ALARCON

CHAPTER 1: LIMITS
EXERCISE 1.1

1.If f(x) =x%-4x, find (a) £(-5) (b) f(y2+1) (c) flx+Ax) (d) fx+1)-f(x-1)
(a) £(=1)=(-5)*~4(-5)

=25+20

f(-1)=45

(b) £(y?+1)=(y>+1)" -4 (y?+1)

=yt+2y%+1-4y2-4

=yt-2y%-3

f(y?+1)=(y*-3)(y*+1)

(¢) f(x+Ax)=(x+Aax)*-4(x+Ax)

=(x+Ax)[(x+Ax)-4]

f(x+Ax)=(x+Ax)(x+Ax-4)

(@) flax+1)=f(x=1)=[(x+1)-a(x+1)]-[(x-1)*-4(x-1)]
=[(x2+2x+1)-4x-4]-[(x?-2x+1)-4x+4]

=[x?-2x-3]-[x?-6x+5]

=x2-2x-3-x%+6x-5

f(x+1)-f(x-1)=4x-8 or 2(x-4)

2-1fy:x2

x2+3
x

+3
find x as a function of y

P
y=
x2+3:xy

xz—xy+3:0

Find the value of x by using the quadratic equation.

_ —bt \ b%-4ac

e e— a=1,b=-y,c=3
- ~(=p) £V (=y)*-4(1)(3)
- 2(1)
y+Vy?-12
=22 72

2

31Ify= tan(x+7r), find x as a function of y.
y=tan(x+7r)

x+7r:arctan(y)

x=arctan(y)*7r

4. Express the distance D travaled in t hr by a car whose speed is 60 km/hr.
Distance = Rate X Time
D=60¢

5. Express the area A of an equilateral triangle as a function of its side x.

A:Ebh

a?+p?=c? Letb = h=gx
1 2_ (.2

(2x) oh =) A=%x(gx)
%x2+h2—x2 V4 Azﬁxz

4
1

hz:xz_sz

2 4x%-x?

h*= 4

h273_x2 E)C _-X
T4



6. The stiffness of a beam of rectangular cross section is proportional to the breadth and the cube of the depth.
If the breadth is 20 cm, express the stiffness as a function of the depth.

Let S = stiffness, b = breadth, d = depth

N
S=bd> )/
3 //
S=20d D/
/ > d
/
/
/
/
/
/
.~
b

7. A right circular cylinder, radius of base x, height y, is incribed in a right circular cone, radius of base r and height h.
Express y as function of x (r and h are constant)

Using ratio and proportion of two similar

) E
triangle ABCD and AACE
_—
2 _h
r—x - r
ry:h(r—x) h< D
Arh(r*x)
- r
y
~__ \ A B C

flx+h)-f(x)
7 5

ﬁx+h)—ﬁx): Hx+hf+1}{x2+ﬂ
h h

8. Iff(x)=x2+1, find h#0

7[x2+2xh+h2+1]*x2*1
h
_ 2xh+h?
h
h(2x+h)
h
f(x+n)—f(x)
h

=2x+h

f(h+32—f(3)’h¢0

9. IfFf(3x%—4x+1), find

f(h+3)-£(3) [3(h+3)°-4(h+3)+1]-[3(3)°-4(3)+1]

h h
[3(h2+6h+9)-4h—-12+1]-[27-12+1]
h

[ 3r%+18h+27-4h—12+1-27+12—1
- h

_ 3h%+14h
h



h(3h+14)

h
f(h+3)-1(3)
h

=3h+14

10 If f(x) = ﬁ andg(x)=x2-3, findf(g(x)) and g(f(x))

te(x)= 5=

(elx)= 5

(i) =[5 -2

e(f(x) = %s
O

a(t(x)) = —1‘3;16;?;”

o= 2t

(i) = =5

EXECRCISE 1.2

Evaluate each of the following.
1. lim(x%-4x+3)

x—2
=(2)*-4(2)+3
=4-8+3
lim(x2-4x+3)=—-1

x—2

SE
e
=tan = +sin—
4 4
W F3
2
. . 2+7\2
lim (tanx +sinx )= ;/_
T




5 lim(2x+%x -4)

x—8
=2(8)+%s -4
=16+2-4
ii_x}r{ls(Zx+§\/_—4):14

6. lim(4x—-3)(x%+5)
x—2

=(4(2)-3)((2)*+5)
=(8- )(4+5)
=(5)(9)

im (4 )
i J
V_
IVsiT

Vo

T 32
(= )-3
( 3x+2 )

x —2x+4

lim

x—3
8. lim

3(0)
02—2(o)+4
2
4

i ( 3x+2 ) 1
m|—F————\)=—T
0| x2-2x+4 2

EXERCISE 1.3

Evaluate each of the following.

. [x%-64

1. hm( P )
x°—16

(x-4)(x2+4x+16)

(x*4)(x+4)
x2+4x+16

x+4
(4)°+4(4)+16

4+4

16+16+16

3x-6
_ (x+4)(x*2)
T 3(x-2)
x+4
3
2+4

i (x2+2x*8)72
Y 3x-6

o[ x*-13x+12
3. lim 3—
x°—14x+15

_ (x*3)(x2+3x*4)
(x—3)(x2+3x—5)
x2+3x-4
x2+3x-5
_(3)°+3(3)-4
(3)%+3(3)-



_9+9-4

T 9+9-5

i [x3*13x+12) 14
im| 2——X" 2 |- 2
-3\ x®-14x+15) 13

. ¥ -x2-x-2
4. lim s .
2x°—-5x°+5x—-6
_ (x*2)(x2+x+1)
(x—2)(2x2—x+3)
xZ+x+1
2x2-x+3
(2)%+2+1
2(2)%-2+3
_ 4+2+1
8-2+3

lim[ x3-x2-x-2 ):1
2| 2x®-5x%+5x-6] 9
5 lim(—(x+3)279)
x>0 2x
_ (x+3)°-(3)?
- 2x
_ [(x+3)-3][(x+3)+3]
- 2x
x(x+6)
2x
x+6
2

hm(w):?,
x—0 2x
. ('\/x+16*4)
6. lim| ——
x—0 X
_ Vx+16 —4 " Vx+16 +4
B x Vx+16 +4
x+16-16
x(Vx+16 +4)
__x
x(Vx+16 +4)
1
Vx+16 +4
1
Ve +4
1
T 4+4
('\/x+16 74) 1
X

