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Preface

This book on DIFFERENTIAL CALCULUS has been specially written
according to the latest Unified Syllabus to meet the requirements of the B.A. and
B.Sc. Part-I Students of all Universities in Uttar Pradesh.

The subject matter has been discussed in such a simple way that the students will
find no difficulty to understand it. The proofs of various theorems and examples have
been given with minute details. Each chapter of this book contains complete theory
and a fairly large number of solved examples. Sufficient problems have also been
selected from various university examination papers. At the end of each chapter an
exercise containing objective questions has been given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care,
might have been there.

The authors, in general, hope that the present book will be warmly received by
the students and teachers. We shall indeed be very thankful to our colleagues for
their recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, Managing Director,
Mr. Sugam Rastogi, Executive Director, Mrs. Kanupriya Rastogi Director and entire
team of KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book
in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is
meant. Suggestions for the improvement of the book are always welcome.

Preface to the Rewvised Edition

The authors feel great pleasure in presenting the thoroughly revised edition of
the book DIFFERENTIAL CALCULUS and wish to record thanks to the teachers
and students for their warm reception to the previous edition.

The present edition has been specially designed, made up-to-date and well
organised in a systematic order according to the latest syllabus.

The authors have always endeavoured to keep the text update in the best
interests of the students community- a gesture which the authors hope would be
appreciated by the students and teachers alike.

Suggestions for the improvement of the book will be thankfully received.

June, 2014 — Authors



Syllabus

Calculus

U.P. UNIFIED (w.e.f. 2011-12)

B.A./B.Sc. Paper-Il M.M. : 33 / 65

Differential Calculus

Unit-1: -8 definition of the limit of a function, Continuous functions and
classification of discontinuities, Differentiability, Chain rule of Differentiability,
Rolle’s theorem, First and second mean value theorems, Taylor’s theorems with
Lagrange’s and Cauchy’s forms of remainder, Successive differentiation and

Leibnitz’s theorem.

Unit-2: Expansion of functions (in Taylor’'s and Maclaurin’s series),

Indeterminate forms, Partial differentiation and Euler’s theorem, Jacobians.

Unit-3: Maxima and Minima (for functions of two variables), Tangents and

normals (polar form only), Curvature, Envelopes and evolutes.

Unit-4(a): Asymptotes, Tests for concavity and convexity, Points of inflexion,

Multiple points, Tracing of curves in Cartesian and Polar coordinates.

Integral Calculus
Unit- 4(b): Reduction formulae, Beta and Gamma functions.

Unit-5: Quadrature. Rectification. Volumes and surfaces of solids of revolution,
Pappus theorem, Double and triple integrals, Change of order of integration,

Dirichlet’s and Liouville’s integral formulae.
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Limits and Continuity

1.1 | Definitions

Constant: A symbol which retains the same value throughout a set of
mathematical operations is called a constant.

A variable is a quantity, or a symbol representing a number, which is capable of
assuming different values.

A continuous variable is one which can take all the numerical values between
two given numbers.

An independent variable is one which may take up any arbitrary value that may
be assigned to it.

A dependent variable is a symbol which can assume its value as a result of some
other variable taking some assigned value.

Domain of a Variable : If we give the independent variable x only those values
which lie between x= aand x= b, then all these numerical values taken collectively will
be called domain or interval of the variable. The domain is said to be closed if a and b
are included in it and is denoted by the symbol [a, b]. An open domain is denoted by
la, b[ or by (a, b). Similarly the symbols [a, b [ and ] a, b] stand for semi-open domains.
These semi-open domians are also denoted by [a, b) and (a, b] respectively.

Function : If ydepends upon x in such a manner that for every value of x in its
domain of variation there corresponds a definite (i.e., a unique) value ofy, then yis said
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to be a single-valued function of x and is denoted by y= f(x), f denoting the kind of
dependence or relationship that exists between x and y.
This relationship is often called functional relation and f(x), f(x,), ..., f(x,)

are called functional values of f(x) for x= x|, x,, ..., x. respectively.

Note : Theessential thingabout the definition of a function is that for each value
of x there must correspond a definite value of f(x). We must be in possession of a set of
rules which determine for each value of x in a certain interval, a definite value of the
function. These rules may take the shape of a single compact formula such as
f(x) = sinxor anumber of such formulae that apply to different parts of the domain of
x, for example

fx)=x for 1/2< x< =
f(x) = cosx for x> m.

In the first case f(x) = sin xis defined for values of xin anyinterval. In the second
case f(x) given by (1) is defined in the interval [0, e [.

The above definition of a function of x brings about (1) idea of the dependence
of the function on x (2) idea of definiteness of the values of the function for each value
ofx (3) idea of single valuedness of the function (4) idea of the domain of the variable x.

We are accustomed to think that every function is capable of graphical
representation. Majority of functions are certainly capable of graphical representation
but there are some functions which cannot be represented by a graph. The function
defined as follows is such a function :

f(x) = 0 when xis rational, f(x) = 1 when xis irrational.

Set-theoretic definition of a function: Let A and B be two given sets. Suppose
there exists a correspondence denoted by f, which associates to each member of A a
unique member of B. Then fis called a function or a mapping from A to B.

The mapping fof A to B is denoted byf: A —B. The set A is called the domain of
the function f, and B is called the co-domain of f. The element ye B which the mapping
fassociates to an element x € A is denoted by f(x) and is called the f~image of x or the
value of the function ffor x. Each element of A has a unique image and each element
of Bneed not appear as the image of an element in A. We define the range of fto consist
of those elements in B which appear as the image of at least one element in A.

Equality of two functions : Two functions fand g of A — B are said to be equal

f(x)=sinx for 0< x< /2
} ...(1)

if and onlyif f(x) = g(x) V' x€ A and we write f= g. For two unequal mappings from
A to B, there must exist at least one element xe A such that f(x) # g(x).

Constant function : A functionf: A —Biscalled a constant function if the same
element b € B is assigned to every element in A.

Real valued function : If both A and B are the sets of real numbers, then
f:A —Biscalled a real valued function of a real variable.

Single-valued and multiple-valued functions : If y has only one definite value
when a definite value is given to x then yis called a single-valued function of x. When y
has more than one value for a value of x, it is called a multiple-valued function of x.

Odd and Even functions : A function is said to be odd if it changes sign when
the sign of the variable is changed i.e., if f(— x) = — f(x).

A function is said to be even if its sign does not change when the sign of the
variable is changed i.e., if f(— x) = f(x).
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Bounded and unbounded functions : If for all values of x in a given interval,
f(x) is never greater than some fixed number M, the number M is said to be an upper
bound for fin that interval, whereas if f (x) is never less than some number m then m is
called a lower bound for fin that interval. If both upper and lower bounds of a function
are finite, the function is said to be bounded otherwise it is said to be unbounded.

By a supremum of fin an interval we mean the least of all the upper bounds of f
in that interval. Similarly an infimum of fis the greatest of all the lower bounds of fin
the interval.

A rational integral function, or a polynomial, is a function of the form

n n—1
agx"+ a;x +..ta,_|xt+a,
where ag, ay,..., a, are constants and n is a positive integer or zero.
A rational function is defined as the quotient of one polynomial by another. For

example,
Tx+ 4

22+ 3x+ 6
An algebraical function is a function which can be expressed as the root of an
equation of the form

is a rational function.

YA AT Ay T2 L+ A, ¥+ A,=0
where A, A,,..., A, are rational functions of x. In particular a rational function is also
algebraical.
Atranscendental function is a function which is not algebraical. Trigonometrical,
exponential and logarithmic functions are examples of transcendental functions.
Monotonic functions : The function y= f(x) is said to be monotonically
increasing if corresponding to an increase in the value of x in a certain interval [ in
which the function f(x) is defined, the value of ynever decreases i.e.,
x> % =2f(x) 2 f(x) Vx,xe L
Similarly the function f(x) is monotonically decreasing if
x> x=f(x) < f(x) Vx,xe L
Also f is said to be strictly increasing iff x; > x, =f(x;) > f(x,) and strictly
decreasing iff x; > x, =1 (x)) < f(x,).
The function fdefined by f(x) = sin xis monotonically increasing in the interval
0< x< %n and monotonically decreasing in the interval % < x< T

Explicit and implicit functions : A function is said to be explicit when expressed
1

directly in terms of the independent variable or variablese.g., y= sin” " x+ logux.

If the function cannot be expressed directly in terms of the independent variable
or variables, the function is said to be implicit e.g., the equation x¥+ y*= a® expresses
y as an implicit function of x.

Sum, Difference, Product and Quotient of two functions: Let f, g be two
functions with domains D; and D,.If D= D; N D,, then D is common to the domains
of fand g.

The sum function f+ gis defined as (f+ g (x) = f(x) + g(x) V¥ xe D.

If c € R, the function c¢fis defined as (¢f) (x) = cf(x) WV xe D,.

The difference function f— gis defined as (f— g (x) = f(x) — g(x)Vxe D.
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The product function fgis defined as (fg) (x) = f(x) g(x) V- xe D.
The reciprocal function 1/g of the function g is defined as

(1] (W= Vxe Dyand g(x) # 0.
g g

(x)
. . . . f _f®
The quotient function f/ g is defined as (x)="—""-Vxe Dand g(x) = 0.

g g

1.2 | Limits

Consider the function y= (@2 = 1)/(x— 1). The value of this function at x= 1 is
of the form 0/0 which is meaningless. In this case we cannot divide the numerator by
the denominator since x— 1 is zero. Now suppose x is not actually equal to 1 but very
nearly equal to 1. Then x— 1 is not equal to zero. Hence in this case we can divide the
numerator by the denominator.

2-1

x— 1"

x+ 1.

If x is little greater than 1, then the value of y will be greater than 2 and as x gets
nearer to 1, ycomes nearer to 2. Now the difference between y and 2 is

2-1 2-2x+1 (x— 12
2 = =X

x—1 ° x— 1 x— 1 - L

This difference (x— 1) can be made as small as we please by letting x tend to 1.
Thus we see that when x has a fixed value 1, the value of yis meaningless but when

xtends to 1, ytends to 2 and we say that the limit of yis 2 when x tends to 1. Thus we
write as

lim
L= y/e- p] =2
Definition of limit : (Bundelkhand 2006; Purvanchal 10; Kashi 14)

Let f be a function defined on some neighbourhood of a point a except possibly at a
itself. Then a real numberl is said to be the limit of fas x approaches a if for any arbitrarily
chosen positive number €, however small but not zero, there exists a corresponding number
8 greater than zero such that

| S - Il <e
forall values of x for which 0 < | xX—a | < 0, where | xX—a | means the absolute value
of x— a without any regard to sign.

In symbols, we then write Egaf(x) =1

We have to negate the above definition in order to show that fdoes not approach
l as x approaches a.
If it is not true that for every € > 0, there is some & > 0 such that

0< | x—al < 8=>|f(x)— 1 < €,
then there must exist an € > 0, such that for every & > 0, there is some x for which
0< | x—al <dbut|f-1] ¢ e

This means that in order to show that fdoes not approach [/ as x approaches a, it
is sufficient to produce an € > 0 such that for each 8 > 0 there is some x satisfying

0< |x—al <& and |f-1| >«
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Note 1: It is not at all necessary for Ega f(x) to exist that f be defined at

x= a. It is enough that for some & > 0, fbe defined whenever 0 < | x— al < 5.

Note 2: If N be a neighbourhood of a, then N . {a} is called a deleted
neighbourhood of a.

Note 3 : Ifafunction fhas a finite limit at a point a, then by the definition of the
limit of a function a deleted neighbourhood of a exists on which fis bounded.

Now we shall prove a theorem which is the foundation on which the definition of
limit rests. Ifthistheorem were not true, the definition of limit would have been useless.

Theorem: If 2™, r(0 =1 and " f(0) = m, theni= mic,if ™, £
exists, then it is unique.

Proof: Suppose, if possible, [# m.

Let us take €= % | - m| .Thene> 0.

Since ?gaf(x) = [, for a given € > 0, there exists 81 > 0 such that

| f) - 1] < ewhenever 0< | x— al < 3, (1)

Again since }C"E)a f(x) = m, for a given €> 0, there exists 8, > 0 such that
| f)— m| < ewhenever 0< | x— al < 3,. (2)

If we choose 8= min. {§;,9,}, then 0< | x— al <& implies that both
0< |x— a| < d,and0< |x— a| < 9, hold, and hence, we have

| fy— 1|l < eand | F(x) = m| < e whenever 0< | x— a| < 8.
This implies that if0< | x— a| < §, then
1= ml = [ {r@-m - (f@-nl < lf@m-ml + [ f@-1l
<e+e=2¢e= |l—m|
ie., | - m| < | - m| , which is absurd and so our assumption is wrong.

. lim . .
Hence, [= mie.,,_, f(x)isunique.

1.3 | Algebra of Limits

Now we shall give some theorems on limits of functions which are similar to those
of limits of sequences.
Theorem1: If imi)af(x) = 1# 0, then there exist numbers k> 0and &> 0 such
that |f(x)| > k whenever 0< | x— a| < 8.
lim 1 1

Also then  _, }TX): ]

Proof: Lete= % | l| . Then € > 0, because [# 0.

Since Egaf(x) = [, therefore, given € > 0, there exists 8 > 0 such that

| f)— 1| < & whenever 0< | x— al < 8. (D
Now | Il = [i- )+ f@l < li-frwl + |fr@l <e+ | r@l,

whenever 0 < |x— a| < 9, from (1).
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Whenever 0 < | x— a| < 8, we have
lr@l > Tl —e= il = L1l =111l > o - (2)
Thus taking k = % | l| > 0, we get |f(x)| > k whenever 0 < |x— a| < d.
This proves the first part of the theorem.

Second part: Now to prove that ?gaﬁ = %

- fw| - fml

1 1

We have |——— *‘ = = . ...(3

- U e T T T ] 3)
By first part of this theorem there exist numbers k > 0 and 8, > 0 such that

1 1
> ki.e., < —whenever 0 < |x—a| < 9. ...(4

| r( ] Trol =« | (4)
Let € > 0 be given.
Since Egaf(x) = [, therefore, given € > 0, there exists 82 > 0 such that

| f =1l < k|1l & whenever0< | x— al < 8,. (5

Let 8= min. {§,,8,}. Then from (3), (4) and (5), we have
‘L_ 1
fo 1

< } ~k|l| £'~%whenever0< |x—a| < 9.

=¢.
Thus for given € > 0, there exists 8 > 0 such that
1

] < € whenever 0 < |x—a| < 9.

o
11

lim _
HCHCC, x—=0 f@— 7

Theorem 2 :  The limit of a sum is equal to the sum of the limits.

Proof: Let }C‘“_‘m f(x)=1 and }C‘“_‘m g(x)=m.

We have to show that 1™ ((f+ 9 (0} = [+ m.
Let e> 0 be given.

Since }C"E)a f(x) = [, therefore, there exists 81 > 0 such that

|f(x)— l| < %8whenever0< |x— a| < 9.

Again since ?gag(x) = m, therefore, there exists 8, > 0 such that
|g(x)— ml| < %8whenever0< | x— al < 3,.

If we take 8 = min. {3, 5,}, then 0< |x— a| <0
= bothO< |x-al <8,and0< | x= al < &,hold,

and consequently if 0 < |x— a| < 0, then both |f(x)— l| < %aand

l g - m| < %aaretrue.

Nowif0< | x— al < 9, then
l(fr 9 @-U+m)| = | f@ -1+ gx)— m]
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s lr@-1l+ lg@-ml < e+ je=e

Thus|(f+ Q- I+ m)| < g whenever 0< | x— a| < 8.

L‘ﬂa (f+ g () exists andx_m (f+ 9 ()= 1+ m.

