Chapter 4 - Trigonometric and Inverse Trigonometric
Functions
Differentiation of Trigonometric Functions

Trigonometric identities and formulas are basic requirements for this section. If u is a
function of x, then

d | i)
— (=l o) = cos w—
dar dar

1.

il .
—(cos u) = —sin u—
dr dir

2.

i . fdu
— (tan u) = sec” u—
dir dx

3.

i 5 du
—(cot u) = —cse® u—
dr dir

4,

i du
— (=ec u) = sec u tan u—
dx lr

5.

i it
—(ese 1) = — ese u cot w—
dx dr

6.

Differentiation of Inverse Trigonometric Functions
In the formula below, u is any function of x.
el
il . .
aresin y = —9<

dr Vi1 —u?

1.
it
i dr
— arccos W = ————bt
dx v1—u?
2.
el
d arctan w = Lﬁ
a.r + =
3.
it
i -
T arccotu = — 4=

dr 1+ wus
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i I
—arcsecu = “r—:
da v e — 1

5.
du

d e
—arccsci = —Lﬁ'
i ayvut — 1

6.

Maxima and Minima Using Trigonometric Functions

Problem 01
Find the shape of the rectangle of maximum perimeter inscribed in a circle.

Solution 01

Perimeter of rectangle,

P =2r4 2y
Where:
xr = Deost
y= Dsinf

P=2Dcost 4+ 2Dsinf

1P
fﬁ — _9Dsinf + 2D cosh = 0
[

—sinf 4+ cosf =1

sinf! = cosf

sin &

= _ 1
cos
tanf =1
# = 45"

r = Deosdd® =0.707D
y = Dsinds® = 0.707D



r =1 [square)
answer

See also the solution using algebraic function.

Problem 02
A cylinder is inscribed in a given sphere. Find the shape of the cylinder if its convex surface
area is a maximum.

Solution 02

Convex surface area of cylinder,

A =mwdh
FY Where:
i = Deost
h h = Dsind

A=m(Decost){Dsind)

A= DPrcosfsinf

d — = D?n(cos® § — sin® #) =0

sin° # = cos" #
tan®# = 1

fl = 45°

id = Deosdh” = 0.707D
h = Dsinds® =0.707D

diameter = height
answer

Problem 3
Find the weight of the heaviest circular cylinder can be cut from a 16-1b shot.

Solution 03

A shot is in the form of a sphere and the cylinder is the
cylinder of maximum. From the figure )This is also the
1 figure used in Solution 02:

V., = Lxd?h

1
1
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Where:

id = Decost
h = Dsinf
Thus,

V. = 2m(Dcosf)? (sin )

V., = %DE:T cos- @ sin #

dvi, . o . . -
7 D[ cos® #(cos @) + sin (-2 cosflsind) |
v, | . . . .

7 — ID m(cos” # — 2sin~Heost) =0

.

- a9
2sin° #cosf = cos” f

PR 2
2sin” # = cos"f

sin” 6 1
cos?# 2
tan® f = %
tan# = ;1’5
3 . cosf = %
\2 sinfl = ?1,5

— Maximum volume of cylinder

Volume of shot (sphere):
V. = 2xR® = in(D/2)?

a

F | 3
i,,—g?l._D

Weight is proportional to the volume, so

(&) A

V. VL



W, = — V.
v, ~
.16 1 .
.H,:.—ﬁ 4 G-.,-"ET]—D
W.=924 b
answer
Problem 4

The stiffness of a rectangular beam is proportional to the breadth and the cube of the depth.
Find the shape of the stiffest beam that can be cut from a log of a given size.

Solution 4

b Stiffness,
-
k= hd?
1 Where:
d h= Decosf
g J id = Dsint

k= DYeosd sin® @

1k a
o D*3ecos? f sin”# — sin* ) =0
elt!

3cos?l —sincd =0

" ) o
sinc# = Jeos=H

tan# =3

tan# = ﬁ

g = 60~

b= Deos60° = éD

id = Dsin60® = %ﬂﬂ

depth = /3 x breadth
answer

Problem 5
The strength of rectangular beam is proportional to the breadth and the square of the depth.
Find the shape of the strongest beam that can be cut from a log of given size.

Solution 5



b Strength,
| S = bd®

Where:
d b= Deosf
I} d = sinf

S = DPeosfsin®d
S = D%cos#(1 — cos” )

S = D*(cosf — cos™#)

15

g D*(—sinf + Jecos* @ sind) =10

el

—14+3cos”f =10

cos” f = %

cos = ;1,-5
b= Deosfl = FI'ED

N'E ‘\I’E 1 \/—
d=Dsinf = —+2D
4 V3

1
depth = V2 % breadth
answer

Problem 06

A trapezoidal gutter is to be made, from a strip of metal 22 inches wide by bending up the
edges. If the base is 14 inches wide, what width across the top gives the greatest carrying
capacity.