B

s
2

lim
x—0
7. li (—x71 )
.xl_I)I1l m—z

__ a1t Nxs+2
T Vxr3-2 Vxi3+2
_ (-1)(Wxr3 +2)

- x+3-4

_ (-1)(Wxr3 +2)

x—1

=\x+3 +2
=V1+3+2
=Va +2
=2+2

hm[L)
x=>1\ Vx+3 -2

3
8. lim( Vx 2)
x—>8\ x—8

73\/?72*-\13 X2 +2%x +4
8 2 p% 4a




x—8

" (-8)(AF 2 +4)
1

Nz +2%x +4
R B

3e? +2%5 +4
-t
Nea +2(2)+4
1

4+4+4

()=

lim

x—>8l x—8 12

4x
1
4(4)

1

y
i [;_2)7_L
e QRPTI TS
x3-8
10.lim( 2 )
x>2\ x° -4
_ (x*2)(x2+2x+4)
- (x-2)(x+2)
x2+2x+4
x+2
~(2)%+2(2)+4
- 2+2

_ -3 . Vi-2 +Va-x
y—2-Va-x Vx-2+Va—x
_(=3)(Wx-2+Va-x)
(s (am i)
(x*3)(\/2x%6+m)
sz
e 2
52
2
| 7= )
il ()57 )]
(=
SR =t
3x x+9 Vx+9 +3
:(L)( (x+9)-9 )
3x x+9 '\/m+3)



Sl

3x[(x+9)+3Vx+9]

1

3(x+9)+9Vx+9

1

3(0)+27+9Vo+9

. -9
hm(;T) =o0 The Limit does not exist

tan2x )

14. lim(
7\ sec2x
=7

sin2x

cos2x
1

cos2x

sin2x cos2x
cos2x

=sin2x

. Va
—sm2(4)

. T
=Ssm-—
2

(taan )
m =1
z\sec2x
4
. sin®x
15. hm(.—)
x—0\ sinx —tanx

sin®x

sinx

sinx — P
sin®x
sinx cosx —sinx
cos X
sin®x cosx
sinx cosx —sinx
sin®x cosx
sinx (cosx *1)
sin2x cosx
cosx —1
_ (1 —cos?x )cosx
- cosx —1
_ (1-cosx )(1+cosx )cosx

cosx —1
(1+c0sx)cosx
(1+cos0 )cosO
=-(1+1)1
( sin®x )
=-2
sinx —tanx



. 1-cos?x
16. lim| ———

x—0o\ 1+cosx
_ (1 —COSX )(1 +cosx )

1+cosx
=1-cosx
=1-cos0
=1-1
. 1-cos?x
lim| —|=0
x—0o\ 1+cosx
(sinx sin2x )

17. lim
1-cosx

x—0
_ sinx (2sinx cosx )
B 1-cosx
_ 2sin’x cosx
T 1-cosx
_2cosx (1 —cos?x )
B 1-cosx
_2cosx (1 —COSX )(1 +cosx )

1-cosx
=2c0SXx (1 +cosx)
:20050(1+coso)
=2(1)(1+1)
=2(2)

. sinx sin2x
B0z ),

x>0 1-cosx
18.

_ 1-cos?x
" 1+cosx
(1 —COoSX )(1 +cosx)

1+cosx

=1-cosx
=1-cosxw
=1-(-1)

. sin®x

lim| —|=2
x—orz\ 1+cosx

iff(x) = Vx, find;

f(x)-£(4)

x
_ Vx+9 -3

X
_ Vax+ *3. Vx+9 +3
X Vx+9 +3




x+9-9
x(Vx+9+3)
X
x(Vx+9+3)
1
- Vx+9 +3
1
Vo+9 +3
1
Vo +3
1

T 3+3

e

Iff(x) =x2—-2x+3, find;
f(x)-f(2
21 iy 25021
X2 x—2
(x2-2x+3)-((2)*-2(2)+3)
x—2
x?-2x+3-4+4-3
x—2
x2-2x

f(x)-f(2) | _
x—rg( x-2 )_2
221nn(ﬁ3izllﬁzl)
x>0 X
_ [+2)®-2(x+2)+3]-((2)*~2(2) +3)
[x2+4x+472x74¥2]74+473

x2+2x
X
x(x+2)
X

=x+2

=0+2
(fu+ﬂfﬁﬂ):2

X

lim
x—0
EXERCISE 14

Evaluate each of the following.
1r(£ﬁ1&2§) REMINDER:

. lim 3

x>\ 8x°+7x-3 ) 1
lim{—[=0
x>\l X

6x3+4x2+5

8x3+7x-3

ﬁJ*|%|*

6x° 4x> 5

lim
X0

(6x3+4x2+5)7
8x>+7x-3
(3x2+x+2)

x3+8x+1

3
4

2. lim
X0






. xa
6. lim| ——]
e\ (2x-1)
x3

4x2-4x+1

x3

4x2-4x+1

=[]~
AL S

3
X

N

3
X
x?  4x
s st
X X

kwl_\

1

4 1
_4A L1
X2 Xs
1

0+0+0

BN

el
x+3) —(x—-2

7. lim

X—>0 2

X
(x®+9x%+27x+27)—(x®-6x%+12x-8)

2
X

x3+9x2+27x+27-x3+6x2-12x+8

2
X

15x2+15x+35

2
X

15x2+15x+35

2
X

ﬁJdlﬁJd

15x2 15x 35
15x7  15x 35

15+0+0
1

[(m)t(mf ):15

lim

[fet)-2

lim =
6x+1 2

X0

EXERCISE 1.5

Find the value or values of x for which the function is discontinuous. (The function is discontinuous if the denominator is equal to 0)
3x

1.

X—
x—-5=0
x=5

Therefore, the function is discontinuous if x=5.

s



3x+2

" x2-8x+15
x2-8x+15=0

(x—5)(x—3):0

x=5x=3
Check
3(5)+2 3(3)+2

(5)%-8(5)+15 (3)*-8(3)+15
- _n

0 )
Therefore, the function is discontinuos if x=5 and x=3.
5x+1
T x2+a4

None. The function is continuous.
6x
x2-9
x2-9=0
(x-3)(x+3)=0
x=3,x=-3

4.

