 2x* +1
15. }(l.er4x2 + X
2
16, lim 10X
X— o0 X
lim sec? x
17 x—»lzf_ sec? 3x
18. lim 1-—cosx —zcosx
x-0 X

5.5 The Indeterminate Forms 0  (+ ) and e — o

If lim f(x) = 0 and lim g(x) = too, then the function defined'
X— a . X—a

by the product of f(x) g(x) is said to have the indeterminate form

0 (+o0) at x = a. Forms of this type can be changed into the form

8or§ so that LHR can be applied. To effect this change, we re-|

write f(x) g(x) into any of the following forms:
- f(x) 8(x)
1/g(x) 1/1(x)

~ In general, one form is better than the other but the choice will.
depend upon the given product f(x) g(x). ‘

EXAMPLE 1.

Evaluate lim =xcotx
x> 0
Solution: Let f(x) = x and g(x) = cotx. The limit of their

product is of the type 0 o since f(x) = 0 and g(x)
,=o0 atx =0. Thus

The Indeterminate Forms
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lim xcotx= lim —
X— 0 " x—»0 1/cotx
= lim —= -0
xl—{no tanx ( 0)
= lim 1 ‘ :
x— 0 sec’x (by LHR.)
NEIT
= 1

If lim f(x) = e and lim g(x) = o, then the function defined

X a X— a
by f(x) — g(x) is said to have the indeterminate form oo — oo .
This form can be changed to the form-g or% by algebric malii- :
pulation so that LHR can be applied. ) *

EXAMPLE 2. Evaluate Iin;r (secx — tanx)
X= / )

Solution: This limit is of the type e — o . since

o & = ) | l = oo : .
sec 5 = and tan 9 . |
. . 1 sinx
1 —t =1 —_—— = y?
Jim (aecs—tan) = Jimy (00 —C0)  (why)
= lim 1 —sinx 0
x— T COSX =79 .
= lim 0 —cosx
= —_— (by LHR)

x—T

— sinx
5 )
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= lim cotx

EXERCISE 5.3

Evaluate each of the following limits:

-

lim sinxlnx
. "
lim — tan

(% — x } tanx

. . 4
lim xsin —
X

1

lim (4 — x?) tanx

1

. lim xcse2x

lim (cscx — co

(st
x2—1 x-—1

1%
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A SE
o Ax—1 Inx
( 1 2
" —_
-0 \1 —cosx sin’x

. (}_ __1
o X sinx

1 1 )
“a \In (1 + x) Arctanx

Indeterminate Forms 0°, 1% , and °

« function defined by the expression f(x)¥*) may, at a
value of x, assume any of the following indeterminate

0" iff(x) = Oand g(x) = O

1”7 if f(x) = 1andg(x) =

-0 if f(x) = e and g(x) = 0

v, we may perform the following steps;

Lot N = lm  f(x)e
X a ‘

Tuke the natural logarithm of both sides of the equation
in (1) ‘

In N = 1n lim f(x)&®
X a :
= lim 1nf(x)sx) by L12
X+ a
= lim g(x) 1nf(x) by P3
X—a
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The limit at this point takes the form O- (!

we, therefore, apply the method used in = lim . 2
“Thus X>*=11 + 2
X
= 1nf(x) ,
In N .
3. n xli. T/g(x) This limit is of the _ 2
1+90
4, Apply LHR to the right member of (3).
5. Suppose In N = L. Then N = el where L -2
number. Therefore 2 :
' = e
lim f(x)ex) = clude that -
X< a 2 X
2\, lim (1 +—) = g’
EXAMPLE Evaluate lim | 1+ sy )" A X

X - Q0

EXERCISE 6.4

Solution; This limit is of the type 1% W each of the following limits:

3

L
»

(1+ 2x)%
Let N = lim 1+2 ) o
x-»OO
(4 — 1)x
. . 2 L] .
Then InN = lim “1n (1 +—->
X — OO X
v (sinx)*
2 : ] re
= lim x 1n (1,+-—-—) (=0 .0)
X""“ X
' v (cscx)sinx
In (1 %—) 0 ° ‘
= lim = - A
}l—l;nw 1 ( 0 ) x1—x
' X )
1 0 '__\‘_2‘ \ (tanx jeos
' 1+.2._. v_xl' , ” [] »
= lim __’; (by LHR) N\
o x? E‘ <1 +~£>'
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. — X
8. lim x°¢
X — oo
" 1

9. lim (x + cosx)*
x-+ 0

10. lim (1 + sinx)cotx
x— 0

11._lim (1+3x 1)
X - 00
1
12. lim (1 + tanx)*

X~ 0
‘ x 4
13. lim (2—e2 )

14. lim (sin2x)tan2x
x-T

4

15. lim (1 _— x2 )'cotx

X- 0

L IATA

\

Differential and In

APLER

The Differential

Ko far we have regarded the notation-g-){- as a single symbol

#enote the limit of the quotient %—;’— as Ax > 0 or to represent
denivative of the function y = f(x). Now we shall introduce
eatiemely simple but useful concept called the differential.

the quotient of two differentials.

INfterential: Definition and Interpretation

t'onsider a function defined by y = f(x) where x is the in-

wlent variable, In Chapter 2, we introduced the symbol’
t denote the increment of x. Now we. introduce the symbol
ehich we call the differential of x. Similarly, we shall call the
I=:l Jy as the differential of y. To give separate meanings to
s 1y, we shall adopt the following definitions of a function
d by the equation y = f(x).

UEFINITION 6.1 dx = Ax

.

In words, Definition 6.1 simply says that the differential
M. ndependent variable is equal to:the increment of the va-

DEFINITION 6.2 dy = f'(x) dx

In words, Definition 6.2 states that the differential of a func-

1w cqual its derivative multiplied by the differential of its
rendent varigble, :

153

new concept will give meaning to the symbols dy and dx:
wtely and in effect will permit us to consider the symbol -

r
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We emphasize that the differential dx is also an inde
dent variable, i.e., it may be assigned any value whatsoe
Therefore, from Definition 6.2, we see that the differential
is a function of two independent variables, x and dx. It sho
also be noted that while dx = Ax, dy # Ay in general*.