Solution 06

Hide Click here to show or hide the solution
P | A, =14{4sin#) = 56=inf

ool 33 o0 Ay = L{dcosB)(4sinb) = Beos b sin 6

."-1 s A]_ +2.Fl2

ous b

A =>56smf + 2(8cosfsind)
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dA
it

— =56 cosf + 16(cos? f — sin® @) = 0

Teostl +2[cos”# — (1 —cos” H)] =0

deostf + Teosf —2=1

(dcosfl —1)(cos? +2) =10

for
deos —1 =1

costl =1/4
for
cost? 4+ 2 =1

cosf = —2
— (meaningless)

use
costl =1/4

a=14+2(dcosf) = 14 + 8(1/4)

i = 106 inches
answer

Problem 07

Solve Problem 06, if the strip is 13 inches wide and the base width 7 inches.

Solution 07

Buls g

dA
7= 21 cosfl + 9(cos? # — sin” ) = 00

Ay =T7(3sn#) = 21 sind

Az = 2(3cosf)(3sinfl) = 4.5cos s bl

A=A1+EJ4.2

A=21smf 4+ 2(4.5cosf sin )

Teostl + 3[cos” # — (1 —cos” H)] =0

Geos A + Teosf —3=10



(3cosf —1)(2cosf +3) =10

for
Jeosfl —1=10
cosfl =1/3
for
2eosf+3 =10
cosfl = —3/2
— (meaningless)
cosf =1/3
use

a=7+2(3cosf) =T7+06(1/3)

a = 9 inches
answer

Problem 08

Solve Problem 06 if the strip is 9 inches wide and the base width 3 inches.

Solution 08

dA

Ay =3(3sinf) = 9sind

Ay = (3cosh)(3sin ) = 4.5 cosd sin f

A=Al+2.nq.2

A=0smf + 2(4.5 cos ? sintl)

— = O¢cosf + ecos?H — sin” ) = ()

dtl

cosf + [cos? f — (1 —cos™ )] =

2e05°f 4+ cosl — 1 =0
(2cosf —1)(cosf + 1) =10
for

Qeostf—1=10

cosfl = 1,2

0



for

cosfl +1 =10
cosfl = —1
— (meaningless)
cosf = 1/2
use

a=3+4+2(3cosf) =3 +06(1/2)

i = 6 nches
answer

Problem 09

Solve Problem 06, if the strip width is w and the base width b.

Solution 09

x = {w —b)cosf

h = z(w—h)sind

I.n.'lll—l

A, =bh

Ay = b(w —b)sind

A, = %:;:h
Ay = [ 2(w —b)cosf ][ (w — b) sind ]

o = 2{w —b)*sinf cos ¥

A:Al+214.3

A= Lb(w — b)sind + 2[ L (w — b)*sind cos |




dA B

7= (1w — b)cos# + *(w —b)* (cos® f — sin” )

2bcost + (w —b)[eos@ — (1 —cos®0)] =0

2(w — b)cos® @ + 2beost — (w—b) =0

By quadratic formula:
A=2(w-b);B=2b;C=-(w-b)

—B+VB? —4AC
cosfl =
24
_9 ETNERE ___ ———
cos g — 20 V207 — A12(w — B[ (w — b)]
2[2(w — b)]
—2h 4+ \/'-1!?}2 + 8(!!-‘ — EJ]E
s =
COs T
—2b+2,/b% + 4(w — b)?
58 =
- 4w — b)
cosfl = —b+ B2+ 4{w — b)?
2(w —b)
cos f = —b+ 07+ d(w —b)? —b — /B2 4 4w — b)?
2(w —b) 3w —b)
and
cosfl = —b— /B + d{w — b)?
2(w —b)
— meaningless
Use
cosf = —b+ /B2 + 4(w — b)?

2(w —b)

T = %(w — b)) cosH

: —b+ /B2 + A(w — b)=
) — 1
(w =) x 2(w —b)

=]
Il
L3 =

=1 [—:’J + B2 4 A — tiijlzi|



ia=h4+ 2z

a="h+ 2{_1} [—EJ + B+ 4(u*—h]3] }

a=L[—b+ VB AW b))
answer

Problem 10
Find the largest conical tent that can be constructed having a given slant height.

Solution 10

- a2
V= %rr"h

Where:r
h = ssinf
= scost
V= %rr.»a3 cos® # sin @
V = tms® (1 — sin® #) sin f
V= %r.‘.ﬁ[sinﬁ' — sin® d)
dl” 3
T sms’(cos ! — 3sin” feos ) = 0
‘

cosf — 3sinHeost = 0
1 —3sind =10

sin“# = 1/3

sinf = /1/3 =1/3

1 h=ssinfl = 2 s
v a3
V2 -
= scost = "IJ'I% s
answer
Problem 11

A gutter having a triangular cross-section is to be made by bending a strip of tin in the
middle. Find the angle between the sides when the carrying capacity is to a maximum.