Check
6x
x2-9
_ 6(£3)
(£3)*-9
_ 118
0
Therefore, the function is discontinuous if x = + 3.
1

T2°-8
2°-8=0
2"=8
log28 =x, Use calculator or just simply assume a number that makes the denominator zero.
y=3 log,8 =
Cthk log223 =x, log,a” =r
2°-8 log223 =3
1
2°-8
1
8-8
1
= 3, Therefore, the function is discontinuos if x=3.

x+3

" x3-3x%+2x
x3-3x%2+2x=0
(x2*3x+2)
x(x=2)(x-1)=
x=0,x=2,x 1
Check

x+3

x2-3x2+2x
B 0+3

(0)°-3(0)*+2(0)

|
o|h ol o|w



EXERCISE 1.6
Sketch the graph of the following functions:

4 6 X2 _2x
1.y—; 2.y—x—2 3y=——"

L‘J N A

x? 2x 7= 2 8p= x—2
x2-4 AR Y exi20




CHAPTER 2: DIFFERENTIATION OF ALGEBRAIC FUNCTIONS

EXERCISE 2.1

Find the derivative by use of Delta Method.
1.y:4x2—5x

yt Ay=4(x+ Ax)Z*S(er Ax)
Ay=[4(x+ Ax)2—5(x+ Ax)]-(4x%-5x)

_ (ﬂ)
dx_AlTO Ax

_ [4(x+ Ax)2*5(x+ Ax)]*(4x2*5x)

B Ax

_ [4(x2+2xAx+ sz)*Sx*SAx]*4x2+5x
B Ax

_ 4x°+8xAx+4Ax*—5x—5Ax-4x’+5x
B Ax

_ 8xAx+4Ax*-5Ax

B Ax

_ Ax(8x+4Ax*5)

B Ax

= lim (8x+4 Ax—5)

Ax—0

= lim (8x+4(0)-5)
Ax—0

dy

E =8x—-5

2.y:x3+2x
y+Ay=(x+ Ax)3+2(x+ Ax)

Ay= [(x+ Ax)3+2(x+ Ax)]—(x3+2x)

Y_ (ﬂ)
dx B A)ICI_I)IO Ax

_ [(x+ Ax)3+2(x+ Ax)]*(x3+2x)
B Ax
[(x3+3x2 Ax+3xAx2+Ax3)+2x+2 Ax]*x3*2x
Ax
_ 22 +3x2 Ax+3xAx®+ Ax®r2x+2Ax-x%-2x
B Ax
_ 3x2 Ax+2x Ax?+ Ax3+2 Ax
B Ax
Ax(3x2+2xAx+ Ax2+2)
B Ax

= lim (3x%+2x Ax+ Ax?+2)

Ax—0

= lim (3x2+2x(0)+(0)*+2)

Ax—0

dy
ax =3x°+2

3y=4Vx
y+Ay=4Vx+Ax
Ay=4Vx+ax —4Vx

dy (Ay)
ax A\ ax
_4Vx+ax -4Vx
- Ax
_AVx+Ax -4Vx 4Vxrax +4Vx
- Ax 4Vx+Ax +4'\/?
_ 16(x+Ax)-16x
- Ax(4'\/x+Ax +4'\/?)
_ 16x+16 Ax—16x
- Ax(4'\/x+Ax +4'\/?)
_ 16 Ax
- Ax(4'\/x+Ax +4'\/?)
. [ 16
= lim | —F/—————F+
ar—ol 4 Vx+Ax +4Vx




A Ee=vd
6

N Al)lglo(x(ﬁo))
by__ 6
dx = 42

y+tAy= ‘Vx+Ax
Ay= Vx+Ax—‘\/7
d17 li (A_)
dx - A)lcr_l;lo AXx
_ 3Vx+Ax—§\/7
Ax
_ 3Vx+Ax—§\/7 . 3V x+Ax2 3inx+Ax 3\J 2
Ax §\I x+Ax inerAx \J
Ax
x+Ax \J ix+Ax \J )
x+Ax inerAx \J

Aliglo{ (o) mr

e
xz)

= lim
Ax—0

= lim
Ax—0

dx 3 \Jx
6.y=2-5x
y+Ay=2-5(x+Ax)

Ay=[2-5(x+Ax)]-(2-5x)
dy . (A )

ar T A\ ax

_ [2*5(x+Ax)]*(2*5x)

- Ax

_ 2-5x-5Ax—2+5x

- Ax

_ ~5Ax




7.y="\4x+3
y+Ay=Va(x+Ax)+3

Ay=Va(x+Ax)+3 —Vax+3
dy .. [Ay

@ 2;’20(@)

_Vala+ax)+3 -Vax+3 Va(x+ax)+3 +V4ax+3
- Ax Va(x+ax)+3 +Vax+a
_ 4x+t4Ax+3-4x-3

T Ax(Va(xtax)+3 +Vax+3)

_ 4 Ax

T Ax(Va(xtax)+3 +Vax+3)

. 4
- Al)lglo( Va(x+ax)+3 +V4ax+3 )

. 4
- Al)lglo( Va(x+0)+3 +V4x+3 )

. 4
- i 77
dy 2
dx — Vax+s
_ 2x
8.y= x+1
2(x+Ax)
yray= (x+Ax)+1

_ 2(x+Ax) _ﬁ
Ay= (x+Ax)+1 x+1
dy (Ay)
ar A\ ax

2(x+Ax] 2x
_ (x+Ax)+1 _ﬁ
- Ax

2(x+Ax)(x+1)*2x[(x+Ax)+1]

Ax[(x+Ax)+1](x+1)
2(x2+x+xAx+Ax)*ZxZ*ZxAx*Zx

Ax[(x+Ax)+1](x+1)

_ 2x?+2x+2x Ax+2 Ax—2x%~2x Ax—2x

B Ax[(x+Ax)+1](x+1)

_ 2 Ax

B Ax[(x+Ax)+1](x+1)