Suppose dx # 0 and we divide both sides of the equati
dy = f'(x)dx

by dx. Then we get

dy

ax = ™)
Noté that this time % denotes the quotient of two differen
i.e., dy and dx. Thus the definition of the differential makes
possible to define the derivative of a function as the ratio of
differentials. That is, '

dy _ differential of y
dx  differential of x

f(x) =

The differential may bé given a geometric interpreta
Consider again the equation y = f(x) and let its graph be as sh
in Fig. 6.1 Let P(x, y) and Q(x + Ax; y + Ay) be two points
the curve. Draw the tangent to the curve at P. Through Q, d
a perperdicular to the x-axis and intersecting the tangent at
" Then draw a line through P, parallel to the x-axis and intersec
the perpendicular through Q at R. Let 4 be the inclination of
tangent PT. '

*Recall that Ay =f(x +Ax)> f(x).

1 he Differential 155
y
N
, y=t(x)
/L-Tangent
I
—— ay
| RA &
1 1,R T
! 1
| |
- | |
O+ - - X
— x Ax-i
FIG. 6.1
From analytic geometry, we know that
slope of PT = :an € (1)
#ut in triangle PRT, we see that
tan 9= — = X (2)
NPT PR T Ax
ftowever, Ax = dx by Definition 6.1. Hence (2) becomes
_RT
tan6 - ax

(3)

¥iom Chapter 2, recall that the value of the derivative of y = f(x)
ot I’ is equal to the slope of the tangent at that same point P
Hence in Fig. 6.1,
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slope of PT = f(x) d(ut) =nut - 1 du

WD ST

d (_};) = —n du B “
un ur+! .

symbol d is regarded as the operator which indicates
of finding the differential of a function. ’

Substituting (3) and (4) in (1), we get

£x) = %‘%

Solving for RT in (5), we obtain
RT = f'(x)dx

t Definiti . i i . Hed -
But by Definition 6.2, the right member of (6) is dy Mierentiation formulas for other. tvpes of functions

RT = dy in Chapter 4 may also be expressed in terms of diffe- .’
‘\
We see that dy is the increment of the ordinate of the tan . ) . 2x -
line corresponding to an increment of Ax in x whereas Ay i8 | Finddyif (1) y = x> —4x* + 5x and (2)y = -1 o
corresponding increment of the curve for the same incre ’ : ‘
in x. We also note that the derivative.(‘;_:- or f'x) gives the gl s 245 .
of the tangent while the differential dy gives the rise of the wn: (1) y = x> —4x° + 09X )
gent line. - .,
dy = d(x® — 4x* + 5x) ‘ X
6.2 Differential Formulas
. : 4 . ~ = 3x%dx — 8xdx + 5dx
. Since we have already consideredd—i as the ratio of two{
ferentials, then the differentiation formulas in Chapter 2, (Sec. = (3x2 — 8x + B)dx
- may now be expressed in terms of differentials by multipl ' :
both sides of the equations by dx. Thus 2) y = 22X .
e, 3X. —1 ‘ *
dl. d(c)=0
- ' N W= (3x2—’-(—- 1)
-— 2. d(x) = dx
_ (3x — 1) (2dx) — (2x) (3dx)
ds. ' - d(cu) = cdu (Bx—1)?
i, ) .
d4. d(u+v) =du +dv (6x —2)dx — 6xdx
(3x —1)?
‘ ds. d(uv) = udv + vdu ,
wy ' k W\ _ vdu — udv
L ] deé. d (—v-) = _ (6x—2—6x)dx

‘1‘1‘3& (3x_._ 1)2 |
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= _T2dx EXERCISE 6.1

- (@x—1)
~ -wmplify whenever ible.
Note: In practice, we simply get possible
of the right member of the

v - 3x* —4x? + 9
multiply it by dx. Thus for o

lem, the splution ‘will sim| y  Jio%
as follows:
: CAR2

y = x> —4x? +5x y o detX

dy = (3x* — 8x + 5)dx y = x?iiz
EXAMPLE 2. Find 3¥ by means of differentials if xy

dx y - xlnx

y - x3 e-2x

Solution: xy + sinx = Iny

xdy + ydx + cosxdx = %;dy y - 3x+ +8in2x

y - eXcos?x "

o2 = '
xydy + y2dx + ycosxdx = dy v = §§ _ sin2x . sindx
8 4 32

dy . .2 dy
peCARNS + = <
Xy i y ycosx ax

v Arctan (tan3x)

by use of differentials:

o

- (xy —1) %{" —y (y + cosx) xy + Arctan (xy) = 0
- gz It A b A CIOSX) 2n(x? +y?) = Arctan%

dx Xy —

- ' hxyl =y

C Y = sin x—y)

.‘;:; ‘ 1+ 4Y = 32

L Inx + 2lny = xy
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EXAMPLE 1. Compute /37 approximately by use of
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6.3 Applications cf the differential

Let us consider again the graph of y = f(x) in Fig. 6,
that the difference Ay—dy is represented by the direc
ment TQ. The maznitude of this difference can made as
rlease by making Ax sufficiently small. In other words,
Ax, we expect dy and Ay to be nearly equal. We are
effect, that dy may be used to approximate the value of
while the true or exact value of y at x + Ax is

f(x+ Ax) =y + Ay,
its approximate value for small Ax is
f(x+ Ax)iy+?iy

where (recall chapter 5) the symbol ''=" is read ““is app:
equal to”.

tials.
Selution: Let . V3T=y+dy
and 37=x+dx

where x is a perfect squaré nearest to 3

Obviously 37=36+ 1
Hence x = 36anddx =1
Let y=vX
.
. Then dy = 2\/.;{-
For x = 36, y = 1/ 36 = 6 and sin
‘ 1
we have dy = Wi =‘1-2‘
o 118
Therefore, V37T =6 2 - 13

The Differential ' 161

Note that if we have been asked to find v/32 or /40, then

our approximation by use of differentials would not have been so

xood. Why?

KXAMPLE 2. If y = x* + 2x* — 3, find the approximate value

of y when x = 2.01.

Solution: The exact value is y + Ay but since we are simply
asked to find the approximate value, then we
shall solve for y + dy. Note that if we write
2.01 = 2 + 0.01, then we are considering 2.01 as
‘the result of applying an increment of Ax = dx =
0.01 to an original value of x = 2. ' )

‘Since y =x3 + 2x2 —3 (1)
then dy = (3x® + 4x)dx @
When x = 2, then from (1) ’ A

y=8+8—-3=13
and when x = 2 and dx = 0.01, then from (2),
dy = (12 + 8) (0. 01) = 0.20
Therefore, the required approximation is - .
y+ dy =13+ 0.20 = 13.20

IXAMPLE 3. Each side of a square is increased by Ax. Find the
approximate and true increase of the area A of
the square.