Solution 11



A= L1L)(:L)sind
/2 NG/ L2 A=LI?sing

dA .
E = EL CUE‘&E = [:l
cosf =10
g = a90°

answer
Problem 12

Find the altitude of the circular cone of maximum convex surface inscribed a sphere of radius
a.

Solution 12

= qoosf

h=asinf +a=a(sinf + 1)

L=VIET?

L= /la(sinf + 1)]2 + (acos#)?

L= /a?(sin# + 1)2 + aZcos>#

L=a\/(sinfl +1)2 + cos2

L= !’I\/{ﬁillg B4 2sinf + 1) + cos 6

L= r;\/l[ﬁinj B+ 25 + 1)+ cos=#

L= a\/‘z sinf 4+ 1+ (sin” # + cos? )

L=ay2=mi 4141
L=av2=mi+2

Convex area of cone:
Ap =arL

Ap = wlacost) (mfﬂ siné + 2)
A = ma® cosy2snd + 2



-) .
dAr, = 7a> (cusﬁ'& —sinfv2sm e + 2) =1

it 2/ 2sm b+ 2
cos" @
— — =/ 2s1md + 2
va2sme 4 2

cos” @ = sin#(2siné 4 2)

1 —sin®f = 2sin” # 4+ 2sind
Fsin® @+ 2sinfl —1 =10
(3siné — 1)(sinf + 1) =10

for
Jsind —1=10
sind = 1/3
for
smf+1=10
sinf = —1
— (meaningless)
use
sinf = 1/3

h=a(sind + 1)

h=a(i+1)
h = 'zin,

answer
Problem 13

A sphere is cut in the shape of a circular cone. How much of the material can be saved?

Solution 13

Volume of cone
a
V. = %:’rr‘h




Where:
= acost

h=asmf +a=a(sind + 1)

—
Mo
Il
[

m(acos@)*[a(sing + 1) ]

V. = tma® cos® A(sind + 1)

el U
rfé. = %:’mz{cusz flcos ) + (sinf + 1)[2 cos@{— sin ) ]} =10
.

cos? @ — 2sinfcosf(sind + 1) =0
cos? @ — 2sinf(sinf + 1) = 0

(1 —sin®#) — 2sin”# — 2sinfd =0
1 —3sin“ A — 2sinf =10
Fsin® @+ 2sinfl —1 =10

(3siné — L)(sinf + 1) =10

for

dsinfl —1 =10

sinf = 1/3

for
sin +1=10
sinf = —1
— (meaningless)
use

sind = 1/3

e () e
"l

=

242



Volume of sphere:
V, = %ﬁ“z

MMaterial saved =

1.
1— w« 100%,

A

La

-
= ra®

: x 100%

i

v i]

MMaterial saved

Ll |

Material saved = 29.63% (about 30%)
answer

Problem 14
A wall 10 ft high is 8 ft from the house. Find the length of the shortest ladder that will reach

the house, when one end rests on the ground outside the wall.

Solution 14
it = 10 csc

b= SsechH

H ' L=a+bh
L=10¢csct + Bsect

dl

— 1l ezefeot? 4+ Beect tant =10

el

10 5 ReecHtand = 10 ecsecf cot #
1 1 sin e _ 5 ,1 c:c::HH
cosH cos s 6 s 6
sin” # B 5
cos®f 4

f=47.13"

10

= 10esc47.13% + Beecd7.137

8

L=254 1t

 sind7.130 + cosd7.13°

answer

tan® # = 5,4

tanf = /54



Problem 15

b C
Solve Problem 14, if the height of the wall is and its distance from the house is .
Solution 15

x = besct
iy = rsecl
L=x+y
L. =beseld + csecd

1L
fﬁ = —hesefeotd +esecdtand =10
£

raecftanf = bese # cot @

. 1 s & b 1 cos #
cos cosfl | sin & sin

-4
s A b
cos ¢
]
tan® f = —
i
h/e
tanfl = —
el /3

.\.ba".'i + (2|'I3 4
: b L =hesct 4+ esect

¢l VB3 42/ Vb2/3 + c2/3
L-=E;(— fo| T

hlsfe h/3

L= B23h2/3 4 e2/3 4 o283/ h2/3 1 2/3
L_ — I:EJZ.I,-S + f'z."azj "'f;j_.-"E n —sz.g
L= (B 4 23 (B3 4 2/3)1/2

I — I:hz,r'z n f.z;a:lz;z

answer
Problem 16
A light is to be placed above the center of a circular area of radius a. What height gives the
best illumination on a circular walk surrounding the area? (When light from a point source
strikes a surface obliquely, the intensity of illumination is



B ks

=

.
where is the angle of incidence and the distance
from the source.)