The above result can be extended to any finite number of functions.
T
In the same way, we can prove that x"ﬂm Ff-o=1-m

Theorem 3 : The limit of a product is equal to the product of the limits.
Proof : Using the notations of theorem 2, we have to prove that

x_m(fg) (x) =
Lete> 0 be given.
Now | (fo) @) — Im| = | f() g~ lg() + lg(v) — Im]
< lf@e@-tg@| + [ 1g— iml
= lewl lr@w-1 + 11l lg@-ml. (D)

Since L“E)a g (x) = m, therefore g (x) is bounded in some deleted neighbourhood
of x= a. Hence there exists k> 0 and 81 > 0 such that | g(x)| < k whenever
0< | x—al < 9.

. lim lim . .

Since 5, f(x) = land , 5, g(x) = m, therefore, corresponding to any given

€> 0, we can find positive numbers &, and &5 such that

|f(x) l| < 27{whenever0< |x—a| <39,

and |g(x)—m| < Wl—lleril)whenever0< |x—a| < 8.

If we take 8 = min. {3, 8,, 85}, then from (1), we get
€ €
|(fg)(x)—lm|<k~2—k+|l|~2( I+ 1

JELE [ 1l 1}
<2%> ST+ 1S
€

whenever 0 < |x— a| < 9.

Thus for €> 0, we have 8> 0 such that | (fo) (x) — lm| < € whenever
0< | x—al < 8.

m o= r) g exists and 0T () () = I

The above theorem can evidently be extended to any finite number of functions.
Theorem 4 : The limit of a quotient is equal to the quotient of the limits provided
the limit of the denominator is not zero.

Proof: Let '™ (=1 and "™ g()= m# 0.

o e )
icN

= |l = s+ - |
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< | fol
m g

lm-gw] +1—nl1r|f(x)—l| ()

Since Ega f(x)= 1, therefore there exists a deleted neighbourhood

la— 8;,a+ 8, [— {a} of the point x= a in which the function f is bounded. Let
K> 0be such that
|f(x)| < K whenever 0 < |x— a| < 9.

Again since g (x) # Ofor all xin the domain ofgandim_l)a g(x) = m # 0,therefore

there exist numbers k£ > 0 and 82 > 0 such that

|g(x)| >k ie., W< %whenever0< |x— a| < 9,.

[See theorem 1 of article 1.3]
Let 8" = min (3, 9,).

The inequality (1) can then be written as

&_isk—l%r|m—g(x)|+1—nl1r|f(x)—l|» -(2)

gx) m
for all xsuch that 0< | x— al < &.
Now take any given € > 0.
. lim lim .
Since y 5, f(x)= land y 5, g(x)= m, we can find positive numbers 35 and

3, such that

|f(x)—l| < | ml ~§whenever0< | x— al < 3,

k | m| €
and |g(x)—m| < X ~5whenever0< | x— al < 9,

Take 6 = min {§’, 85, 8,}. Then from (2), we get

G i‘ < E+ £_ e, whenever 0 < |x— a| < 4.

gx) m 2 2

lim f(» . lim f lim (/f l .

—= = = —,ifm= 0.

X—a'g (y) ex1stsandx_>ag(x) x—al| (x) AT
Alternative Proof :
Since m # 0, therefore, by theorem 1 of § 3, ?ga ﬁ exists and equals % .

lim (/[ lim { 1 }
Now — | (x) = X)) —

x%a(g)() X —a f() g(x)

= {?gaf(x) } {?ga ﬁ} [By theorem 3 of article 1.3]

L

m m

Theorem 5 : Let f be defined on D and let f (x) =2 0 forall xe D.

1 m r ) exists, then ™ F () 2 0.
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Proof: Suppose that ?gaf(x) = land [is negative.
Takinge= — %l, we can find a positive number & > 0 such that
|f(x)— Il < - %lwhenever0< | x— al < 8.

It gives that
3] l
5 < f(x) < 5< 0 whenever 0< | x— a| < 8.

Thisisacontradiction since we are given thatf(x) = Oforallxe D.Hence/cannot
be negative.

Consequently ?gaf(x) > 0.

Corollary : Let fbe defined on D and let f (x) > O forall xe D.
1f M () exists, then T f () 2 0.

Proof: Since f(x) > 0= f(x) 2 0, therefore now we can apply theorem 5 of
article 1.3.

Theorem 6 : Let fand g be defined on D and let f (x) 2 g (x) forallxe D. Then
iml)af(x) > iml)a g (x), provided these limits exist.

Proof: Let 0 r=11" ¢=m.

Let us define a function Abyh (x) = f(x) — g(x) V' xe D. Then, we have
i) h(x=0 ¥Mxe D.

i) M () exsitsand S k()= - m.

(ii1) }clga h (x) = 0, bytheorem 5 of article 1.3.

Thus, from (ii) and (iii), we get [— m = Oi.e, > m,
. lim lim
le., x%af(x) 2 x—)ag(x)-

Corollary: Let f(x)> g(x) forall xe D. Then iml)af(x) > iml)a g (x), provided

these limits exist.

Theorem 7 : Letf, gand h be defined on D and let f(x) = g(x) = h(x) forallx.

li li

Let ™ f()= T h (%),

Then imi)a g (x) exists, and imi)a g = imi)a fx)= imi)a h (x).

Proof: Let '™ r="M 1=t

Then corresponding to any given €> 0, we can find positive numbers 8, and §,
such that

|f(x)— I| < e whenever 0< | x— a| < 9,
ie., - e< f(x)< [+ ewhenever 0< | x— al < §, (1)

and I- €< h(x)< [+ ewhenever 0< | x— al < §,. (2)
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Choosing & to be smaller than &, and 3, , we see from (1) and (2) that

I—-e< h(x)< g < f(x) < I+ € whenever 0< | x— al| < &.
Thus [— €< g(x)< [+ € whenever 0< | x— al <&
or |g(x)—l| < ¢ whenever 0< | x— a| < 8.

Hence }C"E)a g (x) exists andyga g =1L

Theorem8: If ™ f() = L, then ™ | ] = 1] .
Proof: Wehave | f(— 1] = || f!| = | 1] |, forallx. (D

(o Ip=ql = 1pl - lqlll
Let €> 0 be given.

Since ?gaf(x) = [, therefore, given € > 0, there exists a number & > 0 such that

| f)— 1| < e whenever 0< | x— a| < &. (2
From (1) and (2), we get

| |f(x)| — | 1] |« e whenever 0< | x— al| < 8.
Consequently?rga | f | exists and ?ga lreol = 11l.

Theorem 9 : If there is a number 8> 0 such that h(x)= 0 whenever
0< |x=al <& then ™. 1n(x=o.

Proof : For anye> 0,the number 8 > 0, given in the hypothesis of the theorem
is such that /# (x) = 0 whenever 0 < | x— al <&

or |h(x)—0| = 0< ewhenever 0< | x— al| < 8.

Hence L“E)a h(x)= 0.

Corollary: If there is a number 8> 0 such that f(x)= g(x) whenever
0< |x—al < 5,theniml>af(x)= iml)ag(x).

Proof: Let us define a function % by setting
h(x)= f(x)— g(x) for all x.

Then & (x) = 0 whenever 0 < | x- a| <.

Now, apply theorem 9 of article 1.3.

Note : The above corollary has deep implications. It asserts that the concept of
limit is a ‘local’ one. If two functions agree on some neighbourhood of a point a, then
they cannot approach different limits as x approaches a.

Theorem 10 : If imi)a f(x)=0 and g(x) is bounded in some deleted

neighbourhood of a, then imi)a fx)gx)= 0.

Proof: Since g(x) is bounded in some deleted neighbourhood of a, therefore
there exist numbers k > 0 and §, > O such that

| g | < kwhenever0< | x—al <3, (1)



LIMITS AND CONTINUITY D-13

Now take any given € > 0.
Since Ega f(x) = 0, therefore there exists 8, > 0 such that

| f-o0l = | fml < %whenever0< | x—al <&, (2

Now take 6 = min (8, 5,). Then for all x such that 0 < |x— a| < 8, we have
lf@eg@-ol=lrmewl =lr@l.lswl

< —- k= ¢€,using (1) and (2).

| m

lim
Hence ,_5, f(x)gx)=0.

. lim .
Illustration : We have ,_, xsin(1/x)= 0

because LHE)O x=0and | sin (1/x)| < 1forallx# 0 ie. sin (1/x) is bounded in some

deleted neighbourhood of zero.

1.4 Right Hand and Left Hand Limits

Definition : (Right-hand limit) : A function f is said to approach [ as x
approaches a from right (or from above) if corresponding to an arbitrary positive number
€, there exists a positive number 8 such that | fx) - l| < g whenevera< x< a+ 0.

Itis written as 1™, o f) = lor f(a+ 0)= L

The working rule for finding the right hand :
“Put a + hfor xin f(x) where his + ive and very very small and make /4 approach
zero”.

In short, we have f(a+ 0)= ™o f(a+ h).

Definition : (Left-hand limit) : A function fis said to approach l as x approaches
a from the left (or from below) if corresponding to an arbitrary positive number €, there
exists a positive number & such that

|f(x)— l| < € whenevera— 8< x< a.

Itis written as ™ o f) = lor f(a— 0)= L

The working rule for finding the left hand :
“Put a — hfor xin f(x) where h is + ive and very very small and make /4 approach
zero.”

In this case, we have f(a— 0) = 220 fla— h)

Important Note : If both right hand limit and left hand limit of fas x —>a, exist
and are equal in value, their common value, evidently, will be the limit of fas x —»a. If
however, either or both of these limits do not exist, the limit of fas x —a does not exist.
Even if both these limits exist but are not equal in value then also the limit of f as
x —a does not exist.
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1.5 Limits asx —> + o (- =)

Definition : A function f is said to approach | as x becomes positively infinite, if
corresponding to each €> 0, there exists 8> 0 such that |f(x) — I| < € whenever
x> 0.

Then we Wn'teiml)(x, fx)=1 or f(x)—>lasx—oo.

Definition : A function f is said to approach [ as x becomes negatively infinite, if
corresponding to each €> 0 there exists > 0 such that |f(x) - l| < € whenever
x< — 0.

Then we write iml)_ wf)=1

or f(x) »>lasx —>— oo,

Note 1: The results on the limits of sum, product and quotient of functions also
hold good here provided that in these cases [+ m, Im, [/m are defined.

Note 2: If E“_‘mf(x) = [ exists, LHE)(X, g (x) does not exist (as a finite real

lim . .. .
number), even then , 5 f(x) g (x) can exist. Similar is the case as x —-— oo.

1.6 | Infinite Limits

Definition : A function f is said to approach + « as x approaches a, if
corresponding to any €> 0, there exists 6> 0 such that f(x)> € whenever
0< | x—al <8

. lim
Then wewrite y _y,f(x)= oo or f(x)tends to > as x tends to a.

Definition : A function f is said to approach — « as x approaches a, if
corresponding to any € > 0, there exists & > 0 such that

f(x) < — € whenever0< | x— al < 8.

. lim
Then wewrite y _y,f(x)= — oo or f(x)tends to— o as x tends to a.

I!!ustrative Examlales

)
Example 1: Let fbe the function given by f (x) = xi_ a

Using (g, 8) definition show thatiml)af(x) = 2a.

Solution : Let € > 0 be given. In order to show that
lim
x—af ()= 2a,
we have to show that for any given € > 0, there exists a number 6 > 0 such that
|f(x)— 2a| < ewhenever 0< | x— al < 8.
2= &

X— a

If x# a,then |f(x)— 2a| - 2a = | (x+ a) - 2a| [ x# a]

| x—al.
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| f(x)— 2a | < £,if|x— a| < €.
Choosing a number  such that 0 < 8 < &, we have
|f(x)— 2a| < ewhenever 0< | x— al < 8.

Hence ?gaf(x) = 2a.

Example 2: Using (€, 8) definition show thatiml)() (x sin )IC) =0
(Meerut 2012, 13; Rohilkhand 13B)

i 1
Solution : Let €> 0 be given. In order to show that }CHE)O (x sin x] =0,

we have to show that for any given € > 0, there exists a number 6 > 0 such that

.1
xsin—— 0| < € whenever 0< | x— 0] < 8.
X
.1 .1 .1
Now xsin—— 0| = | x| sin—| < |x| , because | sin— | < 1.
X x X
.1
xsin —— 0| < € whenever |x| < €.
x
Choosing a number  such that 0< 8 < €, we have
.1
xsin—— 0| < € whenever 0< | x| < 8.
x

i 1
Hence }CHE)O xsin” = 0.

Example 3: Show by (€,8) method that the function f, defined on R— {0} by
f(x) = sin (1/x) whenever x# 0, does not tend to 0 as x tends to 0. (Meerut 2013B)
Solution : In order to show that sin (1/x) does not tend to 0 as x tends to 0, take
€= % . By Archimedean property of real numbers for any 8 > 0 there exists a positive

integer n such that

n> L ie., o> 1
T niw

2 1 1
0< (4n + 1)7t< 2mt< mt< .

2
Take x—m’ Then 0 < |)C—O| < d.
Also, |sin(1/x)— 0| = | sin (2nm + %n)| = 1>e

Thus we have shown that there exists an €> 0, namely %, such that for every

6> 0 there is an x[z 7(4n+21)7t’ where n is a positive integer such that
2 }

— h th

(4n+1)7t<8 such that

0< | x— 0| < 8and | sin(1/% - 0| > &
Hence sin (1/x) does not tend to 0 as x tends to 0.
lim | x- 2|

Example 4 : Show that  _» T2 does not exist.
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Solution : Let f(x) = |x— 2| /(x—= 2)-
We have the right hand limit i.e.,
_lim Clim |2+ n- 2]
f(2+0)_h—>0f(2+h)_h—>0 (2+h—2)
lim A _ lim )
=h—0,=h—0l=1;
and the left hand limit i.e.,
lim Cdim | 2-n- 2]
f(z_o)_h—>0f(2_h)_h—>0 2- h-2)

_ lim |—h|_1im “h_ lim B
=h—>0 _, Th-0_,=h-0-1=-1

. lim | x- 2l .
Since f(2+ 0) # f(2— 0), hence x_>2x—72 does not exist.

Example 5 : Evaluate the following limits if they exist :
lim x>+ 3x+ 2

(a) x—2 x— 2

Solution : Here the right hand limit i.e.,

li li 24+ W2+ 32+ h)+ 2
F@r o= M roy py= im G 32E R
24 h-2
lim 12+ 7h+ h* _ lim (12 ,
=h—0 T ho0|, t T =
and the left hand limit i.e.,
li li 2- 2+ 3Q2-h)+2
f@- 0= Mof@- my= jny G 32N
2— h-2
lim 12— 7h+ h®> lim 12
=h—>0  _,  =ho0|- ;T h)= -
Since f(2+ 0) # f(2— 0), hence Eng(x) does not exist.
) Mo g
Solution : Here the right hand limit i.e.,
li li li
FO0+ 0= L0f0+ h=pof()= 5T+ k)
1(1 1(1 1
e = N )
B I P B ) ()
_ 2. 2 3
= 150 1+hh+ 12 h* + 123 P+ ...
_ lim 1 L(-h  1L(-h 1A= 2h }
_h—>0[1 1!+ 21 + 3] + ...
SNSRI SN SN _
= + 1!+ 2!-i- 3!+ ...00 = e,
Similarly, the left hand limit i.e.,
li li li _
FO=0)= 3500 0= h = 50 (- = 00— )~ Vi=e
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Thus both f(0+ 0) and (0 — 0) exist and are equal to e.
Hence LHE)O(I + )= ¢

lim sinx

(c) x—0— (Bundelkhand 2008; Kanpur 09)
X
Solution : Let f(x)= Ssz
lim lim lim sinh
Here f(0+ 0)= p, 50f(0+ h)_h—>0f(h)_h—>0 h
h3 h5
_ lim h= 3 5! 7 lim SO AR T
T h—0 h T h—0 317 5! o
lim lim

Similarly fO=0)=p 50 fO0-h)y=p 0 f(=h)

_lim sin(= A) lim sinh
Tho0 - ho0y

Since  f(0+ 0)= f(0— 0)= 1, hence '™ s12x: 1
(d) lim  sin X

X = (Bundelkhand 2008)
Solution : 1™, ¥= ;“E)O ysin (1/y), putting x= 1/y.