Solution:  The approximate increase in A is dA and ‘the
true increase is AA. The area of the original
square {ABCD in Fig. 6.2) is

A=x?

P L
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]

By differentials,

dA = 2x Ax = 2xdx

Thus 2xdx gives the approximate increase in A
In Fig. 6.2, this approximate increase is given

by

"dA = area of DCEF + area of ADHI,

The true’increase in A is

AA = (x‘+'Ax)2' - x?

x? + 2x Ax + (Ax)* — X?

2x Ax + (A‘x)2

In Fig. 6.2, this true increase in A is AA =
DCEF + area of ADHI + area of DFGH.

A D

G

AX —

FIG. 6.2

SRV IAYINR
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The differentials ave also used in approximate computation

of certain quantities due to small errors in measurement. For
mstance, if y = f(x), then an error dx in the measurement of x leads
to an approximate error dy in the quantity y. The approximate

telative error (RE) in y is the ratio dvy and the approximate per- -

centage error (PE) in y is.‘lyl (100).

FXAMPLE 4. The radius of a circle is measured tb be 10 cm with
- an error of 0.05 cm. Find the relative error in the
computed area,

»

Solution: We aré asked to find the RE in the area A when
r= 10 cm and dr = 0.05 cm. Hence '

A=q71*=q7(10)! = 1007 cm?®
‘dA = 2r rdr = 2r (10) (0.05) = 7 cm?® .

Therefore,

I

RE

= 0.01
K XAMPLE 5. Find the approximate percenﬁge error in the

computed volume V of a cube of edge x cm if an
error of 2% is made in measuring an edge.

Solution: " We are asked to find the PE in V when the PE
inxisd;x-(100)= 2%. '

Since V= x3

then : dV - 3x*dx
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and the percentage error in the volume V is

dv
PE = —>
E v (100)
2
=3x4x (100)
X

3(%’5— -7100)

]

‘3 (2%)

= 6%

EXERCISE 6.2
Find thé approximate value of the following by use of differentials
1. V626
2. 215
3. (82)%*
4. (63.4)%°
5. 316
6. (1.98)*
7. In(2.3)if In2 = 0.6931
8. 24 ife? = 7.3891
Use différentials to find the approximate value of y: -
9. y=(2x—1)* whenx = 0.98

- 10. y=x* —2x® +3x? +x— 1 when x = 1.02
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the following problems by use-of differentials:

The circumference of a circle is 100 cm. If the radius is
mcreased by 0.1 cm, find the approximate increase in the
[ IS

It an error of 1.5% is made in measuring the side of an
squilateral triangle, find the percentage error made in the
computed area.

The radius of a sphere is measured to.be 4 ecm with an error

of 0.002 cm. Find the relative error in the computed volume.

In a right circular cone, the radius of the base is half as long °

e the altitude. If an error of 2% is made in measuring the
mdius, find the percentage error made in the computed vo-

Jume,

Yind the approximate surface area of a sphere of radius
$02in,

¥ind the approximate area of a square when the side is
401 cm. ' ‘

A circular hole 2 inches in diameter and 1 foot deep in a

block of iron is drilled out to increase its diameter to 4.1
In Find the approximate volume of the metal removed.

The diameter of a circle is to be measured and its area com-
puted. If the diameter can be measured with a maximum
ertor of 0.002 cm. and the allowable error in the area is
001 ¢m?, find the diameter of the largest circle for which
Ihe snecifications are met.

¥or a right circular cylinder. of height 25 cm., the radius
was measured as 20 cm with an- error of 0.05 cm. Find
\he approximate percentage error in the computed volume.
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Derivatives from Parametric
quations, Radius and '
enter of Curvature

snalytic geometry, we have learned that a curve may also
\wd analytically by a pair of equations of the form

x = g(t) ,y="h(t).

yuations are called perametric equations of the curve and

variable ¢t is called a parameter. For example, the circle , »
- u’ may be represented by the parametric equations

'x = acost , y = asint

¢ parameter t is the angle between the x-axis and the
the point (x, y).

atives in Parametric Form : -

v - f(x) be a function whose parametric representation
n the form

x = g(t) ,y = h(t).

in Chapter 3 (see sec. 3.7) that

—3:— = rate of change of x with respect to t
9-%’- = rate of change of y with respect to t

lently the rate of change of y with respect to x of a fune-
ed by x = g(t), y = h(t) will be given by

E(7.1) iy %2’_
o
dt
167
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Next; we cbnsider the problem of finding the secol
tive of a function defined by the parametric equations-
Chapter 2 (set. 2.7), the second derivative is defined as

&y _ dydy
dx? dx (‘dx

and by the Chain Rule, we may write the equation ab

form ‘
d’y _ d [dyy 4y
E(7.2) ax’ at \ax/ 4

: Cody
EXAMPLE 1. If x=t* —1,y =t +t, find —%and

~ Solution:  Since x=t'—-1,y=t"+
dx _ 2 dy _ 2% + -
then W 3t a9t
By E(7.1) ,
dy._ 2t+1
dx 3t

and by E(7.2) ,
d’y _d 2t+] ),‘1‘_
dxz  dt 3t /dx

(3t (2)—@2t+ 16y 1
- ot*

—2(t+1)
9t°

, g
EXAMPLE 2. If x = 2sin6, y =1 —4cos§ , find —d—ii

Solution: x = 2sin6 , y = 1— 4cosf

Derivatives from Parametric Equations, 169
Radius and Center of Curvature '

dx ’ dy L
—- = 2co0s8 —L =
do 2cos 6 45in@

Then dy _ dy/dg
dx  dx/de

_ 4sing o B
. 2cos8

= 2tané ‘ o
d’y

and
dx?

d | .de ' .
=-2 (2tang) 28 E :
qo (2tand) — |

2
2sec’ 2cos6

il

sec 8 .

EXERCISE 7.1

. dy d’y o .
Find —=- and and simplify whenever possible.
dx dx?