Solution 16

~ ksind
B
From the figure:
1
s = —
Cos 3
i
1 =
T st
b sin 6
e
cos f
[ k ﬁiilﬁ'
a*
cos=
K 24 -
I = —cos™f st
e
k o .
I'=—(1—sin"#)s=ind
e
Koo,
I'= —(sin# —=sin” #)
a2
dl -k o
7= E{CUE‘&E— Jsin~# cosf) =10
cosfl — 3sin”f cosf = 0
1 —3sin*d =10
sin“# = 1/3
sinf = 1/v/3
Y3 1 )
tan#d = —

(1]



h=ntant

h=a (ﬁ)

S R O]
h = =X
h = %u@u

answer
Problem 17

A man in a motorboat at A receives a message at noon, calling him to B. A bus making 40
miles per hour leaves C, bound for B, at 1:00 PM. If AC = 30 miles, what must be the speed
of I[t:he boat, to enable the marEli to catch the bus?

! Solution 17
C X B r=30tand

’ &= MacchH

Tiney g = Timep e

Note: time = distance / rate
Let r = rate of boat

Thus,

2= 4

T 40

3 secd B 30 tand 1
T n 40

30 secd B Jtand
T N 4

3 secd B Jtand + 4
T N 4

- 120 sec
" Jtanéd + 4

dr (3tand 4 4)(120sech tanf) — 120 sec H(3 sec® f)

=10
df (3tan# + 4)°




120 sec f tan (3 tand + 4) — 360 sec” # = 0
tan@(3tand 4+ 4) — Isec f =0

Jtan®f + dtanf — 3(1 +tan®6) =0
Ftan* 0 4+ dtanf — 3 — Jtan® @ = 0

dtanf —3 =10

tan ! = 3/4

5 - 120 secH
A 3 © 3tand + 4

al
2 ~120(5/4)
"7 3(3/4) + 4

r = 24 miles per hour
answer

Problem 18
Solve Problem 17, if AC = 20 miles and the bus makes 50 miles per hour, leaving C at 12:18
PM, bound for B.

Solution 18

C X B r=20tand
. Fid
5 ’ s = 2 sccH
20 ’
= 4
A
;V Timey, g = Timey, . 1e
AY

Note: time = distance / rate
Let r = rate of boat

Thus,

S

T N 15
r 50 60
2 secd 2tand 3
— 4+ —
T 510 10

1000 sec @ = 20rtan d 4+ 15r

200sect = (4tand + 3)r



- 200 sec
" dtand + 3

dr (4tand 4 3)(200sect tand) — 200 sech(dsec? #)

df (Adtand + 3)°

200 sect tanf (4tanf + 3) — 800 sec®H ;
(4tand + 3)° B

200 sec tan @ (4tanf + 3) — 800 sec? § = 0
tanfl (4tand 4 3) — dsec® § = 0
dtan® 0 + 3tanf — 4(1 + tan®0) =0

dtand 4+ 3tanf — 4 — dtan* 4 =0

Jtanf —4 =10
tan# = 4/3
5 o 200 secH
“ 4 II_ﬂ,tﬂ.m‘?+f]
"
3 . 200(5/3)

4(4/3) + 3

r = 40 miles per hour
answer

Problem 19

0

A man on an island a miles south of a straight beach wishes to reach a point on shore b miles
east of his present position. If he can row r miles per hour and walk w miles per hour, in what
direction should he row, to reach his destination as soon as possible? See Fig. 57.

Solution 19

Time to row:
5

Time to walk;
h—

t =

e

Total time:
t =1t +tq



From the figure:
T =uatanf

&= asect

asec  bh—aotand
= +

T i

et o secf tan#  asec” d _ 0
dg T b a

.
asect tan®  asectd 0
r B!

tan#  sect 0

T i

=1 1 _0
rcosf  w cosf
=i f 1

r cos i i cos H

gl = L
e
answer
Problem 20
A pole 27 feet long is carried horizontally along a corridor 8 feet wide and into a second

corridor at right angles to the first. How wide must the second corridor be?

Solution 20
i1 = "aecf
h
/ " h = wesct
B

a+h=24

BeecH - wescH = 24
8 24 — SsecH
W= ———

cae i

1 soc i

= 24

cae i cac i



= 24dsinf — 8 sin 6

cos
i = 24sinf — Stand

il

- — 2 cost — Bsecf =10

24 cos# = Bsec® f

24 cost = 8,,
ross #
B
s = —
Cos o
1
20 = -
COs 3
H# = 46.10°

i = 24sint — Stand
= 24 511 46.10% — Btan 46.10°
fr = &5.98 1t

answer

Problem 21

L c
Solve Problem 20 if the pole is of length and the first corridor is of width
Solution 21

a = Csect
w bh=WescH
a+b=1

Csecld + Wesed = L

W L — Csect
N cac
W L ' sec
" escf  csch
W= Lsing_ 2omf
cos f

W = Lsinf — C'tand



1
o = Leost — Csec® f
dt

Lecosf = Crec” 6

Leost =
cus cos= f
'
$6=—
COs L
erl_.-"ﬁ
COs g = m

W = Lsint — C'tant

_ VLB _ (z/3 VL3 _ (2/3
W=1L ( -C

L1/3

Cl."l
W = L33/ [2/3 _2/a _ 2/3/ 2/ _ cz/a

W = (LE_,-'B _ Cz-”;l L2/3 _ C2/3

W= (£2/7 - ¢27) (127 — c2%) 2

. ! ray 373
answer

(You may check the answer of Problem 20 above by using this formula)

Problem 22
A sphere of radius a is dropped into a conical vessel full of water. Find the altitude of the
smallest cone that will permit the sphere to be entirely submerged.