Let S(y) = ysin (1/y)-
We have, right hand limit i.e., f(0+ 0) = }lnlof(O + h)

= }l”iof(h) = }l“lo hsin (1/h)

0 X a finite quantity lying between — 1 and 1
0.

Similarly, left hand limit i.e., f (0 — 0) = }lnlof(O - h)

= AT Of (= W= 1Mo (= By sin (= /)= i o hsin (1/8) = 0,

Since  f(0+ 0)= f(0—- 0)= 0, therefore ;‘ﬂo ysin (1/y)= 0

lim sinx
X —>oo = 0.

lim L1
(€) y_osin .

Solution : Let f(x) = sin (1/x).
lim

li lim 1
Here  f(0+ 0)= ) of 0+ h)= pof() = p'o sin -

As h —0, the value of sin (1/h) oscillates between + 1 and — 1, passing through

zero and intermediate values an infinite number of times. Hence there is no definite
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number [ to which sin (1/h) tends as h tends to zero. Therefore the right hand limit
f(0+ 0) does not exist.

Similarly the left hand limit (0 — 0) also does not exist. Thusggo sin (1/x) does

not exist.
lim a*-1
(f) X —0 o . (Meerut 2003; Kanpur 10)
) a*— 1
Solution: Let f(x)=
1+ xloga+ (x2/2!) (loga)*+ ...— 1

X

x[loga + %x(loga)2+ .|

X
h[loga+ g(loga)2+ }
Here  f(0+ 0)= 1™ or(h) = 1% , = loga.

Also  f(0— 0)= D™ 0 r0— my= 1M f(— h) = loga.

. x_
Since  f(0+ 0)= f(0— 0)= loga, therefore }C‘“_ﬂoa . ! = loga.

lim 1
(g) x_)();. el/x.

Solution: Let f(x)= —.el/~

==

lim lim lim 1
h—0fO+ W)= S0f()= 05"

Then  f(0O+ 0)

= oo, since both 1/ and ¢!/ tend to « as h —0.

li Ii Ii 1
Also  f(0—-0)= L of(0—-h) = pof(=h) = poso- P

Iim -1 lim -1

:héohel/h:h—ﬂ)h 1+l+ioi+
hoo2v p2

_lim —1 ~
Th=0h 0 a2+ LT

Since  f(0+ 0)# f(0— 0), therefore LHE)O i el/* does not exist.

lim (1+ x0"-1
N

_ (1+x»"-1

Let  f(®)

li 1i 1+ b= 1
Then f(0+ 0)= )0 f(h) = h”loi( h)
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nn-1)

1+ nh+ P+ -1
_lim 2!
= h—0 h
h[n+wh+ }
. 2!
_lim
= h—0 h

lim nn-1)
= h—>0[”+ Th-ﬁ- }: n.

li li
Also FO=0= 3 0f 0= hy= 0= h)
Clim (- "= 1
= h—0 —h
e ms M= Oy oy
lim 2!
= h—>0 o = n.

Since f(0+ 0) = f(0— 0) = n, therefore Lngof(x) = n.

(i) lim x"— a™
x—=a
m __ m
Solution : Let f(x)= s a
xX— a

11m (a+ )™ — o™

Then fla+ 0)—h_>0f(a+ h) = a+ h— a

m L 0)

— Jim m1+m~ﬁ+7m(m_l)}£+ -1
~h=07 a 20 g2

_ lim m_ m(m-1) h _ m_ -1
= phod" [a+ ) .a2+..}—am~a—mam
_ m __ m
Also  fla— 0)= MM ra— my= hm  @=Mm=d%_ ) mo,

a— h— a

Since  f(a+ 0)= f(a— 0)= ma™~ !, hence ?gaf(x) = ma" ™ L.
Example 6 : Find the right hand and the left hand limits in the following cases and
discuss the existence of the limit in each case :

lim 2x2— 8 lim el/x— 1
(i) x—2 -2 ; (“)x—>0 x4 1’

(Meerut 2003; Kanpur 11; Rohilkhand 14)
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(iii) iinl)()f(x) where f(x) is defined as

f(x)= x,whenx> 0; f(x)= 0,whenx= 0; f(x)= — x, when x< O.
(Purvanchal 2008)

Solution : (i) Letf(x) = 2x2—8’
x— 2
i i 212+ h)?2-8
We have f(2+ 0)= Ty f(2+ hy= Ty 2B -8
2+ h—2
lim 24+ 4h+ K — 8 lim 8h+ 2h2
= h—>0 = ho0 .
h h
= BT MR M 8+ am = 8.
lim lim 2(Q2- h)?- 8

Again  f(2-0)= , 50f2-h) =} 50 2 h- 2
lim 2@ - 4h+ h®)— 8 lim - 8h+ 2h?

= h—0 —h = h—>0 —h
lim - h(B-2h) lim
“h>0  _ g, T h—0 @8~ 2h)=8

Since  f(2+ 0)= f(2- 0) = 8, therefore ?gz 2))52_—28

exists and is equal to 8.

. el/x_ 1
(ii) Let  f(x) = m

Here the right hand limit, i.e.,

li lim lim "1
FO+ 0= 3 T0f O+ W= 450/ W= w50

Clim eVl - (/e
h=0 h 4+ (176

Again the left hand limit, i.e.,

i . li e Vh_
FO0-0= D0 f(0- )= 3 0f(= h)= h”lom

Clim (e -1 0-1_

=0 ety 17 0+ 1

. lim e/*—1 .
Since f(0+ 0)= f(0— O),hencex_>01/7does not exist.
e+ 1

- 1.

(iii) We have the right hand limit i.e., f(0+ 0)

= };gof(O + h), where h is + ive but sufficiently small

= im sy = 1Mo . [ h> 0andf(x) = xifx> 0]
= 0.
Also, the left hand limit, i.e., f(0— 0)
lim

= 5 —0f(0— h), where his+ ive but sufficiently small
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=M rc = - (- ). [— h< Oandf() = — xifx< 0]
lim
= h—0 h=0.

Thus both the limits f(0+ 0) and f(0— 0) exist and are equal to zero.
Hence Lngof(x) exists and is equal to zero.

x ifxisrational

Example 7: Ler f(x)= {_ x ifisirrational

lim . -
Show that . _ , f (x) exists only when a = 0. (Purvanchal 2007)

Solution : CaseI: Ifais a non-zero rational number.
In this case f(a— 0)= 1™ o f(a— h)

= hot—h or o~ (a— ),

according as (@ — h) is rational or irrational
= aor— ai.e.,isnot unique.
f(a— 0) does not exist.

li .
xlgaf(x) does not exist.

CaseII: Ifa= 0. Inthiscasef(0— 0)= hTsof(0— k)= 4™ o f(~ h)

= 220(— h) or }IHE)O h, according as — h isrational or irrational

= 0.
Again  f(0+ 0)= }ligof(o + h)= }zirlOf(h)
= };go h or 220 (= h), according as & is rational or irrational
= 0.
Since f(0+ 0) = f(0— 0) = 0, hence Egof(x) exists and is equal to zero.
Case Il : Ifa is an irrational number.
In this case f(a— 0)= W™ o f(a— h)

ot or ™o (a- h.

according as (a — h) is rational or irrational
= aor— ai.e.,isnot unique.
f(a— 0) does not exist.

?gaf(x) does not exist.

Thus we see that ?gaf(x) exists only when a = 0.
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Example 8 : Discuss the existence of the limit of the function f defined as

f=1lLifx< 1, fW=2-xifl<x<2; f(x)=2,ifx=>2
atx= 1and x= 2.
Solution: Atx= 1. We have
f(l+0)= }lnlof(l + h), where his+ ive and sufficiently small

li li
= h502= (1 + Wl= 500 - =1

and FA-0)= MM o r(— my= 1M ()= 1.

Since f(1+ 0)= f(1—- 0)= 1, hence ?glf(x) exists and is equal to 1.

Atx= 2. Wehave f(2+ 0)= };gof(er h) = };go 2)=2;

li li li
and Q= 0= 50f@2= M= 50R2- 2= M= h50h= 0.

Since f(2+ 0)# f(2—- 0), hence ?gz f(x) does not exist.

Example 9 : If fj”l)af(x)z t oo, then i”ia}%x): 0.
Solution : Let ?gaf(x) = + oo,

Lete> Obe given.If g, = 1/¢, then g, > 0.

. li .
Since xngaf(x) = oo, therefore for €, > 0, there exists 6> Osuch that

f)> g whenever0< | x—a | < &
1 1
ie., < - whenever 0< | x— a | < &
f &
ie., 0< L< € whenever 0< | x—a | < & [-e= 1/g/]
f()
ie., —£<L<£ whenever 0< | x— a | < &
f()
1
ie, 0/ <& wheneverO< | x—a| <.
f ()

lim 1 _
x—>af(x) -
Similarly it can be proved that
lim 1 lim

x_m]Tx): 0 when 5, f(x)= — oo.
Example 10: If f(x)= Si’;T]Lx], [x]# Oand f(x) = 0, [x]= O,

where [x] denotes the greatest integer less than or equal to x, then find i”iof(x).

(Kanpur 2010)
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Solution : Here f(0+ 0)= 1o f(0+ h)= 4™ o £ ()
i
= h 500 [ [h]= 0]
= 0.

Also  f(0- 0)= }l“lof(o— h) = }lhlof(— h)

; sin [— h]
:}1120[_7}1]’ [ [ h]l=-1=#0]

lim sin(= 1) sin (= 1): Ginl0

Tho0Cy T o=

Since f(0+ 0) # f(0— 0), therefore Egof(x) does not exist.

@)mprehensive Exercise 1

1. Using definition of limit, show that }CHE)O f(x) = 1 where
1+ X2 ifx# 0
S = { 0 ifx=0.

2, ifxisirrational

2. Iffis defined on Rasf(x) = {1 ifrisrational

prove that ?ga f(x) does not exist for anya € R.

0, ifxisirrational

3. [Iffis defined on Ras f(x) = {1 ifrisrational

prove that }C"E)a f(x) does not exist for anya € R.

4. Ifx—0,then does the limit of the following function fexist or not ?
f(x)=x, whenx< 0;f(x)= 1, whenx= 0;f(x)= X2, when x> 0.
lim a*-1 2% _
5. Use the formula S
¥=0 (1+ 0121

6. Iff(x)= e /% showthatat x= 0, the right hand limit is zero while the left hand
limit is + oo, and thus there is no limit of the function at x= 0.

= loga to findingo

. lim . .
Give an example to show that ,, _y , f(x) mayexist even when the function is not

defined for x= a.

X, 0< x< 1
8. Letf(x):{?,_x 1< x< 2

Show that Egl + f(x) = 2.Does the limit of f(x) at x= 1 exist ?

Give reasons for your answer.

im x|
9. Evaluate LHE)O Y (Meerut 2001)
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; | sinx|
10. Evaluateggo Y
lim el
11. Evaluate —
X201y (Avadh 2010)

12. Iff(0) = ayx"+ a; x"~ s a,x"” 24 4 a,,then prove that

lim

xX—a fx) = f(a).

@nswers 1
lim

4. Yes; 50 f(0)=0. 5. 2log2. 8. Doesnot exist.

(Garhwal 2011)

9. Right hand limit is 0 and left hand limit is 2 and so the limit does not exist.
10. Does not exist because the right hand limit is 1 and the left hand limit is — 1.
11. The limit does not exist because the right hand limit is 1 and the left hand limit
is 0.

1.7 | Continuity

(Purvanchal 2010, 11; Avadh 14)

The intuitive concept of continuity is derived from geometrical considerations. If
the graph of the function y= f(x) is a continuous curve, it is natural to call the function
continuous. This requires that there should be no sudden changes in the value of the
function. A small change in x should produce only a small change in y. Moreover for
the graph to be a continuous running curve, it should possess a definite direction at
each point.

But the continuity as defined in pure analysis is quite distinct from the intuitive
or the geometrical concept of the term. Sometimes drawing a graph is difficult. We now
give the arithmetical definition of continuity given by Cauchy.

Cauchy’s definition of continuity: A real valued function f defined on an open
interval I is said to be continuous at a € 1 iff for any arbitrarily chosen positive number €,
however small, we can find a corresponding number 8 > 0 such that

|f(x)—f(a)| < e whenever | x— a| < 8. (1)
(Bundelkhand 2010; Kanpur 11)

We say that fis a continuous function if it is continuous at everyx e 1.

In other words, fis continuous at a if for any given € > 0, we can find a 8 > 0 such
that

|x—al <8=|f0-f@l <=

This meansthat the function fwill be continuous at x= aifthe difference between
f(a) and the value of f(x) at any point in the interval Ja — 8,a+ O[ can be made less
than a pre-assigned positive number €. Note that we choose  after we have chosen €.
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Geometrical Interpretation of Continuity :

A geometrical interpretation of the above definition is immediate. Corresponding
to any pre-assigned positive number €, we can determine an interval of width 28 about
the point x= a (see the figure) such that for any point x lying in the interval
Ja— 8,a+ O[ f(x) is confined to lie between f(a) — €and f(a) + €.

The inequality (1) may be written in the form of an equality as

f(x) = f(a)+ m, where | 0| < e

0 X

Note 1: For a function f(x) to be continuous at x= a, it is necessary that
?gaf(x) must exist.

Note 2 : The function must be defined at the point of continuity.

Note 3: The value of 8 depends upon the values of € and a.

Note 4 : The interval I may be of any one of the forms :

]a?b[?]_ oo,b[,]a,tx)[,]— oo,oo[.

An alternative definition of continuity: A function fis said to be continuous at
ae I iff iml)af(x) exists, is finite and is equal to f(a) otherwise the function is
discontinuous at x= a.

This definition of continuity follows immediately from the definition of limit and
the definition of continuity. Thus a function f is said to be continuous at a, if
fla+ 0)= f(a— 0)= f(a). This is a working formula for testing the continuity of a
function at a given point. (Bundelkhand 2008, 10; Kashi 12)

Important Remark: If f(x)= ayx"+ a;x"~ Ty 4 a,_(x+a, is a
polynomial in x of degree n, then by the above definition it can be easily seen that f(x)
is continuous for all xe R.

If c be any real number, then

lim lim _
xoc fO= x5 {agx™+ apx" Ty o+ a,_x+ a,}

_lim n lim n— 1 lim lim
=dyx e X"t ay xS0 X + .t a,_ 1 xS5e Xt x5 q,
— n n—1 .. lim —
=aygc"+ a;c + ...+a,_jct+a, S x> X=¢

= f(o).



D-26 Krissas DIFFERENTIAL CALCULUS

Since LHE)C f(x) = f(c), therefore f(x) is continuous at x= c.

Thus f(x) is continuous at every real number ¢ and so f(x) is continuous for all
xe R.

Thus remember that a polynomial function f(x) is always continuous at each
point of its domain.

Continuity from left and continuity from right :
Let f be a function defined on an open interval I and let a € I. We say that f is

continuous from the left at a if imi)a — 0f (x) exists and is equal to f (a). Similarlyfis said

to be continuous from the right at a if imi)a + 0f (x) exists and is equal to f (a).

From the above definitions it is clear that for a function fto be continuous at a,
it is necessary as well as sufficient that fbe continuous from the left as well as from the
right at a.

Continuous function : A function f is said to be a continuous function if it is
continuous at each point of its domain.

Continuityin an open interval : A function fis said to be continuousin the open
interval ]a, b[ if it is continuous at each point of the interval. (Bundelkhand 2009)

Continuityin a closedinterval : Letfbe a function defined on the closed interval
[a, b]. We say that fis continuous at a if it is continuous from the right at a and also that
fiscontinuous at bifitis continuous from the left at b. Further, fis said to be continuous
on the closed interval [a, b], if (i) it is continuous from the right at a, (ii) continuous
from the left at b and (iii) continuous on the open interval ]a, b[.