B +1, y=t*+1

o
I

2. x=t3, y=t + 3t | o
dox=u+1, y=4u? —4u
1. x=\/_u—-r'2'>,ly=-i"u2>—3’

H x=1+ cost ,y = sin’*t "

6. x=1—1Int ,y=1t—Int
7. X = cos¥ + ¥ sin®, y = sin® — Hcosb

K. X = cos™6 y=sin’@

Hox = eb,y = 2e00
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Radius and Center of Curvature

= b = é - .
10. x = ¢e? ,y = € length from -a fixed point A to a variable point P(x, y) be denoted | ["1
by the small letter s (Fig. 7.1). Consider a nearby point Q(x + Ax, ‘F‘
v * Ay) and'let As be the arc PQ. Since s is a function of t, then
we may wish to find the rate at which s changes with respect to H
e, ds

11. Find the slope of the cycloid x = a(§ —siné),y = a i1-— cosO).ﬂ

m
when 6= 9 -

12. Find the slope of the curve x = e9sin , y= ef cosQ when

odt
6=73 '
T3 . : e ds . As
. ‘ oy ] By definit =2 = :
13. Find the equation of the tangent to the curve x = ZSmt.: y delinition, dt Alt“_’fo At (1)

m
‘y =cos2t whent = 3 As
But we may express At as

14 Find the equation of the fangentito. the curve x = Int y‘
=t ' whent=2, ae b5 PQ o

At PQ At

7.2 Differential of Arc Length . _

: i he equatio ' * '
Let a curve be defined parametrically by the eq where the chord PQ in Fig. 7.1 is the hypotenuse of the right

triangle PLQ. We note that s

.-

PQ = Vax)? + (ay) (3),

x=g(t) , y=h(t)

where g and h are differentiable functions of t. Also let the

y .
R 'hen (2) may be written in the form
As _ bs | V(x) + (Ay)
At PQ At .
As _ As éi‘—)z ¢ (AN (4) |
Tangent At PQ At ‘ M) _
a/_ ‘ ' | o
Substituting (4) in (1), we get ,
! Ay ’ .
ds . As Ax\ 2 Ay 2
p ds _ o As \/ﬁ) +A(__Y) &
A s L dt At-o PQ At Xy, ®)
o As . / Ax\? /AW ?
= lim == lim == + [ =2
5 _ S x At-. PQ \ Y(At) S\t
X %‘ AX—J{ ) ;
It can be shown that the limit of As as At - O is unity, that is,
hm 85 .- 1, Hence (5) becomes PQ

FIG. 7.1 Mo
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VG E)

Multiplying both sides of (6) by dt, we obtain

2 2
E(7.3) ds =/(%) +(.th cdt

where ds denotes the differential of arc length. From E(7.3), we
can obtain the following forms for ds:

E(7.4) © ds = V(@) + (dy)?
E(7.5) ds = /1+ (%%)2 dx

o dx . A
E(7.6) ds = /1+ <5'y-> dy’

If the equation of the curve is given in the polar form r = f (9)
then the differential of arc length is given by

. 2 :
E(7.7) : ds = /r2 N (_%1;_) a8

E(7.7) can easily be obtained by use of the familiar relationsg
between rectangular and polar coordinates, that is,

X = rcos@ and y = rsiné.
7.3 Radius of Curvature

We have seen in our previous discussion, that the conce

of the derivative is related to the tangent to a curve. Another:
concept of geometric interest is that of curvature. Consider the!

curve y = f(x) as shown in Fig. 7.2. Let s be the length of the arg

of the curve between a fixed point A and a variable point P, !

Denote the slope-angle* of the tangent T to the curve at P by ¢,

*The angle between the tangent and the x-axix.

The reciprocal of the curvature is called the radius of cur-

tives from Parametric Equations, 173 |
and Center of Curvature |

tote of change of ¢ with tesbect to s is called the curvature i
curve at P and is denoted by K. That is b

- d¢
K ds

wlue of K is either positive or negative. If K > 0, the curve
‘ave upward at P. On the other hand. if K < 0, the curve is
« downward at P. However, it is customary to consider K

ttive. For this reason, we rewrite our defining equation
a

E(7.8) K = l.g%l

3 <

FIG. 7.2

sud is denoted by R. That is

1

R=E
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Substituting (3) and (5) in (2) and simplifying, we get

3
2 {71
{1+ Ey__]?

Substituting (6) in E(7.9), we obtain
. v3/2
dy ) 2 ]
+
- [ 1 (dx

d’y l
d){2

The absolute value symbol is not needed in the nume
(d’) 2> 0 To sunphfy notation, we may write (7) in'

R = [1+(y)’]%

1y |
, o )
where y' = % and y' = —-—-3;

_ If the equation of the curve is given by x = g(y),
fining equation for R takes the form i
[1 + (x')z ]3/2 ’

- T
B

E(7.11) R =

where x' = dx and x'" = — -
dy

When the equation of a curve is given parametri
form ‘ ‘

x=g(t) ,y=h()

Differential and Integral Calculus

the expression for K in E("7 .8); we have the defining formula
ns ’ :

E(7.9) R = l ds
d¢

We next derive a formula for R which is applicable if the .

on of the curve is given in the form y = f(x). By the chain

o s ax |
dp dx d¢ (1)

uiation (1) may be written in the form

ds _ ds/dx :
dp dgjdx (2)

K(7.5), we obtain »

ds dy\?.
dx - 1+ (_—) (3)

definition of slope,

tang =

¢ = Arctan == : (4)

ey ' (5)
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lus and Center of Curvature

the radius of curvature can be shown to be
= [ (g) + (0
] g;hn - ‘

P

E(7.12) R

_d®’x

X} ] d ' *
whereg'=%f—,g T , h =a‘f,andh' .

_ It ‘can also be shown that the radius of ¢
curve r = f(0) is given by

[r2 +@'pP

E(7.13) = v 720

e R S S OG-

, ; )

where r’ = fg and r” =4 . The proof of E(7.13) is
e

cise. However, we shall state and prove a theorem

giving the proof of E(7.13).