Solution 22

Volume of cone:
a
V= %rrr‘h

From the figure:
h—a

cscl =
i

h=unacsctl +a

h=alescf + 1)




-
tand = —
1

= htant

r=alesct + 1) tanf

V = tmfa(escf + 1) tan 6 ]*[a(cscd + 1) ]
V= %:'msl[cz-;c # 4+ 1)% tan?#
dvv

= Lra® [(esef + 1)%(2 tanf sec® 0) + 3 tan® #esc 6 + 1)%(—cscfcot )] =
d
0

2 tan# see® fcsc + 1)* — 3tan® fescfHeot fesch + 1)° =0

2sec® Aesedl + 1) — 3tanf esefl cotd =0

. 1 1 . 1 1 B
2 (cus@ﬁ) (i-;int? + l) — dtand (i-;illﬁ') (temﬁ') =0
. 1 1 B 1

2 (cuazﬁ) (ﬁinlﬁ' + 1) =3 (:-;iuﬁ')

Zﬁillf?( _1 | 1) = Jcos?f
sin &

2+ 2sinf) = Jcos*

2 4+ 2sinf = 3(1 —sin“4)
3sin® @+ 2sinfl —1=10
(3sinf — 1) (sinf + 1) = 0

for

Jsinf —1=10
sinfl = 1/3
for

s +1=10
sin#H = —1

— (meaningless)



use
sinfl = 1/3

h = alecsef + 1)

h=4da
answer

Problem 24
Find the area of the largest rectangle that can be cut from a circular quadrant as in Fig. 76.

Figure 76

Solution 24

From the figure:
0.5y 0.5y = asinf

e
1

y = 2asm#

r+ 0.5y =acost

r=acost — 0.5y

r=acost — 0.5(2asind)
xr = afcosf — sin f)

Area of the rectangle:

A=y

A =[alcost —sinf) |(2a sin )
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A =2a*sind(cosf — sind)

14 .
fﬁ = 20~ [sinf(—sinf — cos ) + (cosf — sinfl) cosd | =0
il

—sinf(sind + cos ) + cos #(cos — sinfl) =0
—sin* f — sinfcosf + cos® # — sinfl cosfl = ()
(cos®f — sin® #) — 2sinf cos # = ()

cos 26 —=sin 28 = 1)

sin 260 = cos 24

gin 26 1
cos 26
tan28 =1
B = 225"

A = 2a%sin 22.5%(cos 22,57 — sin 22.57)

A =10.4142qa°
answer

Problem 26
A corridor 4 ft wide opens into a room 100 ft long and 32 ft wide, at the middle of one side.
Find the length of the longest thin rod that can be carried horizontally into the room.

Solution 26

100
b
32
6
d
6
| 4

a1 = dsect

b= 32csch



Total length of rod:
L=a+b

L =4sect 4+ 32csct

il

— =dsecHtant — 32csclcottl =)

el

sectant — Bescleotd =10

sect tant! = Besc# cot d

. 3
sn- #

cos®
tan® # = 8

tant = 2

5 '
2
"

1

L =205 =44.72 ft

Problem 27

Solve Problem 26 if the room is 56 feet long.

Solution 27

1

1 s & _3
cosf \ cosd | sin &

32

cos H
sin

answer

)

L=4sect 4 32c5cf

L==L(?)+32(

56

V5

2

|

26

26

L

30

L 4



From the figure:
L =+/302 4 322
L =43.86 ft
answer

BC of trapezoid ABCD is tangent at any point on circular arc DE whose center is O. Find the
length of BC so that the area of ABCD is maximum.