S e

T S\ TG ax)+1](x+1)

e ey

- i | o)

dy 2
dr (x+1)?
3
%Y=

3
+ e ————J
yray Va2 (x+Ax)+1

3 3

Ay Va2(x+ax)+1  Vax+1
dy . (A )
ax A%l ax
3 3
_ Veolxrax)+1 Va2x+1
- AXx

3 V2x+1 -3V2(x+Ax)+1

T oax(Vax+1 )(V2(x+ax)+1)

_ 3Vox+1-3Vo(x+rax)+1 3Vox+1 +3Va(x+Ax)+1

T oAax(Vax+1 )(V2(x+ax)+1) 3V2x+1 +3V2(x+ Ax)+1

9(2x+1)-9[2(x+Ax)+1]

Ax(Vax+1)(Va(x+ax)+1)(3Vax+1 +3V2(x+ax)+1)

3 18x+9-18x- 18 Ax—9

T oAx(Vax+1 )(V2(x+ax)+1)(3Vax+1 +3V2(x+ax)+1)

-18 Ax

Ax(Vax+1)(V2(x+ax)+1)(3Vax+1 +3V2(x+Ax)+1)




-18
Ax—>0 (Vax+1) '\/2(x+Ax)+1)(3'\/2x+1+3'\/2(x+Ax)+1))

o
-l |

s (Vax+1)(V2(x+0)+1)(3Vax+1 +3V2(x+0)+1)
_ -18 )
_Ax—>( (Vax+1)(Vax+1)(6Vax+1)
- im| st
_Ax—>0 6'\/2)c_+ (2x+1)

dx_ '\/2x_+(2x+1)
_ 5x2
10.)/—4)671
5(x+Ax)2
yrAy= 4(x+Ax)*1
5(x+Ax) _ 5 x?
AV= v ax)—1  ax-1

dy . (A )

ax A\ ax
5(x+Ax)2 5x?

_ alxtAx)-1 4x—1

- Ax

_ [5(x+Ax)Z](4x*1)*(sz)[4(x+Ax)*1]

B Ax[4(x+Ax)*1](4x*1)

[(5x2+10xAx+5Ax2)](4x*1)*(sz)[4x+4Ax*1]

Ax[4(x+Ax)*1](4x*1)
_ 20 x> ~5x? +40x” Ax—=10x Ax+20x Ax* =5 Ax?—20x° -20x? Ax+5x>

Ax[4(x+ Ax)*1](4x*1)
_ 20 x* Ax=10x Ax+20x Ax’ -5 Ax?
Ax[4(x+ Ax)*1](4x*1)

_ Ax(20x2*10x+20xAx*5Ax)
B Ax[4(x+Ax)*1](4x*1)
( (20 x2-10x+20x Ax—5 Ax) )

[4(x+Ax)-1](4x-1)
( (20x2-10x+20x(0)-5(0)) )

[4(x+0)-1](4x-1)

= lim
Ax—0

= lim
Ax—0

-1 [ (20x%2-10x) )

T o\ Tax—11(ax-1)

dy _ 10x(2x-1)

dx  (4x-1)°

11 Given s= V¢

s+As=Vit+Ar
As=Vi+ar -1

ds

oo (As)
— = lim|—
dt A—0\ At
Nirar-Vt

B At

_Nevar-Vr Nerar+Nr
- At Virar+Vt
3 1+ At-t

T oA(Nrrar+7)

At

T a(Nirar V1)

- in( =)

- (=)

ds 1

find &2
, 1IN dr

dt 27

d4
12 Given A=7zr?, find —
dr

A+ AA :ﬂ'(r+ Ar)2

AAZ;r(r+Ar)2—7rr2
.
dr — A}E}o Ar



7z(r+ Ar)zfizr2
—_—
7z(r2+2rAr+ Arz)*zzr
Ar
xr?+2xr Ar+a Ari-zr?
Ar
2xr Ar+r Ar?
Ar
Ar(27zr+7rAr)
Ar

2

= lim (27zr+zAr)
Ar—0

= lim (2iz'r+7r(0))

Ar—0
4,
ar <™
4 dv
13. Given V=—zr> find —
3 dr
3
V+AV:W+AF)
_ 47z(r+Ar)3 4 3
AV= 3 37"
dv

- im(%7)
o T ar
47r(r+Ar)3 4rr®
3 R
Ar
~12z(r+ar)’-1220°
B 9Ar
_ 127r(r3+3r2Ar+3rAr2+Ar3)*127zr3
B 9Ar
12773 +36xr2 Ar+36zr Ar2+12 Ar® - 12770

9Ar
_3Ar(12zr2+12zr Ar+4Ar?)
- 9Ar
127r2+127r Ar+4 Ar?
e
127rr2+127rr(0)+4(0))
3

= lim
Ar—>0
= lim(
Ar—>0
. (127”2)
= lim
Ar—0 3
av 5

52472'}’

ds
find —

14. Given S=47r?,
dr

S+AS=4rx(r+ Ar)2

AS=4z(r+ Ar)2—4;rr2

95y (45

dr — Al%lo Ar

_ 47z(r+ Ar)2*47zr2

=
47z(r2+2rAr+Ar2)*47zr2

Ar

_ axr?+8arAr+an Ar?—4xr?

B Ar

_ Ar(87zr+47zAr)

S w—

= lim (8 7r+4zAr)
Ar—0

= lim (87rr+47r(0))

Ar—0
%:87”’
2t+3 d
15. Given §= 32’ findd—f
2(t+At)+3
Sras= 3Et+it§*4

_2(e+Al)+3 2143
3(r+At)-4  31-4

AS



— = lim | —
dt Ar>0\ AT

2(1+A1)+3 2143
_ 3(t+At)-4 3t-4
B At
_[2(e+Ar)+3](31-4)-(2¢+3)[3(1+Ar)-4]
B At[3(t+A1)-4](31-4)
(2t+2A1+3)(31-4)—(21+3)(3t+3 At-4)

At[3(t+Ar)-4](3¢-4)

_ 61°-81+61AI-8A1+91-12-61°-91—6/AI-9AI+81+12
B At[3(t+Ar)-4](31-4)
3 17 At
T oal[3(r+Ar)-4](3¢-4)

ds _ (AS)

. -17
- Aliﬁlo( [3(i+a)-4](3:-4) )
= lim(+ﬂ)
Ao\ [3(7+0)-4](3¢-4)

- i ( -17 )
= S\ (Br-4)(31-2)
ds _ 17

di (37-4)?