EY

THEOREM: If « is the angle between the FIG. 7.3
. and the tangent to the curve L |
point P(r, ), then «=¢-9 ' (1)
: o _x follows from (1) that
) dr tane = ———__ (2) .
— where 1 = —= 1 + tan¢ tan@ .
: A
- from Fig. 7.3 and by the definition of slope, we have
e, We shall now give the proof of the theoremg tang = Y » :
be the angle between the x -axis and the radius x ' 3)
¢ the inclination of the tangent to the curve at ¥
Q——, between the radius vector and the tangent (see dy
(,_ €. ¢. and « are related by tne equation tan g~ : (4)
-~ Ututing (3) and (4) in (2) and simplifying
oozl _ xdy — ydx
fan & = (3)
;i xdx + ydy

-
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From analytic geometry, we know that

x' = cost "= — 2sint
X =rcosf , y = rsiné o (€ ‘ x"" = —sint y;’ = — 2cost ‘
By differentiation, we obtain from (6) the following equationd - ‘
: ' , v v o When t = — |, i
dx = —rsin@d@ + cosfdr , dy = rcos@ + sin@dr - (TM 2 d
Substituting (6) and (7) in (5), we obtain
tan o =.£_d,9 | x =0 y = —2
dr ]
1 xl' - _1 yll = O »
I -
_or” tano =75- i ,
46 Substituting these values in E(7.12), we get R = 4.

Letting r' = 3L . we obtain E(7.14).

a0 ° EXERCISE 7.2 - .

EXAMPLE 1. Find the radius of curvature of y = x* atx = 1 _ 1 Find the radius of curvature at the given point:

lution: Since y=x° X | A
then y'=3x? andy” = 6x
- o - -, o ' e
~y when x = 1, y=3 andy" = 6 2.y =x* at (1,1) . i |
— Then by E(7.10), . y = sinx at (%, 1) Ml
= RN SECH 8
) R -~ Tee————— o =

— . .

‘ - 5\;_10 h. x =ey—.2yat 1, 0)
m—) ' : 6. y? = 4x at (1, 2)
m—) . . = aimd . . ,

EXAMPLE 2. Find the radius of curvature of the curve x = 8 : I. 16x* + 25y? = 400 at one end of the minor axis

— o —1,y=2005t+_3att=12. ‘
- Hox=e,y=etatt=0
) ) : )
- Solution: x=sint—1.  y= 2cost+ 3 9 x=t*—2t,y=1—4t at t=1

- |




10. x = 2sinbt » ¥ = cos2t at t = d/{
11. x= retsint ,y=¢et cost at t=0
12, r = acos30 at @ '—“%
"13. r = a(l —cosH at 9 = '
Find the radiu; of curvature at ahy point on. the curve.
14. y = Insinx | |
15, x4y 23 2 23
16. y* = 8x g 6"
17. b*x? + a’y? = a2p? |

19, x = cosp + ¢psing ,y = §in¢-—¢cos¢‘

21. Derive E(7.12)

. center of curvature of the curve. This center of curvature w

. coordinates (x, y) of P.

s from Parametric Equations, 181

180  Differential and Integral Calcultig
' : and Center of Curvature

18. r? = a’cos29

FIG. 7.4

20,. oyt » equation of thg circle of curvature is
(=B + (y= k) = B ey

. tng E(7.10) in (1
22. Derive E(7.13) #E(1.10) In (1), we have |
(x — h)? + — k) = M«Jj '
7.4 Center of Curvature ) 4 ) ") . (2)
e slope of the tangent at P is y’, then the slope of the nor-

Through any point P(x, y) on the curve y = f(x), we @
1'y'. The equation of the normal is

construct a tangent. circle whose radius r'is equal to the -‘
‘of curvature R of the curve at P as shown in Fig. 7.4. This uniqu 1
circle is called the circle of curvature and its center is called y —k = — ;,-' (x—h) (3)
'has coordinates (h, k) lies on the normal to the curve at P. We

show how the coordinates (h, k) can be expressed in terms of t& (2) and (3) simultaneously for h and k, we obtain

E(7.15) h =y Y11+ ()]

y
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P Partial
E(7.16) k=y+ 1—1),(,—?-)2 “ Dlﬂerentiatlon

preceding chapters have been concerned with the dif-
ms of functions with one independent variable. In this

we shall study differentiation of functions of several

EXAMPLE. Find the center of curvature of the cu
at the point {1:0). .

Solution: Since -y = e X . Examples of these functions are the following familiar
then 'y o= e ~
V =nr?h . (1)
yn. - ~e_.1 ’ . X -
(, 0) , 1 = = , absing (2)°
At (1, y = — :
(1) expresses the volume V of a right circular cylinder
” - 1

of the base radius r and the altitude or height h. That
# function of two variabbles, r and h. Formula (2) shows

By E(7.15) , h=2 area A of an oblique tuangle is a function of three varia-
- oly a, b, and ¢.
By E(7.16) , k=3
Derivative
Hence the center of curvature is (2, 3){ ’
‘ v = {(x, y) be a function of two independent variables
. I y is held constant, then z becomes temporarily a func-
the single variable x. From this point of view, we can
the derivative of z ' with respect to x by employing
for ordinary differentiation of functions with single
The derivative found in this manner is called the partial
of z with respect to x and the process involved is called

EXERCISE 7.3
Find the center of curvature at the pbinl; indicated.

1.y = FT(ex+e-%x)at(0,1) 5 v = lnx at|

. 1]
o m ] = > tan2x. ifferentiation. The derivative of z with respect to X is de-
2.y = sinx at > 1) 6. y =77 tan2x uny of the following symbols:
b
3. y* = 8x at(z 2) o ¢ "
. ;’x") Zx LIRS ¢ (X,y ’

4. xy =4 at (2, 2)

. il x is held constant, then z becomes temporarily a
of y. As a result, we can compute the partial deriva-
s with respect to y and this derivative may be denoted by
the fnllowmg symbols:

182
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oz of ’ | f + Ay) = x?
3y ey Y £, (x,9) . 1y and f(x, y-+ By) = x* (y + Ay) + 4x + 3(y + Ay)
By E(8.1). .