< 20 cm >

Solution
Let

§
= /LHCO = LECO
¥ Ep — 180° — 29

From right triangle BFC
20

tan g = —
111 ¢ T
25 C .
L oF - 20 L 20
tang  tan(180° — 26)
{F
20
CF =- tan 26
X Al - DFrom right triangle CEO
20 15
tant =

CE



15

OF =
tan

BG=CE+CF

15 20
BG = tan#  tan 26
Area of trapezoid BCEG

Apcpe = 1(CE + BG)(20)

5 15 20
."1 e lﬂ -
BOEG |:t3‘11|[-j + (t;},uﬁ' tan 29):|

300 B 200
tan# tan 26

Apope =

Area of trapezoid ABCD
A=Auppe — Apcra

A = 25(20) - ( 300 200 )

tan@  tan 26
A =500 — 300 cotd 4+ 200 cot 24

For maximum area, dA/d0 = 0:

1A ,
% = —300(—esc? 6) + 200(—2 csc? 20) = 0

il
300 ese” 8 — 400 esc® 260 = 0
Fesc?fl = dese? 20

v3escH = 2csc 26

V3 2
sinf  sin 26
V'3 2

sin 4 - 2= cosd

costl = —

V3
f = 54.74°



¢ = 1807 — 26 = 180" — 2(54.74°)

b = 70.53°

From rigl%'t( ]triangle BFC

gin o =

BC

BC — 20 _ 20

sing  =n 70532

BC =121.21 em
answer



Problems in Caculus Involving Inverse Trigonometric Functions

Problem 37
A ladder 15 ft long leans against a vertical wall. If the top slides down at 2 ft/sec, how fast is
the angle of elevation of the ladder decreasing, when the lower end is 12 ft from the wall?

Solution 37
Hide Click here to QhOW or hide the solution

7

¢ # = arcsin l_r
l dy/dt = -2 ft/sec ?
o dy/ dt
15 ; w15
= Y it / i 2
I
i ! (1.5)
E I
\‘ dy,/dt
X i B 15
di fﬁ
Vi- ()
dg dy /dt
l!'vH' a lll Uz
19¢/1 = =
VT a5
r=12
when
iy = +/152 — 122
y="9 ft
o -2
dt i e
154/1 —
VT a5
o -2
dt [ &1
15/1 —
V' 225
o -2
dt — 9
15, /1 — —
VT 25


http://www.mathalino.com/reviewer/differential-calculus/37-ladder-sliding-downward

g -2

P
1-_!"#1' E
il B -2
dt 15 («*-’Fl)
i}
g -2
dt 12
@ _ 1
— = —— rad/sec
dt G '

answer

The negative sign indicates that the angle is decreasing.

Another Solution

(Using Trigonometric Function)
siné = ¢/15

dfd dy/di
cosfl— =

dt 15

=12
when

cosf = 12/15

Thus,
12d8 -2
15 dt 15
dg -2 " 15
dt 16 12
ddt 1 Y
—_— T —— " as!
T G rad /sec
(okay!)
Problem 38

A ship, moving 8 mi/hr, sails north for 30 min, then turns east. If a searchlight at the point of
departure follows the ship, how fast is the light rotating 2 hr after the start.

Solution 38

8 mi/hr 8(t —0.5)
8(t - 0.5) —_— £l = arctan E—




f = arctan 2(t — 0.5)

dg 2
dt 1 +44(t—0.5)2

after t = 2 hrs
df B 2
dt — 1+4(2-05)2

Vol

dg 2
dt 1+ 4(2.25)

1
ZF = 0.2 rad/hr

answer
Problem 39

A balloon, leaving the ground 60 ft from an observer, rises 10 ft/sec. How fast is the angle of
elevation of the line of sight increasing, after 8 seconds?

Solution 39
f = arctan(10¢ /G0)

T 10ft/sec g — aretan éf

10t do é

T
."zf',ﬁ fdt 1—|—Ef"
B i
¥ 60

£
R Ao
o P o after t = 8 sec

df t
dt 14 L(82)

ds %
dt 149
16
= —0.06 rac/sec
dt
answer
Problem 40

The base of a right triangle grows 2 ft/sec, the altitude grows 4 ft/sec. If the base and altitude
are originally 10 ft and 6 ft, respectively, find the time rate of change of the base angle, when
the angle is 45°.

Solution 40



64 4t
) = arctan -

104 2t
6+ 4t
+ 2t
fl = arct:
B e ].1].5+t
10 + 2t
(5+1)(2) — (34 26)(1)
dg (54 t)?
dt 342t
(55
54t
10+ 2t -3 -2t
dg (5+1)2
dt (54 )% + (34 2t)°
(5+1)2
df 7

dt  (B+E)2 4 (31 2t2

f = 45%
when
G+ 4t =104 2¢

2t=4

f= 12 sec

Thus,
dg 7
dt  (542)2 4+ [3+2(2)]2

A

dt 40449
i 7

dt 98

16 1

é =12 rad /seec

answer

Another Solution

6+ 4t
tant =
Ty
tanf = 3421

S+t



o (54 1)(2) — (3+26)(1)

sec” @
dt (5 + )2

1 9 104+26-3-2
cos?f  dt (b +1)2

when
G+ 4t =104 2¢

=4

f =2 sec

Thus,

dd A5° 7

P G}

g (1N [T

dt \ /2 72

dt - 1 y 1

dat 27

16

é =12 rad /seec
(okay!)