EXERCISE 22

d
Find ﬁ of each of the following;

1.y:5x3—4x2+3x—6

A =gt n Ay =
Use power rule where; ax (u ) =nu Ix and the constant rule where; Ix (c) =0
d _ _ _
£=5(3)x3 '-4(2)x* " +3(1)x" -0

d
L —15x2-8x+3
dx

4
2.y:§\/?+;+'\/;

Simplify y = 3% +4x~"+Vx

d 4 d d( = d

Use power rule where;a(u”) =nu” 1d_: ora(u”’) —(%)[—nu ] du means the derivative of u.
u
dy 1 -1-1 1
O T e T
3x? 252

dy 1 41
dx 332 42 2Vx
3.y="\5-6x y

d
Use power rule where; 7— (Vu) = > VI%
u=5-6x
du=-6dx
bp___ 8
dx 2V5-6x
dy -3
dx 5-6x
4.y:3V2x—7

n

d( w d

Use power rulewhere;a(u”’) —(%)( "u ]
-1
un

u=2x-7
du=2dx
n_1
m~ 3
dy 2



5.)/:(3)62—4)6-*-1)5
Use chain rule where; dd ((u)") = nalu(u)n_1

u=3x2-4x+1

du=(6x-4)dx

= =5(6x-4)(3x2-4ax+1)’
dy

<= =30x-20(3x" ~4x+1)*

6.y="V7+Vax1

d - d d
Use chain rule where,—((u)n) =ndu(u)n ! and power rule where; — ('\/7) = d
dx dx 2Vu
u=7+7V3x+1
3
du=—F—4d
“ 27V 3x+1 *
3
dy = 23x+1
dx 27+ Vaxr1
dy _
dx ~ (2V7+Vaxrt )(2V3x+ )
dy
dx  4Vax1 \/77+m
7 _ 4x-5
RANPT
d(u vdu-udv
Use quotient rule where, — ax - =
v
u=4x-5
du = 4dx
v=2x+1
dv = 2dx
dy _ (2x+1)-4-(4x-5)-2
dx (2x+1)°
dy _8x+4-8x+10
dx (2x+1)?
dy 14
dx  (2x+1)
3x+1
8.y=
3x%+2
d(u) _vdu—udv d _du
Use quotient rule where; — ax ( ) = 2 and power rule where; —— Ix ('\/7) = Ve
u=3x+1
du=3dx
=V3x2+2
3
dv=———dx

V3x2+2
Vax?+2 ( (3x+1)| —
v _ (V 5 +2)

dx
dy _ Vax2+2

dx 3x2+2
dy _ 3V3x?+2 V3x?+2 —(9x°+3x)
dx (3x%+2)V3x2+2
dy _ 3(3x°+2)-(9x"+3x)
dx 3
(3x2+2)?

dy _ 9x®+6-9x%-3x
dx 3

(3x2+2)?
dy 6-3x



9.y=(2x+5)Vax-1

d _ o d _du
Use product rule where,a(uv) =udv+vdu and power rule where; ax (W) = Ve
u=2x+5
du=2dx
v=\V4x-1
dv= 2
4x-1
i sl =
—=(2x+5 +2Vax-
i (2x+5) — 4x-1
dy _ 2(2x+5) PP v
dx  Vax—1 *
dy _ 2(2x+5)+2(4x-1)
dx Vax-1
d17 4x+10+8x-2
dx Vax-1
dy _ 12x+8
dx  ax-1
10.y=(3x+4)%(x-5)°
Use chain rule where;ﬁ((u)n) :nalu(u)n_1 and product rule where;ﬁ(uv) =udv+vdu
u:(3x+4)2
du=6(3x+4)
v:(x—5)3
a!v:3(x—5)2
d
= =(3x+4)*(3(x-5)")+(x-5)°(6(3x+4))
d
= =3(x-5)"[(3x+4)" +2(x-5)(3x+4)]
dy _ 2
E—S(x—5) (3x+4)[(3x+4)+(2x-10)]
d
= =3(x-5)"(3x+4)(5x-6)
1 7(2)(*3)4
V= 5x+1
. ._d ny _ n-1 . o dfu) _vdu—udy
Use chain rule where; ax ((u) ) —ndu(u) and quotient rule where; ax (v) ——V2
u=2x-3
du=2dx
v=5x+1
dv=>5dx
d_y74 2(5x+1)-5(2x-3) (2x*3)3
dx (5x+1 5x+1
d_y74 10x+2*10x+15 (2x 3
dx 5x+1 5x+1
dy 17 ( )
_:4
dx ( 5x+1 ] +1
dy )3
dx (5x+1 5x+1
d_y (2x- 3
dx (5x+1)
12 p= 3x-4
4 Vax+5
) o dfu) _ vdu—udv _d _du
Use quotient rule where; ax (v) ——V2 , and power rule where; Ix ('\/7) = 2Va
u=3x—4
du=3dx
V= V2x+5
1
dv= dx




3x-4
d_y _ 3V2x+5 - Vziis
dx (V2x+5)%)

dy _ 3(2x+5)-(3x-4)

dx V(2x+5)°

dy 6x+15-3x+4

dx (2x+5)°
dy _ 3x+19
dx  (2x+5)°

_ 38| x-6
Bry=N37

_ du—ud
Use chain rule where; < ((u)") :ndu(u)n ! and quotient rule where; 4 (1) = L
ax dx \ v 12
u=x-6
du=dx
v=3x+4
dv=3dx
_2

d_y,(i) (3x+4)-3(x-6) (x—e ) :
dx 3 (3x+4)2 3x+4
d_y _ 3x+4-3x+18
dx 3 -6 )2

3(3x+4)2-\j(—3"x+4)
d_y _ 22
dx — -6 \?