Thus if a function fis defined on the closed interval [a, b], then

(i) it is continuous at the left end point a if f(a) = f(a+ 0)

. li
ie. f@=3"04 0 f®
(ii) it is continuous at the right end point b if f(b) = f(b— 0)
. li
ie., =30 0 £
and (iii) it is continuous at an interior point c of [a, b] i.e.,at c€ ]a, b [ if

fle=0)=f(o)= flc+ 0) ie,if L“ic_ 0f()=f(c)= ?‘iﬁ 0 f(x).

1.8 | Discontinuity

Definition : If a function is not continuous at a point, then it is said to be
discontinuous at that point and the point is called a point of discontinuity of this function.

Types of discontinuity : (Avadh 2014)
(i) Removable discontinuity : (Meerut 2011)
lim

A function fis said to have a removable discontinuity at a point a if x—>af(x)

exists but is not equal to f(a) i.e., if

fla+ 0)= fla—= 0)# f(a).

The function can be made continuous by defining it in such a way that
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WD f W = fla).

(ii) Discontinuity of the first kind or ordinary discontinuity :  (Meerut 2010B)

A function fis said to have a discontinuity of the first kind or ordinary discontinuity
at a if f(a+ 0) and f(a — 0) both exist but are not equal. The point a is said to be a
point of discontinuity from the left or right accordingas f(a— 0)# f(a) = f(a+ 0)or
fla=0)=f(a)# f(a+ 0).

(iii) Discontinuity of the second kind: A function f is said to have a
discontinuity of the second kind, at a if none of the limits f(a + 0) and f(a— 0) exist.
The point a is said to be a point of discontinuity of the second kind from the left or right
according as f(a — 0) or f(a+ 0) does not exist. (Meerut 2003, 10B)

(iv) Mixed discontinuity : (Meerut 2012B)

A function fis said to have a mixed discontinuity at a, if f has a discontinuity of
second kind on one side of @ and on the other side a discontinuity of first kind or may
be continuous.

(v) Infinite discontinuity : A function fis said to have an infinite discontinuity
ataiff(a+ 0)orf(a— 0)is+ o or— o.Obviously, if fhas a discontinuity at a and is
unbounded in every neighbourhood of @, then fis said to have an infinite discontinuity
at a.

1.9 | Jump of a Function at a Point

If both f(a+ 0) and f(a — 0) exist, then the jump in the function at a is defined
as the non-negative difference f(a+ 0) ~ f(a— 0). A function having a finite number

of jumps in a given interval is called piecewise continuous or sectionally continuous.

Iltustrative Examlales

Example 1: Test the following functions for continuity :

(i) f(x)=xsin(1/x),x# 0,f(0)= 0atx= 0. (Kanpur 2005; Avadh 08;
Meerut 09B; Purvanchal 09; Kashi 12; Rohilkhand 14)

Also draw the graph of the function.

(ii) f(x) = 2V when x# 0, f(0) = 0 arx= 0.

(iii) f(x) = 1/(1 = e /%, x# 0,f(0)= 0atx= 0.

Solution : (i) Here f(0+ 0) = }IHE)O fO+ h),h>0

= m ey = M sin%z 0. [See theorem 10 of article 1.3]

[ }IHE)O h= 0and sin% < lforall h# Oi.e., sin(1/h) is bounded

in some deleted neighbourhood of zero}

Similarly £(0— 0)= 1™ ¢ F(O— h).h> 0
lim lim . 1 lim .1
=nh=0 f(=h=p0 (= h)sin — T h>0 hsmzz 0, as before.

Also f(0) = 0.
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D-28
Thus f(0— 0)= f(0)= f(0+ 0).
.. the function f(x) is continuous at Y
x= 0. /\1\ /ﬂ
To draw the graph of the function we \\ //
puty= f(x).
So the graph of the function is the curve \\ //
y= xsin (1/x),x# 0 NN
and y= 0 when x= 0. \///‘ Ol\\\[ X
If we put — xin place of x, the equation
of this curve does not change and so this curve // \\
is symmetrical about the y-axis and it is d h
sufficient to draw the graph when x> 0. d AN
Also
lf@ 1 = lxsina/ml =[xl |sin(1/9]
< |xl. [ | sin(1/m ] <
for all x the curve y= xsin (1/x) lies between the lines y= xand y= — x.
Excluding origin the curve meets the y-axis at the points where
sinlz 0 i.e., where l: T, 2T, 37, ... i.e., where x= %’L,L,
X X 2n 3m
Also y= xat the points where siniz 1 ie., i: %?5; ’ 9; ’
ie. ng’l’z .
’ T 5t 9nm
. .1 . 1 3n Tn
and y= — xat the points where sin—= — 1 ie., P
ie x= 2 ’ 2 ’
3n T
We have iy: sinl+ x(cosl) [— 1): sinl— lcosl~
dx x x 2 x x x

1]

So at the points where sin (1/x) = 1, we have cos(1/x) = 0 and dy/dx= 1 i.e., at
these points the curve touches the straight line y= x. Similarly at the points where

sin (1/x) = — 1, the curve touches the straight line y= — x.
Also LHE)(X, X sin N [Form o x 0]
lim sin (1/x) 0
Txoe [Form )
lim sin® .1
=950 T’puttmg;z 0 so that 8 -0 as x -

= 1.

Thus y —>1 as x >0 and so the straight line y= 1is an asymptote of the curve.
Although the function is continuous at the origin, yet the graph of the function
in the vicinity of the origin cannot be drawn, since the function oscillates infinitely often

in any interval containing the origin.

From the graph it is clear that the function makes an infinite number of
oscillations in the neighbourhood of x= 0. The oscillations, however, go on diminishing

in length as x —0.
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Note 1: If we are to check the continuity of f(x) at any point x= ¢, where
i i .1 .1 .
c# 0, then we see that LHE)C fx)= LHE)C xsm;z csm;zf(c) and so f(x) is
continuous at x= c.
Thusf(x) iscontinuous for allxe R i.e., f(x)iscontinuouson the whole real line.
Note 2 : If we take f(0) = 2, the function becomes discontinuous at x= 0 and
has a removable discontinuity at x= 0.

(i) Here f(0+ 0)= }l”lof(m h) = };fgo 2W/h= 2% = oo,

li li _ C e
F0-0=pDor0-n= o2 Vi=2 ==,

and £(0)= 0.

Since f(0+ 0) # f(0— 0), therefore the function is discontinuous at the origin.
It has an infinite discontinuity there.

lim lim 1
(iii) Here f(0+ 0)= 5 50f(0+ h)=} _>01_67_1/h= 1,

0= 0= 30 £ 1) = 30 =0

Since f(0+ 0)# f(0— 0), hence f(x) is discontinuous at x= 0 and has
discontinuity of the first kind. This function has a jump of one unit at O since
f(O+0-f(0-0=1.

Example 2 : Consider the function f defined by f (x) = x— [x], where x is a positive
variable and [ x] deontes the integral part of x and show that it is discontinuous for integral
values of x and continuous for all others. Draw its graph.

Solution : From the definition of the function f(x), we have

fx)=x—(n-1) for n— 1< x< n,
fx)=0 for xX= n,
fxX)=x—n for n< x< n+ 1,where nisan integer.

We shall test the function f(x) for continuity at x= n.
We have f(n)=0;
Fot 0= ™ ornt hy= B o (it h)— n) [on<n+ h<n+ 1]
lim
= h—0h=0;

WM =iy = B (= )= (1= 1)} [ n— 1< n— h< n]

and f(n—0)

lim
=h—0-M=1
Since f(n+ 0) # f(n— 0), the function f(x) is discontinuous at x= n. Thus f(x)
isdiscontinuous for all integral values of x. It is obviously continuous for all other values
of x.
Since x is a positive variable, puttingn= 1,2,3,4,5, ... we see that the graph of
f(x) consists of the following straight lines :
y= xwhen 0< x< 1, y= 0 when x= 1
y=x— lwhen 1< x< 2, y= 0 when x= 2

y= x— 2when2< x< 3, y= 0 when x= 3



D-30 Krissas DIFFERENTIAL CALCULUS

y=x— 3when3< x< 4, y= 0 when x= 4 and so on.

The graph of the function thus
obtained is shown by thick lines from
x= 0 to x= 4. From the graph it is
evident that :

(i) The function is
discontinuous for all integral values of |
x but continuous for other values of x. | | | |

(ii) The function is bounded | | | |
between 0 and 1 in every domain | R
which includes an integer. Olx=0 x=1 x=D x=3 x=4 X

(iii) The lower bound O is
attained but the upper bound 1 is not
attained since f(x) # 1 for any value of x.

Y

Example3: Show that the function f (x) = [x] + [— x] has removable discontinuity

forintegral values of x. (Kanpur 2009)
Solution : We observe that f(x) = 0, when xis an integer and f(x) = — 1, when
x is not an integer. Hence if n is any integer, we have f(n— 0) = f(n+ 0)= — 1 and

f(n)= 0. So the function f(x) has a removable discontinuity at x= n, where n is an
integer.

Exampled4: Lety= E (x), where E (x) denotes the integral part of x. Prove that the
function is discontinuous where x has an integral value. Also draw the graph.
Solution : From the definition of E (x), we have
Ex=n—-1 for n— 1< x<n,
E(x)=n for n<x<n+ 1
Ex=n+1 for n+ 1< x<n+ 2,
and so on where n is an integer.
We consider x= n.
Then E(n)=n,E(n— 0)=n—- land E(n+ 0)= n.
Since E (n+ 0) # E (n— 0), the function E (x) is discontinuous at x= n i.e.,when
x has an integral value.
Evidently it is continuous for all other values of x.

To draw the graph, we putn= ...,— 4,— 3,— 2,—- 1,0,1,2,3,4, ..., so that

y=— 4, when —4< x< - 3,

y=—3, when - 3< x< -2,

y=— 2, when —2< x< -1,

y=—-1, when - 1< x< 0,

y= 0, when 0< x< 1

y=1, when 1< x< 2

y= 2, when 2< x< 3

y= 3, when 35 x< 4

y= 4, when 4< x< 5andso on.

The graph is shown by thick lines.
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| | | 1 Y\ 1 1 1 1
I I I I -4 | I I I
I I I I I I I I
I I I I -3 | I —_—
I I I I I I I I
I I I I -2 | — I
I I I I I I I I
I I I I -1 I I
I I I I I I I I
! ! ! ! | ! ! !
|—4 |—3 |—2 |—1 0|0 1| 2| 3| 4| X
I I I —_r -1 | I I I
I I I I I I I I
I I —_ - -2 | I I I
I I I I I I I I
I —_ I - -3 | I I I
I I I I I I I I
—_ I I - -4 | I I I
| | | | | | | |

Example 5 : Show that the function ¢ defined as

0 for x=20
%—x for 0< x<%

oW=12  for x=;
%—x for %< x< 1
1 for x=1

has three points of discontinuity which your are required to find. Also draw the graph of the
function. (Rohilkhand 2009; Avadh 10, 13)
Solution : Here the domain of the function ¢ (x) is the closed interval [0, 1].
When 0< x< %,q) (x) = %— x which is a polynomial in x of degree 1. We know
that a polynomial function is continuous at each point of its domain and so ¢ (x) is
1

continuous at each point of the open interval 0 < x< 5 -

. 1 _ 3 . . . : .
Again when ;< x< 1,¢ (x) = 5 — xwhich is also a polynomial in xand so ¢ (x) is
also continuous at each point of the open interval % < x< 1.
Now it remains to test the function ¢ (x) for continuity at x= 0, % and 1.

(i) Forx= 0,we have ¢ (0)= 0,

00+ 0)= 100 O+ h)= 100 (h) = }j‘go(%_ h): 1

Since ¢ (0) # ¢ (0+ 0), the function ¢ (x) is discontinuous at x= Oand the
discontinuity is ordinary.
(i)) Forx= 1, we have ¢ (%) =1

¢(%_ 0): }l“loq)(%— h): }l"lo[%— [%— hﬂ , [Notethat0< 1= h< %}
lim
= h—0h=0.
Since ¢ (%— 0)¢ (0] (%) , the function ¢ (x) is discontinuous from the left at
x= 1/2.

Again 0 (L+ 0)= 1™ 0 L+ m).h> 0
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lim
o [3- 3+ hﬂ [~
lim
=n50 (I-h)=1=% ¢(%): %
Thus the function ¢ (x) is discontinuous from the right also at x= % .
In this way ¢ (x) has discontinuity of the first kind i.e., ordinary discontinuity at
xX= % and the jump of the function at x= 1/2 is ¢(%+ Oj— ¢@— O‘j ie.,
1-0ie., 1.
(iii) Forx= 1, we have ¢ (1)= 1,

o (1= 0= 1™ 00 (1-h

<%+h< 1}

(SlE

= Mo - (- ), [Notethat%< - h< 1}

lim 1 1

Since o()= ¢ (1- 0, 0 (x) is Y
discontinuous at x= 1 and the discontinuity is
ordinary.

Hence the function ¢ (x) has three points of
discontinuity at x= 0, % and 1.

The graph of the function consists of the
point (0,0); the segment of the line y= %— X, I
1. . 1 1). . Z
0< x< 5 ;the point 5 2)‘,the segment of the line %\; T(E'E
y= %— x,%< x< 1;and the point (1, 1).

Thus the graph is as shown in the figure. (g o) |
From the graph we observe that the function is 0

discontinuous at x= 0, % and 1.

Example 6 : Determine the values of a, b, ¢ for which the function

sin(a+ 1) x+ sinx for x< 0
X
fx)= c for x=10
()C+ be)]/Z_ xl/Z
32 for x>0
is continuous at x= 0.
. lim lim (h+ bh*)V2— p1/2
Solution : Here f(0+ 0)= 5 of(0+ h)= }, o3/
Cdim (L BV 1 {1+ 5bh+ L} -1
= h—>0 bh = h—>0 bh - 2
which is independent of » and so » may have any real value except O.
. li li sin(a+ 1) (= h)+ sin(— h
Again  £(0- 0)= 107 (0= my= 70 S0 )((_ h)) -

2 sin (%m 1)hcos(ah/2)
lim sin(a+ 1)h+ sinh 1im
= h—0 P = h—0 P
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_lim sin {(a+ 2)/2} h
T h=0 v+ 220 h

For continuity at x= 0, we have f(0+ 0)= f(0— 0) = f(0)
1 3

. _ _ . 1 _ _ 3.
ie., s=a+ 2= c. . c—zanda— 5

Example 7 : A function f(x) is defined as follows :
(xz/a)— a, when x< a
f )

(a+ 2)cos(ah/2)= a+ 2.

0, when x= a
a— (a%/x), when x> a.
Prove that the function f (x) is continuous at x= a.
(Bundelkhand 2007; Avadh 09; Rohilkhand 13)

. . 2
Solution : We have f(a+ 0)= W™ o f(a+ h)= }l“lo[a— (aih)}

[ f(x)= a— (a*/x) forx> al
= [a— (az/a)]z a—a= 0;
I (a— h)?
Fla-0)= WM o ra— )= h”lo[a— a},[’.’f(x)z (2/a) - aforx< al
= [(a*/a) - al=a- a= 0.
Also, we have f(a) = 0.
Since f(a+ 0) = f(a— 0)= f(a), therefore f(x) is continuous at x= a.
Example 8 : Examine the function defined below for continuity at x= a :

fx)= L cosec( L ),xia
xX—a xX— a

f(x)=0,x= a. (Avadh 2004)
Solution : We have

fla+ 0= ™ of@a+ b

lim 1 cosec 1 _lim 1
Th=0 g a+h—a_h_>0hsin(1/h)

=+ oo R since h sin (1/h) —0 as h —0.