Problem 44

A rowboat is pushed off from a beach at 8 ft/sec. A man on shore holds a rope, tied to the
boat, at a height of 4 ft. Find
how fast the angle of elevation
of the rope is decreasing, after 1

sec.
X __
Solution 44
f = arctan(4,/8t)
fl = arctan —
—1(2)
dfd B (2¢)°2



df g2
dr - 1
1

e
do 1
dt o2 42 1

442
do 1
dt A1
2

dg 2
dt A2 1

aftert =1 sec
df 2

dt 412 +1
df! 2
== racl /sec

answer

The negative sign indicates that the angle is decreasing.

Another Solution

tan#l = 4 /8¢
tanf = —
L df —1(2)
secf — =
T T (202
Lodd 1
cos?@ dt 242
df 1
T TE

aftert =1 sec
Bt =8(1) =8

hvpotenuse = /83 + 42 = 4,/



g - (ij) 2(17)

df G644y 1
dt 80/ 2
d __(61) 1
dt 80/ 2
(i} 2
Tz rad /sec
et 5
(okay!)
Problem 45

A kite is 60 ft high with 100 ft of cord out. If the kite is moving horizontally 4 mi/hr directly
away from the boy flying it, find the rate of change of the angle of elevation of the cord.

Solution 45
dx/dt = 4 mi/hr = 88/15 ft/sec
—— ! = arctan g
0
di
ag i
dt IR
14 (—)
x
el
o —G[]E

it 3600
‘ 2 (1 + — )
£

dlr
@ B _G[]E
It 3600
‘ 2 (1 + — )

T
e

L
dt 2 4 3600

when s = 100 ft
= /1002 — G2



xr =80 ft

dd  —60(8%/15)

At 802 + 3600

o —352

dt 10000

@ _ 2

E = —@ rad fsec

o _ 2 o
— = — T'ail/Bel decreas1ge
dt 625 a

answer

Another Solution

[
tan# = E
£

dr

—Gl—

sec” @ ﬁ —_dt

dt a2
el
cos? f dt r2

@ B Gl cos= ¢ fr’_r
dt et

When s = 100 ft
x = 80 ft (see Solution 45 above)
cos 8 = 80/100 = 4/5

. 60(4/5)°

i /15
dt soz X (88/15)
dtl 22
pri rad/sec
(okay!
Problem 46

A ship, moving at 8 mi/hr, sails east for 2 hr, then turns N 30° W. A searchlight, placed at the
starting point, follows the ship. Find how fast the light is rotating, (a) 3 hr after the start; (b)
just after the turn.

Solution 46



16 mi
b=16— a2 =16 — 4(t — 2)

b=16—4t + 8 =24 — 4t
h=4(6—t)
43t —2)

1
1 = arctan — = arctan —————

b 16— 1)

V3(t—2)

B = arct:
wretan 61

(6—1)V3—V3(t—2)(-1)

di (6 —1)2

dt V3t —2) .
[

6v3 — V3 + 13- 2V3

g _ (6—1)°

dt 3(t —2)°
NG

4V3

@ ___ (6-92

dt — (6—1)° +3(t—2)°
(6—t)2

d 13

dt — (6—1)2 +3(t— 2)2

h = 8(t — 2)sin60°

xr = 8(t — 2) cosB0°
=8t —2)(1/2)

r=4(t - 2)



(a) 3 hours after the start, t = 3

b
di (6 —3)2 +3(3—2)2
o _ v

dt 9+3

Y

dt 12

dfd

L/ rad /s
— == rad/sec
!
dt 3
answer

(b) Just after the turn, t = 2

@ s
dt (6 —2)2 +3(2-2)2
@ _ 13
dt 1640
df 43
dt 16
f] .
prie L3 rad/sec
answer
Problem 47

In Problem 46, find when the light rotates most rapidly.

Solution 47

The rotation of light is most rapid at the instant when the light is perpendicular to the path of

8(t - 2)

B0*

16

f=23 hrs
answer

Problem 48

the ship.

8(t—12)
16

cos 007 =

16 cos60° = &(t — 2)

Prove that the result in Problem 46 and Problem 47 are independent of the speed of the ship.

Solution 48



Let r = rate or speed of the ship
h=r(t —2)sin60°

h = % Ir(t —2)

r=r(t —2)cos60°

b=2r—x=2r— 3r(t — 2
bh=2r— %ﬂ‘. +r=dr— éﬂ‘

r(6—t)

— 1
f}—z

13t =2
! = arctan E = arctan &
b 2r(6 —1)
! 3t -2
£ = arctan 2 = arctan M
b 6—1

The above value of angle 6 did not include the speed of the ship r. The derivative of 0 in
terms of time t will of course be independent from r. Solutions 46 & 47 are both derivative of
0 in terms of time t.