3(3x+4)2§\j(—3’;f4)
d_y _ 22
dx - 3 a2

3(3x+4)23"/("—6)

(3x+4)?

d_y 22

dx 34 (x-6)2 Y(3x+a)*
14.y=3x2 —4x73

Use power rule where; ﬁ (u") =nu"?
2

y:)cg—4x_3

dy7

1
2.3 _(C3)gyt
dx_3x ( 3)4x

dy 2 12

[ERRPET
15.y=4(Vx +1)°

d d -
Use product rule where; I (uv) =udv+vdu and chain rule where; — (u") =ndu(u)" !

;dx
u=4
du=0
v:'\/7+1
1
dv= 2_\/?dx
dy 1 4 5
L= (@) ) 53= | (VF 1) () (VF +1)
X
dy _10(Vx +1)*
dx — Vx
16.y = 4
4 V5x+3
) o df(u) _ vdu—udv _d _du
Use quotient rule where; ax (v) ——V2 , and power rule where; Ix ('\/7) = 2Va
u=4
du=0
v:V5x+3
5
dv=—F—=4d
v 2V5x+3 *
10
d_y:(o)stﬂ—m
dx (Vsx+3)°
10
dy V5.3

E T 5x+3



dy 10

2

17.y =

(4x+1)°
Use product rule where; ﬁ (uv) =udv+vdu, and chain rule where; ﬁ (u™) :nalu(u)n_1
u=2
du=0
v:(4x+1)_3

dv=-12(4x+1)*dx

d : ]
= = -24(ax+1) "+ (0)(4x+1)°
dy -

<o =-24(4x+1)"

dy

dx  (4x4+1)*

d
Evaluate X at the specified value of x.

dx
18.y=6(%x +2)°,x=8
u==6
du=0
v=(x +2)’
dvzz(:i_\i_—_jx_zz)dx
dy _ 4(Ax+2) g
dx 3x2 ’
f'(s):—4(§3ﬁ:2)

8
p(s) = 400E22)

Nea
oy 4(2+2)
f'(8)= 7
f'(8)=4
19.y=Ve6-Vx , x=4
u=6-Vx
du:—z_:/?dx
25z
dx 2Vx JL2Ve-Vx
dyi_ 1
A avx Ve Vx
f'(4):_+

4Va Ve-Va
T P N
f(4)= 4(2)Ve-2
oy 1
r(a)= 8Va
(4)= -1
£'(4)= 16
20.y:x3+4x 1, x=1
3—123x4—i2,x*1
r(1)=301)'-
f'(1)=3-4



21y=(2x-1)°+ — x=2
u:(2x—1)3
du:6(2x—1)2dx
i
v=4(3x-2) ?
3
dv=-6(3x-2) °
dy 2 6
= =p(2x-1)’ - ——
dx (2x=1) V(3x-2)°
r'(2)=86(2(2)-1)- ——
(3(2)-2)°
f'(2)=6(4-1) 6
(6-2)°

r(2)=6(0)- <=
f'(2):54—%
r(2)=22

Find the slope of the tangent to the curve at the given point.

dy /
oy _morslope

2. y=7-x2+4x*, (-1,2)

d
L= ox+12x% x=-1
dx

f'(-1)=-2(-1)+12(-1)°
f'(=1)
f'(-1)=14

2+12

23.y=x+2x"",(2,3)




1
- 3x( '\/ﬁ) 3V10-2x

dy
dx 9x2
3(10-2x)+3x
dy  Vi1o-2x
dx 9x2
dy  30-6x+3x
dx 9x2V10-2x
dy 30-3x
& Taa—x=3
dx 9x2V10-2x
(3)=- 30-3(3)
9(3)%V10-2(3)
30-9
f(3)=-——m—
(3) 9(9)V10-6
21
f'(3)=-
(3) 814
oy 21
f(s)= 81(2)
() 2L
()= 162
(a)=—
()= 54

Find the values of x for which the derivative is zero.
26.y=x%+4x2-3x-5
v _ dy

2,9, Y _
ax 3x°+8x 3’dx 0

0=3x2+8x-3

Use quadratic equation to solve for x.

-bx\ b2 -4ac
x:T,(JZB,b:S,C:—B

_ -8+ 8%-4(3)(-3)

2(3)

-8+ V64+36
6

~ -8+ 100
6

-8+10
6

-8-18 _
6

x=

w|=

= _
27.y=x*-8x3+22x2-24x+9
dy dy

3_ 2 _ = _
ax =4x°—24x°+44x—-24, ax 0

0=x%-6x2+11x-6

GCF of -6 is -1,1,6,-6,2,-2,3,-3

To check, it must be equal to zero.
x¥-6x2+11x-6=0
(1)°-6(1)*+11(1)-6=0
1-6+11-6=0

-12+12=0

0=0

x=1

(x—1)(x2—5x+6) =0

(x-1)(x-2)(x-3)=0



28 y"=12x+8x""

d 8
_J;:12_ 2
dx
12*i
x2
12x%2=8
8

2_ 2
TR
:ﬂi
* 3

. Ve
TTETR
29,y = ——
Y x“—=2x+5
u=x-1
du=dx

v=x2-2x+5

dv=(2x-2)dx
dy _ (x2-2x+5)-(x—1)(2x-2)
dx (x%-2x+5)?
dy _ x?-2x+5-2x*+4x-2
dx (x2-2x+5)
dy -x2+2x+3
dx  (y2-2x+5)°
x2-2x-3
0=-—"—
(x *2x+5)
(x 3)(x+1)
( 2 2x+5)
x=3
x=-1

Find the values of x given that;

30. y=2x-3x"" andd—y:14
-y dx
d_y:2+i
dx x2
14=2+>
x2
12==
x2
12x%2=3
1
2_1
Ty
-+ 1
rEE
_,.3_.3 = - =
3l.y=x"—x anddx "
y=4x2 %
u:3x2
2
du= 3 dx
33 x
1
V:.)C3
1
dv= 3 dx
35 x?
dy 2 1
de 337 33,2




i__2 __1

4 1 1,
§x3 3x3

Letx® =u

12 _ 1

4 3u 3u2

1 _ 6u*-3u

4 9u’

1 _ 3u(2u-1)

4 9u’

1 _2u-1

4 3u?

8u-4=3u?