_lim lim 1 1
fla=0)= j 50f(a h)—h_>0h_acosec(a_h_a]

_ lim [1. 1 }_ lim 1

T =07 sin (- (/R ) T P20 hsin (1/h)

=+ oo, since & sin (1/h) —0as h —0.
Also, we have f(a) = 0.
Since f(a+ 0)= f(a— 0) # f(a), the function f(x) is discontinuous at x= a,
having an infinite discontinuity of the second kind.
Example 9 : Examine the function defined below for continuity at x= 0 :

f)=
Solution : We have f(0) =

Smxzax Jorx# 0,f(x)= 1forx= 0. (Meerut 2010)

li li h
f0+0)= h"iof(m =1 orin=pmo" = a
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lim (sinah]z.azz 1.(,12 2

T h0| =a”;
li li li sin® (= ah
and 0= 0= 3T0r0- h= yTof( b= hlg()(_(ih)z)
_lim sin’ah _ ,
= h—>0 hz -
Now f (x) is continuous at x= 0 iff
SO+ 0)= f(0- 0)= f(0).
Hence f(x) is discontinuous at x= O unlessa= 1.
Example 10 : A function f(x) is defined as follows :
fx) =14+ xifx< 2andf(x)= 5—- xifx= 2.
Is the function continuous at x= 27 (Meerut 2002, 06)
Solution: Here f(2)= 1+ 20r5- 2= 3;
f2+ 0)= };gof@ + h), where h is + ive and sufficiently small
lim .
=05 — 2+ h)l, [2+ h>2andf(x)= 5— xifx> 2]
= 1Mo G- m =3
and f(2- 0)= }lnlofﬂ — h), where h is + ive and sufficiently small
lim .
= oll+ (2- h)], [2—h< 2andf(x)= 1+ xifx< 2]
lim

h—0B- h)=3.
Thus f(2+ 0)= f(2— 0) = f(2). Hence the function f(x) is continuous at x= 2.

Example 11 : Discuss the continuity of the function f (x) defined as follows:
f(x) = 2forx< — 2, f(x)= 4for— 2< x< 2, f(x)= 22 forx> 2.
Solution : We shall test the continuity of f(x) only at the points x= — 2 and 2.
Obviously it is continuous at all other points.
At x= — 2. Wehavef(— 2)= 4;
F= 24 0= i 2+ iy = [ Mgd= 4

li li
fE2-0= ' Dof-2-h= Do 2- % [-2-h< -2
= 4.
Since f(— 2+ 0) = f(— 2— 0) = f(— 2), the function is continuous at x= — 2.
At x= 2. Wehavef(2)=4;

f(2+ 0)= }l”lof(u h) = }l“lo(u = 4;
lim lim

fQ=0=p50fQ2=-h=p_504=4
Since f(2+ 0) = f(2— 0) = f(2), the function is continuous at x= 2.
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1.10 | Algebra Of Continuous Functions

Theorem 1: Let f and g be defined on an interval 1. If f and g are continuous at
a € I, then f+ gisalso continuous at a.

Theorem 2 : Let f and g be defined on an interval 1. If f and g are continuous at
a € I, then fg is continuous at a.

Theorem 3 : [f fis continuous at a point a and c € R, then cf is continuous at a.

Theorem 4 : Let fand gbe defined on an interval I, and let g (a) # 0. If f and g are
continuous at a € 1, then f/gis continuous at a .

Theorem S : If fis continuous at a then | f | is also continuous at a.

Note : The converse is not true. For example, if

f(x)=— 1l,forx< aandf(x) = 1 forx= athen
}C"Em |f(x)| = 1= |f(a)| but?rgaf(x) does not exist.

Thus | f | is continuous at a while f is not continuous at a.

@mprehensive Exercise 2

1. Discuss the continuity and discontinuity of the following functions :

(i) fx)=x- 3x (1) fx)=x+x" L

(iii) f(x) = e~ /¥, (iv) f(x) = sinx.

(v) f(x)= cos(1/x) when x# 0,f(0)= 0.

(vi) f(x) = sin (l/x) when x# 0,and f(0) = 0. (Lucknow 2011)

(vid) f () = =~ When x# Oand £(0) = (Kanpur 2007; Avadh 08)
l/x_

(viii) £ (x) = el/ilwhenxi 0andf(0) = 1. (Meerut 2004B)
e*+ 1

1/x

(ix) f(0)= eil/xwhenxi 0,£(0) = 0. (Bundelkhand 2011)

1+ e

xel/x
x) f(x)= ﬁ—i_ sin (1/x) when x# 0, f(0) = 0.
(xi) f(x) = sinxcos(1/x) when x# 0,f(0) = 0.

ol
2 whenx# 0
_ X
2. (i) Discuss the continuity of f(x) at x= 0, if f(x) = I-e
1 , whenx= 0
(Meerut 2008)

(i) If f(x) = smx I ’findf(a-i- 0) and f(a - 0).

Is the function continuous at x= a?
3. Find out the points of discontinuity of the following functions :
1) f@= @2+ ")~ 1+ cosel”*forx# 0,£(0)= 0.
(i) f(x)= 1/2"for1/2"* 1< x< 1/2", n=0,1,2,...andf(0) = 0.
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10.

11.

12.

If f(x) = i sin i for x# 0andf(0) = 0, show that f(x) is finite for every value of

xin the interval [~ 1, 1]but isnot bounded. Determine the points of discontinuity
of the function if any.
x, ifxisrational

A function fdefined on [0, 1] is given by f(x) = {1 ~ x ifrisirrational

Show that ftakes every value between 0 and 1 (both inclusive), but it is continuous

. _ 1 .
only at the point x= 5 (Rohilkhand 2012B)

Prove that the function f defined by

1 if xisrational

fx)=

% » if xisirrational

is discontinuous everywhere.
1/x

(i) Show that the function fdefined by f(x) = %’xi 0,£(0)= 1
+ e
is not continuous at x= 0 and also show how the discontinuity can be
removed. (Meerut 2011; Rohilkhand 06)

(ii) Show that the function f(x) = 3x%+ 2x— 1is continuous for x= 2.
(iii)) Show that the function f(x)= (1+ 29)% x# 0, f(x)= €% x= 0 is
continuous at x= 0.
Examine the continuity of the function
- ¥ ifx< 0
5x— 4 if0< x< 1

S = 42— 3y ifl<x< 2
3x+ 4 ifx>2
atx= 0,1 and?2. (Meerut 2004, 06B, 07B; Avadh 06; Purvanchal 06, 10)
(i) Show that the function

1/x

e 1
fx)= m’xi Oandf(0)= 0

is discontinuous at x= 0.

Show that the following function is continuous at x= 0.

1
fx)=

sin” ' x

sx# 0,£(0) = 1.

Discuss the continuity of the function f(x) = ﬁ >when x# 0 and f(0)= 0
e

for all values of x. (Rohilkhand 2010B)

Prove that the function f(x) = for x# 0, f(0) = Ois continuous at all points

except x= 0. (Meerut 2009; Kanpur 08, 09)
el % sin (1/x)

1+ el
and f(0) = 0. (Meerut 2005)

Test the continuity of the function f(x) at x= 0if f(x) = x# 0
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13.

14.

15.

16.

17.
18.

19.

Examine the following function for continuityat x= Oand x= 1:

x2 for x<0

1 for 0< x< 1

F= 1 (Meerut 2001, 03, 04B, 05)
=  for x> 1.
X

Discuss the continuity of the following function at x= 0:

cosx, x> 0
S = {— cosx, x< 0.
Test the continuity of the following functions at x= 0:
(i) f(x) = xcos(1/x), when x# 0,f(0)= 0. (Meerut 2007)

(ii) f(x) = xlogx, for x> 0,f(0) = 0.
Discuss the nature of discontinuity at x= 0 of the function f(x)= [x]— [- x]
where [ x ] denotes the integral part of x.

Discuss the continuity of f(x) = (1/x) cos (1/x).

Give an example of each of the following types of functions :

(i) The function which possesses a limit at x= 1 but is not defined at x= 1.

(ii) The function which is neither defined at x= 1 nor has a limit at x= 1.

(iii) The function which is defined at two points but is nevertheless discontinuous
at both the points.

In the closed interval [- 1, 1] let fbe defined by
f(x) = 22sin (1/x%) forx# 0andf(0) = 0.
In the given interval (i) Is the function bounded ? (ii) Is it continuous ?

10.
12.
13.
14.
15.

@nswers 2

(i) Continuous for all x. (ii) Discontinuous at x= 0.
(iii) Discontinuous at x= 0. (iv) Continuous for all x.
(v) Discontinuous at x= 0. (vi) Discontinuous at 0.
(vii) Continuous for all x. (viii) Discontinuous at 0.
(ix) Discontinuous at 0. (x) Discontinuous at 0.

(xi) Continuous for all x.

(ii) No, it has a discontinuity of second kind. Here both f(a + 0) and f(a — 0) do
not exist.

(i) Discontinuous at x= 0.

(ii) Discontinuous atx= 1/2",n=1,2,3, ...

Discontinuous at 0.

Continuous at x= 1, 2 and discontinuous at x= 0.
Discontinuous only at x= 0 and the discontinuity is ordinary.
Discontinuity of the second kind at x= 0.

Discontinuous at x= 0 and continuous at x= 1.
Discontinuous at x= 0.

(i) Continuous.
(ii) Continuous.
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16. Discontinuity of the first kind.
17. Continuous for all x, except at x= 0 where it has discontinuity of the second kind.

18. (i) f(x)= x2forx> 1,f(x)= X forx< 1.

(i) f(x)= — x2forx< 1,f(x)= x*forx> 1.
3

(i) f(x) = 0forx< 0.f(x)= 3 — xfor0< x< 2> f(x)= 3+ xforx> -

19. (i) Yes; (ii) Yes.

@)jective Type Guestions

Fill in the Blanks:

Fill in the blanks “...... ”, so that the following statements are complete and correct.
. . . . . lim
1. A function f(x) is continuous at a point x= a if x1—>a fx)= ... .

(Bundelkhand 2008)

lim x2-1_

2. e
lim sin (x/4)

3. — = ...
x—0 X

g Mim oXo1_
x—=1 xy2_
lim 1/x _

5 0 1+ x"*= ...

6, m a=-1_

x>0 x
7. Iff(x) = x— [x], where [x] denotes the greatest integer less than or equal to x, then
fx)= ... ,for3< x< 4.

X ,0< x< 1
3—x, 1< xL 2.

8. Letf(x)= {

lim
Thenx_>1_ fx)= ... .

1 R x< 1
9. Letf(x)=12—x, 1< x<?2
2 , x> 2.
a3 ... lim _ ... lim _
Then (1)f(§)— ...... (n)x—>1+ fx)= ... and (111)x_>2_ fx)= ...
(Meerut 2003)
: sin x
o, Mim lsinxl
x—0- X
lim

11. A function f(x) has a removable discontinuity at x= a if u f(x) exists but

x—
is not equal to ...... .
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

The domain of the function f(x) = Ssz S ...... .
sinx, 40
The domain of the function f(x) = .
1 ,x=0

is......

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

lim |xl
0 is equal to
(a) 1 (b) -1 (c) 2 (d) The limit does not exist
lim e*— 1 .
0 is equal to
(a) O (b) 1 (c) -1 (d) 2
lim M is equal to
x—=2+ x-=2
(a) -1 (b) 1 (c) 2 (d) =2
lim M is equal to
x—=3- x-3
(a) -1 (b) 3 (c) -3 (d) 1 (Meerut 2003; Rohilkhand 14)
lim e!*-1 . It
X0+ g | is equal to
(a) -1 (b) 1 () O (d) 2

True or False:
Write ‘T’ for true and ‘F’ for false statement.

x, when x< 0
Iff(x)=711, whenx=0

xz, when x> O,

lim
thenx_>0 f(x)= 0.

sin x
The function f(x) = X
2 ,x=0

is continuous at x= 0.

> x# 0

sinx, x> 0

The function = { .
S —sinx , x< 0
is continuous at x= 0.

For xlina f(x) to exist, the function f(x) must be defined at x= a.
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xcos(1/x), x# 0

23. The function f(x) = { 0 x= 0

is discontinuous at x= 0.

24. [If a function fis continuous at a, then | f | is also continuous at a.

sin x
25. The function f(x) = {, x# 0
1 ,x=0
is continuous at x= 0.
1 R x< 1
26. The function f(x) = {2— x, 1< x<2
2 R x> 2

is discontinuous at x= 1.

27, lim sinx _ 1.

X—>00 x
28. lim sin 3x -1

x—0 X
29, lim sin 2x: o3

x—0 X

lim sinx_ 1
30. x—=0 2x 2

@DSWCI'S

1. f(a) 2. 2 3. L 4. 3 5
. a). . . - 5 e
6. log,a. 7. x- 3. 8. 1.
9. (i)% (i) 1 (iii) 0. 10. -—1. 11. f(a).
12. R- {0}. 13. R. 14. (d). 15. (b). 16. (b).
17. (a). 18. (b). 19. T. 20. F. 21. T.
22. F. 23. F. 24. T. 25. T. 26. F.
27. F. 28. F. 29. T. 30. T.



Differentiability

2.1  Definitions

Derivative at a point : (Bundelkhand 2010; Purvanchal 11)
Let I denote the open interval ]a, b[ in R and let xy € 1. Then a function f: I >R is

said to be differentiable (or derivable) ar x iff

lim f o+ )= f(xy) lim ()= f(x)

h—0 A or equivalently

x—>x0 xX— _xO
exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of fwith respect to x at x= Xx;.

It is denoted by f” (x,) or by D f (x,).

Progressive and regressive derivatives :
The progressive derivative of fat x= x, is given by

lim f(x()"' h) — f(x())
h—0 h ’
It is also called the right hand differential coefficient of fat x= x; and is denoted
by R f’ (xg) or by f" (x5 + 0).
The regressive derivative of fat x= Xx is given by
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lim f(x() - h)- f(x())
h—0 —h ’
It is also called the left hand differential coefficient of fat x= x; and is denoted
by L f” (xy) or by f” (x,— 0).
It is obvious that fis derivable at x, iff L f’ (xy) and Rf” (x,) both exist and are

equal.
Remark: Iff(x)= ayx"+ a;x"~ Ty o+ a,_ 1x+ a,is a polynomial in x of
degree n, then f(x) is differentiable at every point a of R.

Differentiability in an interval : (Meerut 2003; Purvanchal 11)
Open interval Ja,b[ : A function f: ]a, b [ R is said to be differentiable in la, b[
iff it is differentiable at every point of la, bl.

Closed interval [a,b] : A function f:[a,b] >R is said to be differentiable in
[a, b iff R’ (a) exists, L f” (b) exists and f is differentiable at every point of la, b|.

Derivative of a function : Let fbe a function whose domain is an interval 7. If
I, be the set of all those points x of I at which fis differentiable i.e., f” (x) exists and if
I, # &, we get another function f” with domain 7. It is called the first derivative of f (or
simply the derivative of f). Similarly 2nd, 3rd, ..., nth derivatives of f are defined and
are denoted by f”/, ", ....f " respectively.

Note : The derivative of a function at a point and the derivative of a function are
two different but related concepts. The derivative of fat a point a is a number while the
derivative of fis a function. However, veryoften the term derivative of fis used to denote
both number and function and it is left to the context to distinguish what is intended.

An alternate definition of differentiability :

Let fbe a function defined on an interval / and let a be an interior point of /. Then,
by the definition of f” (a), assuming it to exist, we have
, lim f(x) = f(a)

[ la= x—>a x—a
X— a
i.e., f’(a) exists if for a given € > 0, there exists a > 0 such that
f® - f(a)
X— a

— f’ (a)| < € whenever 0< | x— al <&
or equivalently

xe€ Ja— 8, a+ d[=f'(a)— €< < f’(a)+ &

fx) = f(a)
e

a

2.2 ‘ Geometrical Meaning of a Derivative

We take two neighbouring points P [a, f(a)] and Q [a+ h,f(a+ h)] on the curve

y=f(x).
Let the chord PQ and the tangent at P meet the x-axisin L and T respectively. Let
ZQLX= aand £ PTX = y. Draw PN and QM L to OX and PH 1 to OM.

Then PH= NM= OM—- ON=a+ h— a= h,
and OH= OM—- MH= QM- PN= f(a+ h)— f(a).

QH _ f(a+ h) - f(a) (D

tan o= PH— h
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As h —0, the point Q moving
along the curve approaches the
point P, the chord PQ approaches
the tangent line TP as its limiting
position and the angle vapproaches
the angle y.

Hence taking limits as 7 —0,
the equation (1) gives

tany= f’ (a).