2. [(x+Ax)' y*+4(x+Ax)+3y] — [x'y+4x+3y]

It should be noted that the symbol --g-f: (or g%) ,

; ‘ — = - lim
thought of as a fraction since neither of the symbols § nx Ax— o0 AX
(or 9z and 3y) has a separate meaning¥. The symbpl = lim 2xy Ax + (Ax)’y + 44X r
means to differentiate partially with respect to x whate . Ax—.a . Az
it. The symbol 52-)— is interpreted in like manner.
y - —lim  (2xy + Axy + 4)
- L AX 0 ' !
Formally, the definition of partial derivatives can ' :
as follows: , . ~ oxy + 4
If z = f(x, y), then the partial derivative of z with'{
x is symbolically defined as ¥ By E(8.2) ,
A . 2 '
E(8.1) %2 _ im f(x + A%, y) — f(x, ) ‘:[— = lim [x3(y+Ay) + 4x + 3(y +Ay)] — [x’y + 4xw 3y]
X Ax—o0 AX by Ay-o Ay =
‘ 2 ) -
and the partial derivative of z with respect to y is defined = lim X' Ay ; 38y |
' NAy-—~o0 y

E(8.2) oz _ lim f(x,y + Ay) - f(x,y)

0y Ay-o AY = lim (x* + 3)

Ay-o

This definition can be extended to funétiohs of §

two variables. In general, with function f of several
X, Y, Zy oe s s there is a partial derivative with resp

independent variable, ie., Iy ,fY , £

=x2+3
_ In practice, we CQmpute a%zz in the example above by consi-
z vt

EXAMPLE 1 £z = x*y + 4x + 3y, fin 32 4nd 9% by
; ST 0X oy

«luring y as constant and then differentiate with respect to x by
applying the rules for ordinary differentiation.

£(8.1) and E(8.2) respectively. Thus
Solution: Letz= f(x,y)=x'y+ 4x+3y Since ~ Z=xy+ 4x + 3y
Then 0z 'Z?; (x*y + 4x + 3y)

Then f(x + Ax,y) = (X + Ax)? y + 4(x 9z
: ox

*The symbol 3 which is a special form -of the Greek letter delta

by Jacobi (1804-1851). = 2xy + 4

i
i
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To find §—z~, we treat x as constant and differentiate with respect!

EXAMPLE 2. If z = xsiny + ysinx, find — ‘and —-

Solution:

EXAMPLE 3. Ifu=x* + yz* + xz, find u, , uy , and u,.

Solutidn :

* tiating with respect to x,

" Considering y as constant and dlfferentlatm‘

Differential and Integral Calcul Partial Differentiation ; ' 187

It should be noted that before performing any pattial diffe-

oy rentiation of functions of several variable, it is important to know
‘to y. Thus i first which of the variables are considered or held constants..
| g_z. = .a‘l. x?y + 4x + 3y) 8.2 Geometric Interpretation of Partial Derivative
y y ’

We shall now give a mmple geometric interpretation to the
concept of partial derivative. Let the graph of a surface* defined
by the equation z = f(x, y) be as shown in Fig. 8.1. Let P(x_,
Yo Zo) e a point on the surface. Then the plane passing throu%
P and parallel to the xz plane has the equation y = Yo The inter-
section of the surface z = f(x, y) and the plane y = Yo is the curve
APB as shown in Fig. 8.1. As a point moves along the curve APB,
its coordinates x and z vary while y remains constant. The slope
of the tangent line at P represents the rate at which z changes with

i

x> + 38

az' oz -
ox -9y’ \

with respect to x.

. ... 3Z .
o : == is the slope, of the .
.g& = siny + ycosx respect to x. Hence the partial derivative 3% 18 he slope, ‘
x tangent to.the curve of intersection APB at the point P.

4

’ N T -
Considering x as constant .and differentiating}

with respect to y,
%z _ <Xcosy + ‘sinx )
ay ‘

Considering y and z as Eonstants and differen-

=2x+7z A
Cons1denng x and z as constants and differen- |
tiating with respect to y, '

— 2 '

Uy =2 o

Considering x and y as constants and differen- 1
tiating with respect to z, '

FIG. 8.1

u, = 2yzv+ X

*The student who is not familiar with graphs of surfaces should refer to any text
on analytic geometry for a brief review. .

.
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The equations of the tangent at P are
| E(8.3) z— %y = Mg (X~ Xg) s Y=

’ 02
where m = value of 3% at P.

In Fig. 8.2, the curve CPD is the curve of intgrsez;tion of
surface z = f(x, y) and the plane X = Xo. As a point moves al

the curve CPD,'y and z vary while x remains constant. He
9Z ¢ the slope of the tangent to the curve CPD at the poing
ay. o ‘

The equations of the tangent at P are
E(8.4)

0z
where m, = value of —a—y— at P.

Tangent

FIG. 8.2

Z—Zo =mo(y—yO.)’ x=-

"

'0}“‘.

tion:

Infferentiation : _ 189

Find the equations of the tangent to the parabola

z=x? + 3y’ ,y = 1at the point (2,1, 7).

The parabola which is the curve of intersection of
the surface z = x? + 3y? and the plane y = 1
is represented by the curve APB in Fig. 8.8 Its
vertex is at point A. Since y is constant, we dif-
ferentiate partially the equation z = x* + 3y?
with respect of x. Thus

0z

x X

At (2, 1, 7), we have gf{— = 2(2)=4.Hencem, =4,
X, = 2,and z, = 7. Then by E(8.3), the equations .
of the tangent at P are ‘

z—17=4x—2),y=1 .

or z=4x~—1,y=1 ‘ -

F 4

3
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LE 2. I(3X + 4)°dx = I(Qx2 + 24x + 16)dx

_9%® 24x
3 2

(1) Formula 12 can be extended to the sum of |
number of differentials.

(2) Formula I3 tells us that a constant may be m '
the integral sign. (Note: You can not do thls
ble.) |

(3) Formula 14 is used for finding the integral -
of a function. Note that it holds for any

n except n = —1,Note further that if u = x,.
fies to

22 4+ 16x+C

=3x> + 12x? + 16x + C

k3. 14 2 s o .
f<?+ ;)dx=f(4x 3ff‘x2—)dx , N

n+1 ’ j4 dx
n;, _ X X dx+2
j dx= S5 +C x| ‘
|

T =2 . »

| : : | = ix2+21n|x|‘+C\
EXAMPLEtl. Evaluate f (6x* + 3x? + 6)dx . v
Solution: R ; =— _% + 21n [x|+ C
J(5x‘ + 3x? + 6)dx =f5x4dx + f 3x%dx +f6dx ) .
| EXERCISE 9.1 2

=5fx4dx+'3fx2dx+ af

the following:

=5;+‘+3§+c+6x:‘ '
‘ 2! - 4x + 5)dx
=x%+x>+6x+ (cqg+cqgt
x 1)(3x + 4)dx
=x*+x*+6x+C . . .
‘ Vx—1)dx :
where* C=c, + ¢, + ¢c;.In practice,
integral is simply evaluated in the . b 4)dx
manner: . v X
. ) 5 3
f(5x“+3x’+6)dx=5~;- +3—§-+ "1 4x—3dx
=x° + x> + 6x VX — 2x v/X)dx
8
> dx

*Constants can always be combined into a single constant.