3u?-8u+4=0
3u?-2u-6u+4=0

(3u-2)(u-2)=0

2
u=y
Subtitute the value of u
u=2
> 2
x3:§
1 Cube both side of the equation
x¥=2
.
YT
x=8
32p=3x2+4x" and L =11
-y dx
dy 4
— =fx— —
dx x2
11=6 4
=fx— —
.X2

4
-— —11+6x=0
X
6x>-11x%-4
x2

(x-2)(6x%2+x+2)=0

x=2

EXERCISE 2.3

Use the Chain Rule to find g—i and express the final answer in terms of x.
1.y= u2+u, u=2x+1

y=(2x+1)"+2x+1

d—yzz(z)(2x+1)+2

dx

dy

i =4(2x+1)+2
dy

ax =8x+6

2.y:m, u:4'\/?
y=\(4(Vx)*-1)

y= Vo
dy 16
dx ~ 2Vi1ex-1
dy 8

dx  Viex-1



3.y:(u—4) R u=x%+4
3
y=((x*+4)-4)*
3
2
y=(x?)
y*xs
dy _
ax =3x
2
4y=(2u-2)", u=4x*+1
2
y=(2(4x+1)-2)°
2
y=(8x%)°
y:4x2
dy
ax =8x
5y=Vu+2, u=4x-2
y=Vax—2+2
y:2'\/7
dy 1
dx ~ Vx
2
6.y= 2u R u=x?
u°-1
_ 2x2
Y x*t=1
v=2x2
dv=4xdx
w=x*-1
dw=4x3dx
dy _ ax(x*-1)-2x2(4x°)
dx — (x4*1)2
dy _ 4x®-4x-8x°
dx — (x* -1 )2
27_4x(x4+1)
dx — (x* -1 )2
7.y:'\/7,u:'\/;
y=VVx
4
y=x
dy__ 1
dx 4_‘4,x3
) - dy
Use the Inverse Function Rule to find Ix
Bx=y+y?+y’
dx P
E—1+2y+3y
dy__ 1
drx  1+2p+3)2
3
9.x=Vy +Vy
dx 1 1

—_ = 4 —_—
dy 2y 3—\3/y2
dr _ 337 +2Vy
dy_ 6"6, 7

[ 7
dy __ 8y

R




3
2

10.x=(4-3y)

dx __9V4-3y
dy 2

dby__ 2
dx 9V4-3y

11.x=2(4y+1)°
dx
Ez24(4y+1)2
dy 1

dx  24(ay+1)?

12.x=———
(3y+1)
u==6

du=0
v=(3y+1)°
dv=6(3y+1)dy
dx _ (0)(3y+1)*-6(6(3y+1))
dy (3y+1)°

dx _ 36(3y+1)

v (3y+1)?

d_x _ 36

dy (3y+1)°
dy  (3y+1)°

dx 36
1Bx=V1+Viy

1
du=—F——=—d
e
dx

_ 1
N IR I R EE T E
d
it B EEREE T KRR

4
[ 2y+1
14.x—( 3y*1)
u=2y+1
du=2dy
v=3y—-1
dv=3
dx _, 2(3y-1)-3(2y+1) (2y+1 )3
dy (3y-1)° 3y-1
dx _[6y=2-6y=3 (2y+1 )3
dy (3y-1)> JL3y-1

dx (20 (2y+1 )3
dy (3y—1)% )\ 3y~1
dx _ 20(2y+1)3

dy (3y-1)°
dy __(y-1)

dx  og(2y+1)°



EXERCISE 24
Find the first and second derivative of each of the following;
1Ly=x+3x"2+4x

du=4dx
v=x+1

dv=dx

dy _ 4(x+1)-4x
dx (x+1)
dy 1
dx—(x+1)2
2
dxz_ (x+1)3

5.y=(x+5)°




dx?2  2xVx

1+Vx
7.y=

Vx
u 1+'\/7

1
du= 2_\/?dx
v="1x

1
dv= 2_\/?dx

Vi 1+Vx
dy _2Vx  2Vx
dx X
dy 1
dx 2xVx
u=1
du=0
v:2x'\/?
dv=3\Vx dx
Q:_(o)-zx\/?fsﬁ
dx? 4x3
dy _3Vx
dx? 4x3
&y __ 3
dx?  ax?Vx
8= X
4 x=1
u=x
du=dx
vV T

1

dv=—F—d
v 2Vx-1 x

— X
d17 x _2 x—1
dx x—1
dy _ 2(x-1)-x
dx 2V (x-1)°
d17 x-2
dx 2 (x—1)3
u=x-2
du=dx
v=2 V(x—1)3
dv=3Vx-1
&y 2V (x-1)* —(x-2)3Vx-1
dx? 4()6*1)3

ﬁ7 Vx—1 (4*x)
dx?  4(x-1)°

dx? 4V (x-1)°



xZ

S.y= x+1

u=x2
du=2xdx
v=x+1

dv=dx

dy _ 2x(x+1)-x2
dx (x+1)2
dy _ 2x2+2x-x2
dx (x+1)2
dy _ x?+2x

dx (x+1)2
u=x2+2x

du=(2x+2)dx
v=(x+1)’

dv=2(x+1)dx
ﬁ _ (2x+2)(x+1)°-2(x+1)(x?+2x)

dx? (x+1)4
&%y _ (e 1)[(2x+2) (x+1)-2(x? +24)]
dx® (x+1)*
&’y [2x?+ax+2-2x2-4x]
dxz (x+1)3
&y __ 2
dx?  (x+1)°
10. Ify=%x, findf'(8) and f"(8).
3
y="x
dy__ 1
dx — 33 2
1
f'(8)=
3y g2
o
3% es
(8)= ——
f'(8)= -
Py _ 2
dx? 93/y®
dy 2
dx? ox 2
. 2
f'(8)=- =
9(8) Vs
-2
72364
n(g)=_
£(8) = 144
1. Ify=x%, findy* and y*).
y=x°
yt=x2
y=x°
dy a4
ax 5x
d2
—Zzzox3
dx
d3
—J;:60x2
dx
d4
— =120



12. Find the point on the curve y = x> +3x for which y' = y"
y:x3+3x
%§:3x2+3

2
% =6x
3x?+3=6x
x2+1=2x
x2-2x+1=0
(x-1)(x-1)=0
x=1
f'(1)=3x%+3
=3(1)°+3
=3+3
f'(1)=6
(1) =6x
=6(1)
f'(1)=6

(1,4)

13. How fast does the slope of the curve y = (x2 +x+1 )2 change at the point where x=2?
y=(at 1)’

&
dx
dy
dx
&
dx

=2(2x+1)(x%+x+1)
:(4x+2)(x2+x+1)
=4x+4x?+4x+2x? +2x+2

dy
X

=4x3+6x%+6x+2

)

)+e(4)+6(2)+2

(2) 6(2)°+6(2)+2
(2)=
(2)

2

d
f' 4(2
f' 4(8
f' 32+24+12+2

f'(2)=70

14. Find the rate of change of the slope of the curve y:x3 -1 at(2, 7)
y =x3-1

dy _
i
f'(2)=3(2)
f'(2)=12

d
Find ﬁ by implicit differentiation.