Hence f’ (a) is the tangent of
the angle which the tangent line to
the curve y= f(x) at the point
P la,f(a)] makes with x-axis.

2.3 A Necessary Condition for the Existence of a Finite Derivative

Theorem : Continuity is a necessary but not a sufficient condition for the existence

of a finite derivative. (Meerut 2010, 10B, 11; Kanpur 07, 12; Avadh 10; Kashi 14)
lim S () — f(x)
X=X, x—ixo

f )= fx)

f7 (xg). Now, we can write f(x) — f(xg) = o

Proof: Let f be differentiable at x;. Then exists and equals

- if x# x,.
% (x— xp), ifx# X,
Taking limits as X =Xy, we get

lim [f(0) - f(x) lim [/ ()= f(x)
x_>x0[f Fx ] T XX - o % (x— xp)

lim f() - f(x) lim

- x_”‘ox—ix()’ X=X, (x=xp) = f" () . 0= 0,
lim
so that x—>x0f(x) = f(x).

Hence f is continuous at x,. Thus continuity is a necessary condition for

differentiability but it isnot a sufficient condition for the existence of a finite derivative.
The following example illustrates this fact :
Let f(x) = xsin (1/x),x# 0and f(0) = 0.
This function is continuous at x= 0 but not differentiable at x= 0.
. lim lim N . .
Since 0 fx)= 50 xsmx— 0= f(0), therefore the function f(x) is

continuous at x= 0.

lim f(O+ h)—f(O): lim f(h) - f(0)

NowRfT ()= L0 h h—0 h
_lim hsin(I/W) -0 im . 1
T h50 h T o0ty

which does not exist. Similarly L f” (0) does not exist.
Thus f(x) is not differentiable at x= 0, though it is continuous there.
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2.4 Algebra of Derivatives

Now we shall establish some fundamental theoremsregarding the differentiability
of the sum, product and quotient of differentiable functions.
Theorem 1: If a function f is differentiable at a point x, and c is any real number,

then the function cfis also differentiable at xo and (cf)” (xg) = cf” (xy).
Proof : By the definition of f* (x;), we have
lim Jf () — f(x)

x—>x0 xX— _xO

lim (ef) )= (cf) () lim cf ()= cf(x)

= f’(x())-

NOW x—>x0 xX— _xO - x—>x0 xX— _xO
lim S0 = fx)
= .x—>.x0 ¢ xX— _xO
lim f () = f(x) ,
=c- x_>x0x—7xoz cf” (xp)-

Hence cfis differentiable at xy and (cf) " (x)) = cf” (x).
Theorem 2 : Let f and g be defined on an interval I. If f and g are differentiable at
Xy € I, then so also is f+ gand
(f+ 9 (x()) =f (x()) + g (x())-
Proof : Since fand g are differentiable at x, therefore

lim Jf () — f(x)

x—>x0 xX— _xO

=17 (%), (1)

lim &) — g(x)

and x_>x0x—7xoz g (xp)- ...(2)

lim (f+ 8 ()= (f+ & (xp)

Now x—ox, X %
_lim [+ g [f () + g (xp)]
- X =X, x— X

lim [f() = fx) &) — g(x)
+

X=Xy X=X X=X

lim f() - f(x)  1lim §&)— g(x)
x—>x0 xX— _xO x—>x0 xX— _xO
as the limit of a sum is equal to the sum of the limits

= f" (%) + & (xy), using (1) and (2).

Hence f+ gis differentiable at x; and

(f+ 9’ (x()) = f’ (x()) +g (x())-

Theorem 3: Letfand g be defined on an interval I. If f and g are differentiable at
Xy € 1, then so also is fgand  (fg)" (xp) = f~ (x) & (xg) + f(xg) & (xp)-
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Proof : Since fand g are differentiable at x;, we have

lim f(0) = f(x)

% xmx " (%) (D
lim &) — g(x)
and xl—I:;cOx_ixOO: g’ (x) ...(2)
lim (f9 - (f8) (x))  1lim f() g — f(x) g (xp)
Now x5, x— x T xox, x— x
_lim f) 80— fxg) 80 + fxp) §(0) — f(xp) 8 (xp)
x—>x0 xX— xO
lim [f()— f(x) g(x) — g(xp)
Sxox|  x-x <£;(x)+f(xo)x_7x0
lim f()— f(x) lim lim &) — g(x)

_x—>x0x_7xo’x—>x0g(x)+f(x0)’x—>x0 x— X,
=f (x()) 8 (x()) + f(x()) g (x())»

I
using (1), (2) and the fact thatxl_I:COg(x) = g (%)

Note that g (x) is differentiable at x= x; implies that g (x) is continuous at x, and
SO
lim B
X -, g0 = g(xp).

Hence fgis differentiable at x; and
(9 (x()) =f (x() )8 (x()) + f(x()) g (x())-
Theorem 4: If f is differentiable at x, and f(xy) # 0, then the function 1/f is
differentiable at xy and (1/f)" (xg) = — [ (xp)/{ f (xp) )2
lim f() = fx)

Proof : Since fis differentiable at x;, therefore x>, ﬁ = 1 (x).

...(1)

Since fis differentiable at Xy it is continuous at Xy therefore
lim B 5
xmag ] 0= S () # 0. (2)

Also, sincef(xo) # 0, hence,f(xo) # 0in some neighbourhood N ofxo. Now, we
have forxe N
1
lim f(®  fOg)  lim { fO-flxg) 1 }

X —>.x0 xX— _xO X —>.x0

x=xy  f@) fx)
lim f() = /f(p) lim 1 1
XX x—xy X% )
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= f (%) - >using (1) and (2)

f(x()) f( 0)

— [ (xp)/{f (xp) }2.

Hence 1/fis differentiable at x; and
(/) () = = [ (xp)/{ f(xp) }2.

Theorem S : Let f and g be defined on an interval I. If f and g are differentiable at
Xg € I, and g (xy) # O, then the function f/g is differentiable at x, and

K g (x())f’ (x()) - f(x()) g’(x())]

- (x()) = ) :
g (x())]

Proof: Use theorems 3 and 4 of article 2.4.

2.5 ‘ The Chain Rule of Differentiability

Theorem. Let f and g be functions such that the range of f is contained in the
domain of g If f is differentiable at xy and g is differentiable at f(xy), then gof is

differentiable at x,, and
(80f) (xp) = & (f(xp))-f" (xp).
Proof. Lety= f(x) and y,= f(x).

Since fis differentiable at x;, we have

lim f() = f (xo)
XX x- x " (%)
or )= flxg) = (x= x) [f" (xp) + A(0)] (1)
where A (x) =0 as x —=x,.

Further since gis differentiable at Yo We have

lim 8y — g(y)
YN -y =g (y)
or g -8y ==y & () + 1] (2)
where L (y) —>0as y—y,.
Now  (gof) (x)— (gof) (x)) = g(f(0)) — g(f(x)) = g(y) — g(¥)
= (y= y) [& () + 1 (M), by (2)
= [f) = fOIILE (yp) + 1(Y]
= (x= x) [f" () + A& (yp) + 1(M], by (1).
Thus if x# x;, then
(gof) () — (gof) (xp)

X— XO

=[& (o) + LWL () + M1 -(3)

Also f being differentiable at x,, is continuous at x, and hence as x—x,,
F ) =f(x) ie., y =
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Consequently u (y) =0 as x =x, and A(x) =0 as x —x,.
Taking the limits as x —x;, we get from (3)

lim (g0f) (x) = (g0of) (x)

x =3, o = ¢ () -f ().

Hence the function gof'is differentiable at x, and (gof )" (x;)= & (f(xx)) [ (xp)-

2.6 | Derivative of the Inverse Function

Theorem : Iffbe a continuous one-to-one function defined on an interval and let
f be differentiable at x,, with f” (x,) # 0, then the inverse of the function f is differentiable

at f(x) and its derivative at f(x,) is 1/f’ (xp)-
Proof : Before proving the theorem we remind that if the domain of fbe X and

its range be Y, then the inverse function g of f usually denoted by f~ ! is the function
with domain Y and range X such that f(x) = y<g(y) = x. Also gexists if fis one-one.

Lety= f(x) and y;= f(xp).
Since fis differentiable at Xy, We have

lim Jf(x) = f(x)

XX x— x = 1" (xp)
or )= flxg) = (x= x) [f” (xp) + MN)] (D
where A(x) =0 as x —x,. Further, we have

g(») — g(y) = x— x, by definition of g.

sN-8glyp) x—x  x-Xx 1

Y=o Y=Yy SO=fGg) [ )+ M)
It can be easily seen that if y -y, , then x —x;,.

s by (1).

In fact, fis continuous at x; implies that g= f~ I'is continuous at f(xy)) = yp and
consequently
g(y) =g () asy—>yyie, x >xyasy—y,,so that A(x) >0asy—y,.

lim g(») - &(y)  lim 1 1
YN y=yy Y7 f () + k(x) (%)
, 1

or g (Y= o) or g (f(x))= 7 ) (xo)

I!!ustrative Examlales

Example 1: Prove that the function f(x) = | x| is continuous at x= 0, but not
differentiable at x= 0 where | x| means the numerical value or the absolute value of
X. (Bundelkhand 2008; Rohilkhand 07; Avadh 11; Meerut 13B)

Also draw the graph of the function.
Solution : We have f(0) = | |

F(0+ 0)= hhmof(o+h) h Of(h) hli“olhlzh_)()hzo
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lim lim lim lim |,
and FO- 0=, or0=m= o f-mn=, " [ -nl = =0
fO)=f(0+ 0)= f(0- 0).
Hence f(x) is continuous at x= 0.

Also, we have Rf” (0) = lim f(O+ h) = f(0) _ lim f(h) = f(0)

h—0 h T h—=0 h
= hli;no|h|h—(): hlino % , (h being positive)
= hlino I=1
and Ly ©= hli“o’w= hlinow
= hli;n()'—fz'}l—() = hlino _hh’ (h being positive)
= Do 1= 1

Since R f’ (0) = L f’ (0), the function f(x) is not differentiable at x= 0.
To draw the graph of the function f (x) = | x|

x, x=20
—x, x<0.

We have f(x) = {

Let y= f(x). Then the graph of the function consists of the following straight
lines :

y= X, x>0
y=—-1x x=<0.
The graph is as shown in the figure.
From the graph we observe that the function B r A
is continuous at the point O i.e., at the point
x= 0but it is not differentiable at this point. 2 .
The tangent to the curve at the point O from O N

the right is the straight line OA and from the
left is the straight line OB. Thus the tangent
to the curve at O does not exist and so the 0 X
function is not differentiable at O.

Example 2 :  Show that the function f(x) = | x| + | x— 1 | is not differentiable

atx= 0and x= 1. (Meerut 2005B, 08; Kashi 14)
Solution : We first observe that if x< 0, then
|x| =—xand|x— 1| = |1—x| =1-x;
if0< x< 1, then |x| = x and |x— 1| = | 1—x| =1-x;
and if x> 1, then |x| = xand |x— 1| =x— 1.

the function f(x) is given by
1-2x, ifx< O
fx) =11, if0< x< 1
2x— 1, ifx> 1.
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lim f(0+ h)— £(0)

Atx= 0. Wehave Rf’ (0)=

h =0 h
= hlinow= hlino%,asf(x)z 1if0< x< 1
= 1 0p0= 0.
and Ly o= hlijow
_dim SR = £O) _ Tim [1= 2(= W11
h—0  —h h 0 i

[ f()=1- 2xifx< 0]

lim 2h lim
T ho0-hT ho0 2T 7
Rf’” (0)= Lf’ (0), so the given function is not differentiable at x= 0.
Atx= 1. We have

lim f(L+ )= f(1)_ lim 20+ D)= 111

RIEM =120 n = 50 n
_ lim 2+ 2h— 01— 1_ lim 2h_ lim ,_,
T h—>0 h T h-0hnr h-o0"T T
sy lim fA=m-f1) _ lim 1-1_ 1lim ,_
and L= 50 o Ths0—n - h00= 0

Rf’ (1)# Lf’(1), so the given function f(x) is not differentiable at x= 1.

Example 3 : Let f(x) be an even function. If f* (0) exists, find its value.
Solution : f(x) is an even function, so f(— x) = f(x) Vx.

f7(0) exists =>Rf’ (0)= Lf’ (0)= f"(0).
lim f(h)—f(O)’h> 0

Nowf’(O)zRf'(O)Zh_>0 h
_lim = )= f(0) e o
=0 P [Cf(=%=f)]
lim f(= h)~ f(0) _

= - o0 B - Lf7 ()= = /" (0).

2f7(0)=0=f" (0)= 0.

- - 2< x<
Example 4 : Let f(x) = {x_ I, 2< x< 0

1, 0< x< 2,and
g =fF( x| Y+ | F) | . Test the differentiability of g (x) in 1~ 2, 2I.
Solution: When — 2< x< 0, |x| = — xand when 0< x< 2, |x| = x
Now—2£x£0=>|x| =—Xx
=f(lx])=f(=xn=-x-1. [ 0< - x<2]
So we have f(|x| )= {_J;—_ 11,’ ) ;); ;cig
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AN NN
IAININ
o = O

1, -2
and | o] = {— x+1, 0
1

X
X
x— 1, X

-x, —-2<x<0

g(x)=f(|x|)+|f(x)|={ 0, 0< x< 1

2x— 2, 1< x< 2.

We see that g (x) is differentiable ¥ xe ]— 2,2 [, except possibly at x= 0 and 1.
lim g(0—h)— g(0)  lim g(-= h) - g(0)

Le = o —h T h0 —h
_lim h—O__l
Ths0 - - &

, lim g0+ h)— g(0)  lim 0- 0 _
Rg 0=} 0 A “hs0 n O

Since Lg (0)# Rg (0), g(x) is not differentiable at x= 0.

lim g(1+ A —g()  lim 2(1+ h)—2-10

Again Rg (1) = h—0 P = 1 —0 P

:2,

lim g(1-h)—g() 1lim 0-0

L= 10 —n = hs0 - h

=0# Rg ().

gisnot differentiable at x= 1.
Example 5 : Suppose the function f satisfies the conditions :
. .. li
@) fx+)=f)f(y Vxy () f(x)= 1+ xg(x) wherexfog(x) = 1.

Show that the derivative f’ (x) exists and f’ (x) = f(x) for all x.
Solution : Putting dxfor yin the first condition, we have

fx+ 8x) = f(x) f(8x).
Then  f(x+ 0x) — f(x) = f(0)f(Ox) — f(x)
[+ 89— f) _ SO [f(dx) - 1]

ot ox ox
= W, by given condition (ii)
= f(x) g(8x).
li ox) — li
s OIS I 89 = £ 1.
li
[ g s- |
f7 (x) = f(x). Since f(x) exists, f” (x) also exists.

Example 6 : Show that the function f given by f(x) = xtan™ ' (1/x) forx# 0 and
f(0) = 0is continuous but not differentiable at x= 0. (Purvanchal 2008; Meerut 13)

o lim _lim R B .
Solution : Smcex_>0 fx)= 0 xtan P 0= f(0),therefore the function

fis continuous at x= 0.

lim f(0+ h)— f(0)  lim f(h)— f(0)

NowRf"(0)=,' 4 n “hs0 &
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_lim htan~ '(1/h)- 0 lim (1) ot B
= h—>0 h T a0 (p)T R0 2
, li 0— h)— f(0) i — h) - £(0
and Ly = Nim SO D=1 lim [ )= f0)
_lim — htan” ' (= I/h)- 0
T h—>0 — h

_odim o LYy T
=), ptan ( h)_ tan =-5
Since Rf’ (0) = Lf’ (0),fis not differentiable at x= 0.