294 Differential and fndefinite Integral 295

. Ix)? dx , @
8 J 1 +\7}_ de (u) =ff (u)du 3) ~l
he d ', ‘ - M“

Then | a-;l = h'(x) (5) Jg‘

By the Chain Rule for differentiation,

dF(u) _ dF(u) du : 6
dx du dx ©

9.3 Integration by Substitution
By (1), (4) and (5), equation (6) becomes

' Some integrals can not be evaluated read
cation of the standard integration formulas.

evaluating such integrals leans heavily on what } i%(xﬁ) = f [h(x)] h'{x)

method of substitution.* This method involves & v ) o
ble, say from x to another variable u. The purpo§ ¢
a new variable is to bring the problem to a form, ¢ dF(u) = £ [h(x)jn'(x)dx .M N

dard formula can be applied. This integration b
justified by the so called Chain Rule for integratic
briefly state below. ‘
d Let F(u) be a function whose derivatl f

F(u) = f(u). If u is a"giifferentiable functiom

Integrating both sides of (7) -

f df(u) = f f[h(x)] h'(x)dx (8)
Comparing (3) and (8), we see that ‘

, f f(u)du = f fTh(x)] h'(x)dx

which is what we 'wanted to prove. :

da
then : i
E(9.4) ~ f fuydu= J £ [h(x)] b’ (x)

' Let us now prove E(9.4). We are given that .
: FLE 1. Evaluate j(3x + 4)*ax

dF(u i
_%_l = f(u) Solution: Let u = 3x + 4. Then du = 3dx or & du = dx
| ‘ , Then the given integral becomes 3 .
Then dF(u) = f(u)du |

f(3x + 4)? di{ = J'uz, %du

=1 , ‘
= §ju2 du by I3

Integrating both sides of (2)

*Other methods of integration by substitution will be diso
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Solution: Perhaps to a beginner, this problem
quite difficult. It seems not easy to red
which expression should be equated to}
time, we need that little “trick” we md
above. To do the trick, all we need ar@
algebraic manipulations. Thus

Evaluate f 2x2 —6x+ 4
x—3 dx

Here f(x) = 2x> — 6x + 4 and gx) = x — 3.
(arrymg out the indicated division, we get

3 2 2 : —_6x+4 =2x + 4
(4x +x)\/4x + 1dx = | x(4x* + 1) (4x> + x—3 X— 3
3 ‘v: .
(4x* +1; 7 xdx ' (letu = 4 where Q(x) = 2x and R(x) = 4
4X2 +1 ; f= ' e
=%__( - ) C (nf =4 I'herefore,

2

2x? —6+ '
f x 4dx f2xdx+f

;g4x2+1!"52'+'c
=x? 4+ 4In Ix—-3|.+c

20

Consider this time the problem of evaluating the §
of the rational fraction

=)
g(x)

EXERCISE 9.2

of the following indefinite integrals.

where the degree of f(x) = degree of g(x). To evaluate
must first carry out the indicated division until the remaind
lower degree than the denominator. That is,

R dx

#a)' (6x* + 4)dx

f(x) _ + B(x) .
g(x) Q(x) g(x) ” dx
where Q(x) = quotient ” ’ k —_
R(x_) = remainder of lower degree than g(x) (LR
Therefore, we have
) 4 | R(x
J gx) & J {Q""-* %1(;)2]
dx

sQ(x)dx 5—-(—) dx
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i t 5
Xde- k . -1 dx
7. - (x3 — 1)*
: | X 2¢ - 2x
f\/ln4x dx L X2 + 1 dx
X .
‘9 dg l” 4x dx
) xIn?x { -1
10 f.————-—ezxd" '
Vv1+erX !
' ‘ E n of Trigonometric Functions
11. f—i———é b | '

ndard formulas for evaluating the mtegtals of the six

: ' * functions are given below. The first two can be
12 f sin® xcosxdx i differentiation and the remaining four may be proved

13 f cos? xsindx ‘ ! f

sinudu = — cosu + C
14 f sin2xdx :

(1 -— cos2x)* f cosudu = sinu + C
15 f /1 + 2sin3x. cos3xdx jtanudu =— 1nicosu‘ +C,
16 f cos4xdx | J f cotudu = In 'sinul +C
sin” 4x f secudu = ln secu + tanui +C
2 "
17. ‘ —-—-—-—-se;thx . [(scudu =— 1n|cscu + cotu‘ +C
a + btanx . . }
3 2 b
18. f cot 4gcsc 4de‘ Since d(—cosu + C) = sinudu, then we have
f \/tan3x sec? 3xdx ! verified that T1 is correct.
19. - ;
14+ e
20. f X dx v ’ sinu
1—¢ ' ‘ tanudu = du
' . cosu
] 3x* + 14x + 13 :
21. f T dx
- '
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EXERCISE 9.3 s, J‘ '4?11122 xcos;’x i
Evaluate each of the following: . »sm XCOS2x
1. f secbxtanbxdx 16. J v dx
tan5x
2. dx : ; \ | S
sinxcosx 117. f _dx : |
’ sin3xtan3x .

3. f sinx + cosx
sin?x

dx

. , 9.5 Integration of Exponential Functions
4, fsec’ (4x — 3)dx - ' ‘

5. f dx
. 1 1
sin 5xcotrx

.»

The following formulas for evaluating the integrals of expo-
nential functions can be proved by differentiation.