Problem 49

A ship, moving 10 mi/hr, sails east for 2 hours, then turns N 30° E. A searchlight, placed at
the starting point, follows the ship. Find how fast the light is rotating (a) 4 hours after the
start; (b) just after the turn.

Solution 49
h = 10(t — 2) sin 60°
3
10(t - 2) h=10(t —2) (g)
h =53t —2)
F Sl .
20
r = 10(t — 2) cos 60"
b b

x =100t — 2)(1/2)

x =5t —2)



bh=20+x=20+5(t—2)

b=20+45t — 10 = 5t + 10

b= 5(t+2)
!
£ = arctan n
b
5v3(t — 2)
E = ruﬂtclllm
_9
! = arctan M
t+ 2
(t+2)v3 —V3(t—2)(1)
@ B (t 4 2)2
t4+2
V3 4+ 2v3 — 3+ 2V/3
@ B (t+ 2)2
dt 3(t —2)°
1=
MR
443
@ B (t+2)2
di — (t42)° +3(t — 2)°
(t+2)2
df 43

dt — (t+2)2 +3(t—2)2

(a) 4 hours after the start, t = 4
df) 443

dt ~ (4+2)2 +3(4—2)°

@ __4V3
dt 36+ 12
df 43

dt — 48



df 1

il 3 rad/sec
dt 2

answer

(b) Just after the turn, t = 2
as 13

dt ~ (2+2)2+3(2-2)°

df 43
dt 16+ 0
df 43
dt 16
16
% = 1v/3 rad/sec
answer
Problem 51

Show that the answers to Problem 49 are independent of the speed of the ship.
Solution 51

Let r = rate or speed of ship
h=r(t —2)sin60°

h = % 3r{t — 2)

r=r(t —2)cos60°

r=1(t-2)

h=2?"-|—,1‘=2r+%;a|[f_-_2]
3J=2T+%T?‘.—T=%v't+r

b= ir(t+2)

1V3r(t -2
f# = arctan E = arctan M
b %rl[f + 2)

Va(t—2)

# = arctan



The above value of angle 6 did not include the speed of the ship r. The derivative of 0 in
terms of time t will of course be independent from r. Problem 49 is a derivative of 0 in terms
of time t.

Problem 52

A car drives south at 20 mi/hr. Another car, starting from the same point at the same time and
traveling 40 mi/hr, goes east for 30 minutes then turns north. Find the rate of rotation of the
line joining the cars (a) 1 hour after the start; (b) at the time the second car makes its turn.

Solution 52

20t + 40(f — 0.5)
T 40 mi/hr tan f = 20
/
/ tanf = ¢+ 2(t — 0.5)
;f 40(t — 0.5)
start / tant =3t — 1

/ i fl = arctan(3t — 1)
200/ | 20t
/ : df 3
’ : P N
20 mi,.“hrl {‘:}L——éE-____' it 1+ (3¢ 1]
)

(fl 1 hour afte% the start, t =1
i .

dt 1+ [3(1)— 12

dg 3

dt 144

! .
i (0.6 rad/hr

answer

(}Dg) At the time %he second car makes its turn, t = 0.5
[ .

dt 1+ [3(0.5)— 12

dg 3
4t 14025
dg 3
dt 14025
18
ZF = 2.4 rad/hr
answer
Problem 53

Prove that the results in Problem 52 are independent of the speed of the cars, if the second car
travels twice as fast as the first car.



Solution 53
Let r = rate or speed of first car
2r = rate or speed of the second car
rt + 2r(t — 0.5)
0.5(2r

T4[] mi/hr
tan# =

21(t — 0.5)
tanf = ¢ + 2(f — 0.5)

tand =3t —1

f = arctan(3t — 1)

The angle 6 above is independent from rate of
cars, I. answer

Problem 55
The lower edge of the picture is a ft, the upper edge is b ft, above the eye of an observer. At
what horizontal distance should he stand, if the vertical angle subtended by the picture is to

be greatest?

Solution 55

From the figure:
=0 —

tanf = tan(a — )

b tan o — tan 4
#X tan#t =
ey 1+ taneo tan 7
, "\& -
o Slapeeni ) P “-EI ¥
e b a
% tanf = —L__T
SR el S S it b ra
£ @I
e oy —
b—a
tanf = —L
=+ ab
72
bh—a
tantl = ———
r= + ab
X
b—a)r
tant = [,,—j
=+ ab
(b—a)r

fl = arctan ———
= +ab



(7 +ab)(b—a) — (b— a)x(2x)

di (22 4 ab)? _ 0
dx " [{h,,_ fi.]l.!“| ?
= + ab

(x* +ab)(b—a) — (b—a)x(2x)
(22 + ab)?

=10

(x® +ab)(b—a) — (b —a)r(22) =0
(b—a)|(z* +ab) — 22°] =0
(2 + ab) — 2% =0

abh—x® =1

answer



	Chapter 4 - Trigonometric and Inverse Trigonometric Functions
	Solution 5