Example 7 : [Investigate the following function from the point of view of its
differentiability. Does the differential coefficient of the function exist at x= Oandx= 17
- X if x<0
f(x)z{ X2 if 0< x< 1
C—x+1 i x> 1 (Meerut 2006)
Solution : Wecheck the function f (x) for differentiabilityat x= Oandx= 1only.
For other values of x, obviously f (x) is differentiable because it is a polynomial function.
It can be seen that f(x) is continuous at x= Oand x= 1.

lim f(0—-h) = f(0) _ lim = (0= h)—-0_

Now Lf'(O):h_>0 ~ =, - 1
. RTO= hlinow: hlin()%: 0.
Lf’ (0)# Rf’ (0), the function is not differentiable at x= 0.
o 5 .
- hlinoz_hizh= hlino(z— hy=2
and Rf’ (1) = hlinojw _ hlino(H )3 — (1};r m+ 1- 1
lim 2h+ 3k%+ h® _ lim

_ T Jn T R 2\ _ ’
=0 p = Do @+ 3h+ )= 2= Lf (D).

Hence f’ (1) exists Le., the function is differentiable at x= 1.

x— 1
Example 8 : Findf’ (1) if f(x) = {2}@— Tx+ 5
- 1/3, when x= 1.

lim f(1+ h)— f(1)
h—0 h

_lim[ 1+ h-1 ——l}/h
h=0L2(1+ m2- 7+ h)+5 3
lim 3h+ 2(1+ W)2—= 7+ h)+ 5

T h—=03h 21+ B)2— T(1+ h)+ 5]

lim 2h? _lim 2 2
h—03, (= 3h+ 212 h—0-9+6n 9

> when x# 1

Solution : We have f’ (1) =
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Example 9: Test the continuity and differentiability in — oo < x< oo, of the
following function :
f=1 in —o<x<0

. . 1
1+ sinx in 0< x< En

1)V 1
2+(x—2n) in En5x<oo.

(Avadh 2009)
Solution : We shall test f(x) for continuity and differentiability at x= 0 and
/2. It is obviously continuous as well as differentiable at all other points.
(i) Continuity and differentiability of f(x) atx= 0.
We have f(0)= 1+ sin0= 1;

F(0+ 0)= hlinof(m h) = hlinof(h): li“o(u sinh) = 1:

and f(0—0)=hli“0f(0—h) h e = h:lo 1.

Since  f(0)= f(0+ 0)= f(0— 0),f(x) is continuous at x= 0.
Now R (0= im [O+W=7(O) _ lim ()= f(©)

h—0 h T h—>0 h
_ lim (I+sinh)~ (1+sin0) _ lim sinh_ .
T h—0 h T h—>0 h 7
, lim f(0— h)— f(0) lim f(— h)— f(0)
and Lf (0)= h—>0f—— A £ _ h_)()fi_ hf
_lim 1- (1+sin0) Ilim 0 _ lim 0= 0
T h—>0 —h T h0-h h—0" T T

Since Rf’ (0) = Lf’ (0),f(x) is not differentiable at x= 0.
(ii) Continuity and differentiability of f (x) at x = % .

2
We have f(;n)=2+ (;n—;n) =2;

1 _lim lim 1 1 )?
flam+ 0 _h—>0f T+ h = 150 2+{[2n+ hj—zn}

- 2
_h—>0(2+h)_2
1 _lim _lim i (1
and f(zn—O)—h_mf( h)_h—>0 1+ sm(zn hﬂ
:h 0(1+cosh)—1+1—2

.

Sincef(;njz f(;n+ 0]= f(;n— O],fis continuous at x =

im 12704 127)

A1
NowRf (2”)‘h—>0 h

mﬂ[2+{2“+h‘Z“F}_[2+(in—inr}

h—0 h

N [ =
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lim 2+ h2— 2  lim

“ho0  n T hootT O
1 1 . 1
| ) f(zn—h)—f(zn) y 1+ sm(zn—h)—2
(1 ) lim _lim
and L (2“)‘h—>0 s = h—0 —h
_lim — l+cosh  lim 1—cosh  lim 2sin*(h/2)
T h—0 —h T h—=0 h T h—=0 h
i in (h/2
= hlfo[% sin (h/2)}: Ix 0= 0.

Since Rf’ (0)= Lf’ (0),f(x) is differentiable at x= %n

Example 10 : Iff(x) = X2 sin (1/x), forx+ 0 and f(0) = 0, then show that f (x) is
continuous and differentiable everywhere and that f* (0) = 0. Also show that the function

f7 (x) has a discontinuity of second kind at the origin. (Meerut 2006B; Kanpur 14)
Solution : We have £(0+ 0) = “m o O+ h2sin o} L = hhf:o K2 sin%z 0;
f(O-0)= h—>0 fO-h)= h 0 f(=h)= h—>0 (= h)?sin (= 1/h)
= - hlfo h? sin%z 0.

f(O+ 0)= f(0- 0)= f(0), so the function is continuous at x= 0.
Now R (0= im fO+W=7O) _ lim f(h)=f(©)

h—0 h T h—>0 h
_lim A*sin(1/h)- 0 lim , . 1 _
= 150 h = ooy =0
, lim f(0— h)— f(0) _ lim f(= h)— f(0)
and N
_lim (= B)?*sin(= 1/h) = 0 lim 1
= 50 ~h =4 Ohsmh 0.

Thus Rf’ (0) = Lf’ (0) implies that f(x) is differentiable at x= 0 and f"(0) = 0.
For all other values of x, f (x) is easily seen to be continuous and differentiable.

Now f’ (x) = 2xsinl— coslatxi Oand f’ (0)= 0.

lim
f 0+ 0)= h—>0f O+ h)=pS0f ()

_ [lim 2 h sin 1_ cosl > which does not exist

T h—0 h h ’
Similarly it can be shown that f” (0 — 0) does not exist.
Hence f’ is discontinuous at the origin. Since both the limits f” (0— 0) and

f7 (0+ 0) do not exist, therefore the discontinuity is of the second kind.

Example 11 : A function fis defined by f(x) = x? cos (1/x),x# 0;f(0) = 0.
What conditions should be imposed on p so that f may be

(i) continuous at x= 0 (i)  differentiable at x= 0 ?
Solution : We have
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F(O+ 0) = hhjo FO+ h) = hlij‘o[(m h)P cos {1/(0+ h)}]
- h“jo hP cos (1/h) (1)

and F(0—-0)= hhjo F(O0= h)= h“j‘o[(()— )P cos (1/(0— h)}]
- h“jo (= h)P cos (1/h). (2)

Now if the function f(x) is to be continuous at x= 0, then
SO+ 0)=f(0)=0=f(0-0)
i.e., the limits given in (1) and (2) must both tend to zero.
This is possible only if p > 0, which is the required condition.

Now R’ (0)= lim f(0+ h) = f(0) _ lim f(h) = f(0)

h—0 h T h—>0 h

_ lim hPcos(I/W)= 0 _ fim ,, ; 1

= h >0 h = o M cosy, 3

, lim 0— h)— f(0 lim (— A)Pcos(— 1/h)— 0
and Lf (O):heof( —)h f():heo( ) —(h )

lim

= — (= NP P
h—0 (- DHPh cos(1/h). (4

Now if f” (x) exists at x= 0 then we must have Rf’ (0)= Lf’ (0) and this is
possible onlyif p— 1> 0ie., p> 1 which gives Rf’ (0)= 0= L f’ (0). Hence in order
that fis differentiable at x= 0, p must be greater than 1.

Example 12 :  For a real numbery, let [ y] denote the greatest integer less than or
tan (7 [x— T])

1+ [x]?
Solution : From the definition of [y], we see that [x— 7] is an integer for all

equaltoy. Then if f(x)= , show that f (x) exists for all x.

values of x. Then 7 (x— 7) is an integral multiple of T and so tan (% [x— ©])= 0 WV x.
Since [x] is an integer so 1+ [x]*# O for any x. Thus f(x) = 0 for all x i.e., f(x) is a
constant function and so it is continuous and differentiable i.e., f* (x) exists WV xand is
equal to zero.

Example 13 : Determine the set of all points where the function
f) = x/(0+ | x|)is differentiable.

Solution : Since | x| = x, x> 0,|x| = — x,x< 0,|x| =0,x=0,
X X
fx)= l—x’x< 0;f(x)= 0,x= 0;f(x) = 1+x’x> 0.
Wehave f(0+ 0)= ™ o4 my= M gy M _h__
¢ have T h0 a0/ T 01+ 0T
lim lim lim - h
JO=0= ) o fO=m= ) /=y o1+ 4™ 0

Since f(0+ 0)= f(0)= f(0— 0) = 0so the function is continuous at x= 0.

lim (0= h) = f(0) _ lim f(= h) = f(0)

Further Lf” (0) = h—0 —h T h—0 —h
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~lim [0+ D=0 iy .
T h—>0 - h T h>01+h 7

R (0= Jim O+ M =F(O)_ lim (h/d+ mi=0
h—0 h h—0 h

Since Lf’ (0)= Rf’ (0), so the function is differentiable at x= 0. It is obviously
differentiable for all other real values of x. Hence it is differentiable in the interval
] — oo, 00,

Example 14: Letf(x) = \/(x) {1+ xsin (1/x)} forx> 0,f(0) = 0,

fx)= - \/(— x) {1+ xsin(1/x)} for x< O.

Show that f” (x) exists everywhere and is finite except at x= 0 where its value is + .

Solution : We have

lim f(0+ h)— f(0) lim f(h)— f(0)

RIT 0= 50 h T h0 &
_lim (VR) {1+ hsin (1/h)} - 0
T h—>0 h
’ i 0-h)— f(0 : — )= £(0
A= (- h)][1+(_ h)sinL}_O
_ lim —h
T h—>0 T
:h—>0|:\/h+(h)snlh:|:'°°+ 0= =

Since Rf’ (0)= Lf’ (0)= oo, . f* (0) = oo.

We havef’ (x) = ﬁ+ %\/xsini— Tl)ccosiforx> 0

and = é\/(— x)sinl—%coslfor)m 0.
X X

1
—+
2V(=x) " 2 (- %)
Hence f”’ (a) is finite for all a = 0.

Example 15 : Draw the graph of the function y= | x— 1 | + | x— 2 |
in the interval [0, 3] and discuss the continuity and differentiability of the function in this
interval. (Meerut 2007B, 09; Garhwal 08)
Solution : From the given definition of the function, we have
y=1-x+2—-x=3- 2xwhen x< 1

y=x—1+2—x=1  when 1< x<2 Y
y=x— 14+ x— 2= 2x— 3 when x2= 2. 3 ©,3)
Thus the graph consists of the segments of the 9l

three straight lines y= 3— 2x,y= 1 and y= 2x— 3
corresponding to the intervals [0, 1], [1,2], [2, 3]

respectively. The graph of the function for the interval 1r @,y @1
[0, 3] is as given in the figure.

The graph shows that the function is continuous olo 1 2 3 X
throughout the interval but is not differentiable at
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x= 1,2 because the slopes at these points are different on the left and right hand sides.
To test it analytically, we write y= f(x). Then

f(x)=3-2x when x< 1
=1 when 1< x< 2
=2x—3 when x> 2.

This function is obviously continuous and differentiable at all points of the
interval [0, 3] except possibly at x= 1 and at x= 2.
Atx= 1, we have f(1) = 1;

fa-0= " B-20-mw= 0= " M=
Since f(1—- 0)= f(1+ 0)= f(1),fis continuous at x= 1.

Since Rf’ (1) # Lf’ (1),fis not differentiable at x= 1.
Atx= 2,wehavef(2): 1;

f2-0)= h—>0(1) L:f(2+ 0)= h 0[2(2+h)—3]

Since f(2-0)= f(2+ 0)= f(2),fis continuous at x= 2.
Again  Rf’ (2) = hm fQ+ h) - f(2) lim 22+ h)—3-1

h = h—0 h =2
, lim fQ2-h)—-f2) lim 1- 1
and Lf (2):h—>oj+:h—>0—7h:0’

Since Rf” (2) # Lf’ (2),fis not differentiable at x= 2.

Example 16 : Show that the function f: R >R defined by
f(x) = x[l + %sin logxz},xi 0andf(0)= 0

is everywhere continuous but has no differential coefficient at the origin.

(Garhwal 2009)
Solution : Obviously the function f(x) is continuous at every point of R except
possibly at x= 0. We test at x= 0. Given f(0) = 0.

_ lim _ lim 1. ZH
f(O+ 0)= h_>0f(0+ h) = h—>0[(0+ h){1+ 3s1n10g(0+ h)
_ 1m . 21 _ .. . _
= 150 [A+ (h/3)sinlogh<]= 0+ 0Xx a finite quantity= 0.

[ sinlog h? oscillates between— 1and+ 1ash —0]
Similarly we can show that f(0— 0)= 0.
Hence fis continuous at x= 0.

0+ h){1+ %sinlog(O-i— h)z}—

Now Rf’ (0)= h—>0 A
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lim 1 2} 2
= 150 {1 + ~sinlogh“, which does not exist since sin logh

oscillates between — 1 and 1 as 7 —0.
(0 - h){1+ $ sin log (0— h)z}— 0

Ly @)= h—>0 — h

lim [1 + —sinlog hz} , which does not exist as above.
T h—0

Hence f has no differential coefficient at x= 0.
el/x_ e 1/x
Example 17 : Let f(x) = xm »x# 0;£(0)= 0.
Show that f (x) is continuous but not derivable at x= 0.
(Meerut 2005; Purvanchal 07, 14; Kanpur 08; Bundelkhand 14)
Solution : We have f(0) = 0O;

lim el/h_ e 1/h
f(O+ 0)= h_>0f(0+ h)= 0f(h) heohm
lim , 1- e—Z/h

= h0l L 2 dividing the Nr. and Dr. by e!/”
+ e

1-0
= 0x 1+0—0>< 1=0;
lim lim
and f(O—O)—h_>0f(0—h)—h_>0f(— h)
lim - 1= h lim o Vh_  1/h
T ho0 hel/—hJr o /- hs0 he—l/hJr ol/h
. - 2/h_ _
_ lim e 1:0 0-1 ~o.
h—0 e 21h 4 0+ 1

Since f(0+ 0) = f(0— 0) = f(0), the function is continuous at x= 0.
Now Rf ()= Mm FO+1=fO _ lim f()= (0

T h—0 h T h—0 h
I e /h_ lim 1-¢ 2" 1-0_
T ho0|" Wy o Uk h—>014 ¢ 2187 140

L= m [0 = SO lim 1) = /(O

lim o V/h_ G1/h

= h—>0{(_ L)y SV 0 /(_ h)
lim e 2/h—l _0-1
T h—>0e-2/hy 1 0+ 1

Since Rf’ (0) # Lf’ (0), the function is not derivable at x= 0.

Example 18: Let f(x) = e /< sin (1/x) when x# 0 and £(0) = 0. Show that at
every point f has a differential coefficient and this is continuous at x= 0.
Solution : We test differentiability at x= 0.

and

- 1.
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lim e Y"sin(1/h)— 0 lim sin (1/h)

Rf7(Oy= h—0 h  h=0 g m?
_lim sin (1/h) _lim sin (1/h)
_h_>0h 1+L+ 1 + _h_>0h+l+i~i+
Wroo2pt T RT20 3T
_afinitequantitylyingbetween— land+ 1 0

Similarly Lf’ (0) = 0.
Since Rf’ (0)= Lf’ (0) = 0, hence the function f(x) is differentiable at x= 0 and
f7(0)= 0.

If x is any point other than zero, then
@)= (28 e Ysin (170 — (1/:3) e V7 cos (1/x)

= ((2/%) sin (1/%) — cos (1/x)} (1/22) (1/e1/%) (1)
, _lim , _ lim (2 .1 1 1
Now f 0+ 0)_h—>0f 0+ h)_h—>0(hsmh cosh) 7}1261/}[2
_ lim (2sin(1/h)  cos(1/h)
C h=0| 3 B2 o/
_lim 2 sin (1/h) 3 cos (1/h) ]
R O (1, L
h [1+ h2+ 2!.h4+ ) h [1+ h2+ 2!.h4+ )
some finite quantity somefinitequantity: 0.

Similarly f* (0— 0) = 0. Hence f” is continuous at x= 0.