El. | _feudu= e+ C ' .
8. dx u :
‘ 1 — cosx E2. . faudu=-ﬁ'al; +C, a>0,a#1_

co . 3
T f T dx ' KXAMPLE 1. Evaluate f e4Xax
Solution: Here u = 4x and du = 4dx. Hence nf =4l. By E1,
| 8. f c?s:x dx ‘
sin2x ‘
-~ 9. f (1 + tanx)?dx | ‘ A
—— v ' ’ ' KXAMPLE 2. Evaluate - j43xdx
g™ | 10. . sz cosdx? dx | |
Bt 11 cos6xdx ' Solution: This takes the form a' with a = 4 and u = 3x.
. 086x -
- — v f zosz 3x Hence du = 3dx andnf = % - ByE2,
12. sin2xsecxdx 43x ;
- f I43de= 3 -2—+c
- 13. f sin2xdx X3
. 2 - 4
— v 2sinxcos” x gt C
‘:; 14. f(cotx + tanx)?dx - 43%
:ﬂu = +C

In64
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EXERCISE 9.4 f sech® udu = tanhu + C
‘ Evaluate the following: f c{sch2 udu =—cothu+ C |
f sechutanhudu =—sechu + C

: :fcschucothudu = — cschu + C
2. f(e3"“ + 1)%dx |

f tanhudu = In Jcoshu| + C
3. f SN4Xcosandx B

f cothudu = In {sinhul + C

4. [ex—2F" 1 '
S dz £ 1. fcosh (4x + 3)dx =Z-sinh (4x+ 3)+ C
e . 4
. ‘ ,,
5. J Je¥dx E 2. f xtanhx? dx =-%—ln ¢oshx=l- +C

6. fz“" dx

EXERCISE 9.5
the following:
nh (3x —1)dx
. g% froshdx + sinh2x)dx
10. f — dx
. 2X

9.6 Integration of Hyperbolic Functions

®ch’ (1 —x?) . xdx
‘h ¥xtanh4xdx

v .The following formulas are used for eVaiuating the integ ‘h? (Inx)dx -
of hyperbolic functions. Formulas H1 to H6 may be veri '

by differentiation. For example, M1 is correct since d(sinhu + Q

coshudu. The student may give the proof of H7 and H8. eoth(l — 2x)dx

} "y esch +xcoth-+xdx
H1. f coshudu = sinhu + C hdx
: —— dx
H2. / sinhudu = coshu + C 2x

237
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(or two sines) can be reduced to an mtegral oft EXERCISE 10.1

rence) of two cosines. That is

P1. f 2sinucosvdx = f [ sin(u + v) 4
P2. = / 2cosucosvdx =f [ cos(u + v) 4
P3. f 2sinusinvdx = f { cos(u — v) §

The right member of P1 is then evaluated]

of the following:
awdx
mTxdx

J)cos(x + 5)dx
cos-) xdx
2n)cos(x + w)dx

EXAMPLE 1. Evaluate f cos6xcos2xdg}

) . 2x)sin(2x + 3)dx
Solution: We have the product of two co
and v = 2x. Hence, we shall use

ﬁosﬁxcostdx == ﬁcoszcostdx

3 (cossx + cos4dx )dl,

B i x dx

Tcos(x +-F)dx

. LN v )sin(2x T )dx
( -+ sin8x + - sindx

Ny._

= /sin8x +_—'§; sindx + Dcos(x + F)dx;
EXAMPLE 2. Evaluate f 3sin5xcosdxdl
Solution: We have the product of a sine ﬁ
u = 6x and v = 4x. Hence, we
by using P1.
f 3sin5xcosdxdx = - f 2sinbxcos4xdx
2 ﬁsian + sinx)dx

3 (—— —§cos9x — cosx)#

2

=—-1cos9x - 4 cosx + Q.
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2.
3.
4.

10.

11.

12.

13.

14.

15,

= _1(.:}3‘ — sin2x 1--}—' sin4x) +C
4\2 8 '

8

f sin® xcos xdx

f sin® 2x v/ cos2x dx

8

Differential and Integral Ce ‘

- Evaluate each of the fellowing:

[

f sin® 3xcos® 3xdx

s
J

osxdx
sin

sin*xcos? xdx

sin® xcos® xdx

f (\/ sinx + 'cosx)’ dx-
. f(l + cos4x)? dx
. f (sin3x + cos2x)’dx

fsin’ Txdx

gﬁ\’\ﬁ‘:\.‘

cos? 4xdx

cos” xdx

“sin?® 2xdx

sin® x cos® xdx

sin” xcos x dx

EXERCISE 10.2

of Integration | - 253

ers of Tangents and Secants

wer the trigonometric integral of the form

f tanMyseclvdx

n 1, we evaluate the integral by T9 (éee Section 9.4).
thod of substitution used in Section 9.3. For example,

u - tan x, we can show that

' xsec? xdx = tan X —_—+C
‘ 4

s section, we shall consider the following cases:

integer greater than 2, we may write
tan™vsec’v = (tani"vsecn—zv) sec2y
and then use the identity
sec’v= 1+ tan’v
to reduce the given integral to the form
f (sum of powefs of tanv)sec? vdx
which is now integrable by I4 and with u.= tanv.
1. Evaluate ' f tan? xsec* xdx-
O
Yamect xdx = f t‘an3 xsec? xsec? xdx

= f tan®x (1 + tan? x)sec? xdx

Il

f(tan3 x + tan® x)sec?® xdx

4 "6 o
=tanx+tanx+C
4 6

y number and n = 2, we evaluate the integral by the or- -

Pl When m is any number and n is a positive even
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EXERCISE 10.3 b A Powers of Cotangents and Cosecants
Evaluate the following: .
) The technique involved in evaluating the-integral

1. ftan’ 2xdect 2xdx;
fcotmvcscnvdx

‘2. ftanSXS'ecf‘xdx L
re v is a differentiable function of x, is similar to that for,

3. f V/tanx sec® xdx maluating the integral
4. f tan” xdx f tanMysecvdx.
5. f — xdx o  identity esc?v = 1 + cot?v or cot?v = csc’v — 1 is used to
: , uce the original expression into an integrable form. It also:
6. f sec® 4xdx sists of three possible cases and it is left to the student to write
wn the procedure for evaluating each case. '
7. | (secx + tanx)*dx
EXERCISE 10.4 ’
8. | (1 —secdx)*dx , .
' | luate each of the following: o ’ -
9. f secdx\' 4o , - - .
\ tan3x ’ 1 ) f cot* xesc?* xdx ‘ -
10. f tan® xsec/2xdx 3 J.cot3 xcsc® xdx
11. f tan®x 4. o ! ] J-co‘c5 4xdx
V/secx .
: ¢ f(csc2 x—1)dx . .

d [+/cot3x csc* 3xdx

) f dx
; sin® 4x

’ [ cos® 2xdx
sin® 2x

12. f v sechx sec? xtan5xdx

" I (cscdx + cotdx)*dx

C o a
" }}SC X dx
cot® x

1o [ dx
tan* 6x