1.x3+y3—6xy:0

3x?

2

d d
3x2+3y2 == —6x = 6y =0

3—1(3)/2—6x):6y—3x2
d_yi 6y—3x°
dx 3y%-6x
d_yi 2y-x?2

dx y2—2x



2.x2+xy2+y2:1

d d
2x+2xy% +y2+2y£ =0

dy _ 2

ax (2xy+2y)— y°-2x
dy -y2-2x

dx 2y(x+1)

dy y2+2x

dx 2y(x+1)

3 Vx+y txy=21
1+

—dx Y,
2\/x+y dx y

dy dy
1+ ax +2xVx+y ax

2ty R

1 +d_y(2x'\/x_+y+1)7_
2Very  dx\ 2Vxey )T 7
dy (2xVx+y +1) 1
E( 2Vxty )“(“zw/ﬁ)
dy[zxw/x_wﬂ)f 2y Vxty +1
Al 2Very | 2y

dy _ (2 Vasy +1)(2Vaey)
dx  (2Vxry )(2xVx+y +1)
dy _ 2yVx+y +1

dx 2xVx+y +1

AT VT =V
A
2Vx  2Vy dx
1 d_yi_ 1
2Vy dx 2Vx
dy Ny
dx Vx
5.172x2+azy2:a2b2
dy

2 2 4V
2b°x+2a Var 0

6.(x-y)° =(x+y)
L
3(x-p)-3(x-p)? L =2(rry)r2(xy) &

dy dy
3(x-y) o r2(a+y) g =8(x-y) -2(x+y)

D (3(x-p) +2(x+3)) =3(x-») ~2(x+)

dy _ 3Gy -2(xty)
A 3(x-y)*+2(x+y)

7y=a(x?+)7)

y:4x2+4y2
dy _ dy
dx =8x+8y dx
dy dy _
dx 8y dx =8x
dy
i (1-8y)=8x
dy 8x
dx 1-8y

5 3x+*1
8y =53
u=3x+1



v=2x-3
dv=2dx

dy _ 3(2x-8)-2(3x+1)
Y dx (2x-3)°

dy 6x-9-6x-2
dx  oy(2x-3)°
dy___ 1
dx  2p(2x-3)°
9.y2-3x+2y=0
dy dy _
2y5--3+25-=0
dy
o (2v+2)=3

dy 3
dx — 2(y+1)

Find y" in each of the following.

11.xy =32
dy
—_ 4y =
gty 0
dyi_
Yo TV
__y
dx X
) 4 _
&y _ T
dx? x2
o
dxz_ 2
dy 2y
dx? %
2 2 2
12)63-*-y3:a3
2 2 d_y
3Ny 3y &
2 .d_yi_ 2
3%y dx o ¥y
dy Ay
dx é\/;
1 Ny
(e
ﬁ:_ 33y2 é\/7
A2 Y
ANy
dy 3 sNE
dxz_ 3%
3N A7 43y Ay
A2 EYn

d> A2y

dx? 3y§\lx_4

d%y _ Ay (W +y)

dx? 3y‘\]3 x*
a2y Ay

dx? 3% x*y?




2y%—16:0

2y%—16
d_y:8

dx

d2y 8%
FE
ol
2 32
&y _ s
dx? =

14.x2-2xy+3y% =4
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Find the slope of the curve at the given point.

16.2x%+2y3=9xy at (2,1)

d d
6x2+6y2£=9x£+9y

%(Syzfgx)=9y*6x2
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18.x2+4\xy +y%=25 at (4,1)
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19.x3+x2y+y3:9 at(—1,2)
dy dy

2+ 2_+ + 2_:

3x+x i 2xy+3y ax 0

dy
(2 3y2) = (327 +21)

dy 3x2+2xy

dx x2+3y2
_3(=1)*+2(=1)(2)
(-1)%+3(2)?
3-4
1+12

1

f'(=1,2)=3

f'(-1,2)=

f'(-1,2)=-



20.V3x +X4y =5 at (3,2)
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21. A circle is drawn with its center at (8,0) and with radius r such that the circle cuts the ellipse x2 +4y2 =16 at right angles.

Find the radius of the circle.

Equation of the circle (x *8)2 +y2 =2

Make the Ellipse Equation into standard form: x2 +4y2 =16

Make the Elli Equati | t 1'ﬁ+4—y2—E
ake the Ellipse Equation equal to 1; —= 6 6
2 2

X_ + y_ = 1

16 4

Differentiate both equation
(x-8)+y2 =/
dy
2(x 8)+2ydx =0
dy
2y = 2(x-8)
dy x-8

x()c—8)2—4y2

Find y2 using the ellipse equation

2 2
X_+y_:1
16 4
2 2
R
4 16
2
2_,_ X
yo=a-
2
2_, X
Y 4
Substitute y2
2
x(x—s):f4(4fx7)

x(X*8)=*16+x2
-x2+x2-8x=-16
x=2



yi=3

Finally, find the value of r in the circle equation

(x-8)" 2 =r?

(2-8)%+3=/2

(-6)°+3=7r2

36+3=r7

r?=39

r="39

22. The vertex of the parabolay2 =9x is the center of an ellipse. The focus of the parabola is an end of the minor axis
of the ellipse, and the parabola and ellipse intersect at the right angles. Find the equation of the ellipse.