@)mprehensive Exercise 1

1. Show that the function f(x) = | x— 1] is not differentiable at x= 1.

2. (a) Iff(0) = x/(1+ €%, x# 0,£(0) = 0, show that fis continuous at x= 0, but
f7(0) does not exist. (Purvanchal 2014)

xel/x

(b) If f(x) = Te”x for x# 0 and f(0) = 0, show that f(x) is continuous at
x= 0, but f” (0) does not exist.
3. A function ¢ is defined as follows :
0(x)=—xforx< 0,0 (x) = xforx= 0.
Test the character of the function at x= 0 as regards continuity and
differentiability.
4. Show that the function fdefined on R by
f@=lx=1] +2|x=2] +3|x= 3]
is continuous but not differentiable at the points 1, 2 and 3. (Bundelkhand 2009)
5. Showthat the function
fx)=x 0< x< 1
=x-1, 1<x<£2
has no derivative at x= 1.
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6.

10.

11.

12.

13.

14.

15.

Show that the function
f=x2-1L,x>21=1-xx< 1
has no derivative at x= 1.
The following limits are derivatives of certain functions at a certain point.
Determine these functions and the points.
iy lim logx— log2 Giy im V(a+ h) - (@)
x—2 x— 2 h—0 h
Letf(x) = 2 sin (x 4/3) except when x= 0 and f(0) = 0.Prove that f(x) has zero
as a derivative at x= 0.
A function ¢ (x) is defined as follows :
0()=1+x if x< 2
O0(x)=5-x if x> 2.
Test the character of the function at x= 2 as regards its continuity and differen
tiability.
Examine the following curve for continuity and differentiability at x= 0 and
x=1:
y= 2 for x< 0
y=1 for 0< x< 1
y= 1/x for x> 1.
Also draw the graph of the function. (Meerut 2004B, 09B)
A function f(x) is defined as follows :
fx)=1+x for x< 0,
fx)=x for 0< x< 1,
fx)=2-x for 1< x< 2,
f(x)=3x— x% for x> 2.
Discuss the continuity of £ (x) and the existense of f” (x) at x= 0, 1 and 2.
Discuss the continuity and differentiability of the following function :
fx)=x* for x< -2
fx)=4 for —2< x<2
fx)=x  for x> 2.

Also draw the graph. (Meerut 2007, 10B)
A function f(x) is defined as follows :
fx)=x for 0< x< 1

fx)=2-x for x=1.

Test the character of the function at x= 1 as regards the continuity and

differentiability. (Meerut 2003)

Examine the function defined by

f(x) = x2cos (e, x# 0,
(=20

with regard to (i) continuity (ii) differentiability in the interval |- 1, 1.

(a) Define continuity and differentiability of a function at a given point. If a
function possesses a finite differential coefficient at a point, show that it is
continuous at this point. Is the converse true ? Give example in support of
your answer.

(b) What do you understand bythe derivative of areal valued function at a point ?
Show that f(x) = xsin (1/x),x# 0,f(0) = 0is not derivable at x= 0.
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(c) Prove that if a function f(x) possesses a finite derivative in a closed interval
[a, b], then f(x) is continuous in [a, b].

@nswers 1

Continuous at x= 0 but not differentiable at x= 0.
7. (i) The function islogx and the point is x= 2.
(ii) The function is Vx and the point isx= a.
9. Continuous but not differentiable at x= 2.
10. Discontinuous and non-differentiable at x= 0, continuous and non-differentiable
atx= 1.
11. Discontinuous and non-differentiable at x= 0,2 and continuous but not
differentiable at x= 1.
12. Continuous but not differentiable at x= — 2, 2.

»

13. Continuous but non-differentiable at x= 1.
14. Continuous and differentiable throughout R.

2.7 | Rolle’s Theorem

If a function f (x) is such that

(i)  f(x) is continuous in the closed interval [a, b],

(ii) [’ (x) exists for every point in the open interval la, b,

(iii) f(a) = f(b), then there exists at least one value of x, say c, where a < c< b,

such that f” (¢) = 0. (Lucknow 2007; Purvanchal 07; Kanpur 08;
Meerut 12B; Avadh 14; Kashi 13,14)

Proof : Since fis continuous on [a, b], it is bounded on [a, b]. Let M and m be
the supremum and infimum of frespectively in the closed interval [a, b].

Now either M = m or M # m.

If M = m, then fis a constant function over [a, b] and consequently f” (x) = 0 for
all xin [a, b]. Hence the theorem is proved in this case.

If M # m, then at least one of the numbers M and m must be different from the
equal values f (a) and f(b). For the sake of definiteness, let M # f(a).

Since every continuous function on a closed interval attains its supremum,
therefore, there exists a real number ¢ in [a, b] such that f(c)= M. Also, since
fla)# M # f(b), therefore, ¢ is different from both a and b. This implies that
cela,bl.

Now f(c¢) is the supremum of f on [a, b], therefore,

f(x) < f(¢e) ¥ xin[a,b]. (D

In particular, for all positive real numbers % such that ¢ — & liesin [a, b],
fle=h) < f(o)
fle=m=f( f)h_ AGRS (2)

Since f” (x) exists at each point of ] a, b [, and hence, in particular f” (¢) exists, so
taking limit as # —0, (2) gives Lf’ (¢)= 0. ...(3)

=
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Similarly, from (1), for all positive real numbers & such that ¢+ h liesin [a, b], we
have

fle+ h) < f(o).
By the same argument as above, we get
Rf ()< 0. ..(4)

Since f’ (¢) exists, hence, Lf’ (¢) = f’ (¢)= Rf’ (¢). ...(5)

From (3), (4) and (5) we conclude that f” (¢) = 0.

In the same manner we can consider the case M = f(a) # m.

Note 1: There may be more than one point like ¢ at which f” (x) vanishes.

Note 2 : Rolle’s theorem will not hold good

(i) iff(x)is discontinuous at some point in the interval a < x< b,
or (ii) iff’ (x) does not exist at some point in the interval a < x< b,
or (iii) if f(a)# f(b).

Note 3 : It can be seen that the conditions of Rolle’s theorem are not necessary
for f’ (x) to vanish at some point in ]a,b[. For example, f(x) = cos(1/x) is
discontinuous at x= 0in the interval [ — 1,2] but f’ (x) vanishes at an infinite number
of points in the interval.

Geometrical interpretation of Rolle’s Y
Theorem : ¢

Suppose the function f(x) is not constant 4 f B
and satisfies the conditions of Rolle’s theorem i
in the interval [a,b]. Then its geometrical !
interpretation is that the curve representing the
graph of the function f must have a tangent
parallel to x-axis, at least at one point between
a and b.

Algebraical interpretation of Rolle’s Theorem :

Rolle’s theorem leads to a veryimportant result in the theory of equations, when
f(a)= f(b)= 0 and f:[a, b] >R is a polynomial function f(x). Here a and b are the
roots of the equation f(x) = 0. Since a polynomial function f(x) is continuous and
differentiable at every point of its domain and we have taken f (a) = f(b), therefore, all
the three conditions of Rolle’s theorem are satisfied and consequently there exists a
point ¢ € la, b [ such that f’ (¢c) = 0 i.e., if a and b are any two roots of the polynomial
equation f(x) = 0, then there exists at least one root of the equation f’ (x) = 0 which lies
between a and b.

1

1
1 1
1 1
1 1
1 1
1 1

0 a b X

Illustrative Examlales

Example 1: Discuss the applicability of Rolle’s theorem for
fx) =2+ (x= )23 in the interval [0,2]. (Meerut 2012)

Solution : We have f(x)= 2+ (x— 1)2/3. Here f(0) = 3= f(2), which shows
that the third condition of Rolle’s theorem is satisfied.

Since f(x) is an algebraic function of x, it is continuous in the closed interval
[0, 2]. Thus the first condition of Rolle’s theorem is satisfied.
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Now f (x) = 2 [1/(x— 1)1/3]. We see that for x= 1,f’ (x) is not finite while
3

x= 1 is a point of the open interval 0 < x< 2. Thus the second condition of Rolle’s
theorem is not satisfied.

Hence the Rolle’s theorem is not applicable for the function
f(x) =2+ (x— 1)?3in the interval [0, 2].

Example 2 : Discuss the applicability of Rolle’s theorem in the interval [- 1, 1] to
the function f(x) = | x|

Solution: Given f(x)= | x| .Here f(- )= |- 1] = Lf()= | 1] = 1,50
that f(— 1) = f(1).

Further the function f(x) is continuous throughout the closed interval [- 1, 1] but
it is not differentiable at x= 0 which is a point of the open interval ] — 1, 1 [. Thus the
second condition of Rolle’s theorem is not satisfied. Hence the Rolle’s theorem is not
applicable here.

Example 3: Avre the conditions of Rolle’s theorem satisfied in the case of the
following functions ?

(i) fx= 2in2< x< 3, (ii) f(x)= cos(1/x)in— 1< x< 1,

(iii) f(x) = tanxin0< x< T

Solution : (i) The function f(x) = x% is continuous and differentiable in the
interval [2,3]. Also f(2) = 4 and f(3) = 9, so that f(2) # f(3).

Thus the first two conditions of Rolle’s theorem are satisfied and the third
condition is not satisfied.

(ii) The function f(x) = cos(1/x) is discontinuous at x= 0 and consequently is
not differentiable there. Thus the first two conditions of Rolle’s theorem are not
satisfied.

Here f(— 1) = cos(— 1)= cos1 and f(1)= cos 1. Thus f(— 1) = f(1) i.e., the
third condition is satisfied.

(iii) The function f(x) = tan xis not continuous at x= /2 and consequently is
not differentiable there. Thus the first two conditions of Rolle’s theorem are not
satisfied here.

Further f(0) = tan0= 0 and f(w) = tanmw= 0. Thus f(0) = f(7®) i.e., the third
condition is satisfied.

Example 4 : Discuss the applicability of Rolle’s theorem to f (x) = log[M],
in the interval [a,b],0< a< b. (Rohilkhand 2014)
2
+ ab
ion: H =1[“7}=1 1= 0,
Solution ere f(a) = log @+ b)a og 0
b+ ab
and f(b) = log[(aJr b) b]_ logl= 0.

Thus  f(a)= f(b)= 0.

lim f(x+ h)— f(x)
h—0 h

_ lim 1) [ Gk w2+ ab| [P+ ab

T h—0 k| °®la+ b) (x+ h) Ela+ b)x

_ lim 1], (P4 2xh+ h*+ ab) (a+ b) x
h—0 h (a+ b) (x+ h) &2+ ab)

Also Rf’ (x)=
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lim 1[ {(x2+ 2xh+ h%+ ab) x H
log

= hs0 h 2+ ab Xt h
o tim DLy sk B {1+ﬁ}
-0 n| | 2y U7 &
lim 1|2xh+ h® &
S| A R, (1)
h—=0 h| 2+ ab X

1

[ log(1+ y)= y— Eyz-i- }

_ o 2x 1
P+ ab X
Again Lf’ (x) = hlino[f—(x_ 2 f(x)}
lim 1 |- 2hx+ k% (- h) . .
= - + ...|, replacing hby— hin (1
h%O(—h)[ 2rab | x placing by = in (1
__2x 1
P+ ab X

Since Rf’ (x) = Lf’ (x), f(x) is differentiable for all values of x in [a, b]. This
implies that f(x) is also continuous for all values of x in [a, b]. Thus all the three
conditions of Rolle’s theorem are satisfied. Hence f” (x) = 0 for at least one value of x
in the open interval ]a, b[.

, _ 2x 1 _ _
Now f (x)_0=>x2+ab =0 or 2x2— (X2 + ab)= 0
or 2= aborx= \/(ab),

which being the geometric mean of a and b lies in the open interval ] a, b[. Hence the
Rolle’s theorem is verified.

Remark : In this question to find f” (x), we can also proceed as follows :

We have f(x) = log(x2 + ab) — log(a+ b) — logx.

, _ 2x 1
= 24

ab X

Obviously f’ (x) exists for all values of xin [a, b] .

Example 5 :  Verify Rolle’s theorem in the case of the functions

(i) f) =23+ 22— 4x— 2,

(ii) f(x)= sinxin [0, 7],

(iii) f(x)= (x— a)™ (x— b)", where m and n are + ive integers, and x lies in the
interval [a, b].

Solution : (i) Since f(x) is a rational integral function of x, therefore, it is
continuous and differentiable for all real values of x. Thus the first two conditions of
Rolle’s theorem are satisfied in any interval.

Here f(x) = 0 gives 2> + x2— 4x— 2= 0
or (= 2) 2+ )= 0ie,x=%2,- 2.

Thus  f(N2)= f(- V2)= f[— %)z 0.
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If we take the interval [— V2 s \/2], then all the three conditions of Rolle’s theorem
are satisfied in this interval. Consequently there is at least one value of x in the open
interval ] — V2, V2[ for which f” (x) = 0.

Now f (0= 0=6x2+2x—4=0=3x2+x—2=0
or Bx—2)(x+ )=0 or x=-1,2/3 ie, f/(- D=f"(2/3)=0.

Since both the points x= — 1 and x= 2/3 lie in the open interval ] — V2,42,
Rolle’s theorem is verified.

(ii) The function f(x) = sin xis continuous and differentiable in [0, 7].

Also f(0)= 0= f(m). Thus all the three condtions of Rolle’s theorem are
satisfied. Hence f” (x) = 0 for at least one value of x in the open interval ]0, 7 [.

Nowf’ (x) = 0 =>cosx= 0=x= % g,i %,i STR, e

Since x= ®/2 lies in the open interval 0, [, the Rolle’s theorem is verified.

(iii) We have f(x) = (x— a)™ (x— b)".

As m and n are positive integers, (x— a)™ and (x— b)" are polynomials in x on
beingexpanded bybinomial theorem. Hence f (x) is also a polynomial in x. Consequently
f(x) is continuous and differentiable in the closed interval [a, b]. Also f(a) = f(b) = 0.

Thus all the three conditions of Rolle’s theorem are satisfied so that there is at
least one value of x in the open interval ]a, b[ where f” (x) = 0.

Now f ()= (x—a)".nx-b""1"+mux-a)" ' (x- b)"

Solving the equation f” (x) = 0, we get x= a, b, (na+ mb) /(m + n).

Out of these values the value (na + mb)/(m + n) is a point which lies in the open
interval ]a, b[, since it divides the interval ]a, b[ internally in the ratio m : n. Hence the
Rolle’s theorem is verified.

Example 6 : Verify Rolle’s theorem for

fx)=x(x+ 3)e *2in[- 3,0].

Solution : We have f(x) = x(x+ 3) e~ */2,

)= 2x+ 3) e 2+ (24 3x) e V2 (— 1)

2
[ 1
_ - x/2 _ 1 __1 o - x/2
= ¢ ¥ 204 3= L2+ 3y = Z(xz x 6)e /2

which exists for every value of xin the interval [~ 3, 0]. Hence f (x) is differentiable and
so also continuous in the interval [- 3,0]. Also f(— 3)= f(0)= 0.

Thus all the three conditions of Rolle’s theorem are satisfied. So f” (x) = 0 for at
least one value of x lying in the open interval ]— 3, 0[.

Now f'()=0=- (- x-6e¢ *>=0 or - x-6=0
or x—3)(x+2)=0 or x=3,— 2.

Since the value x= — 2 lies in the open interval ] — 3, O[, the Rolle’s theorem is
verified.

@)mprehensive Exercise 2

1. (i) State Rolle’s theorem. (Kanpur 2005)
(ii)\erify Rolle’s theorem when  f(x) = e*sinx,a= 0,b= 7.
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2. Vrify Rolle’s theorem for the following functions :
(1) f(x) = (x— 4)° (x— 3)*in the interval [3,4].
(i) f(x)= - 6x2+ 1lx— 6.
(iii) f(x) = 2 — 4xin [~ 2,2].
(iv) f(x) = e*(sinx— cosx) in [n/4, 5Snt/4]. (Meerut 2013B)
(v) f(x)= 10x— x%in [0, 10]. (Kanpur 2006)
3. Discuss the applicability of Rolle’s theorem to the function
f(x)= x>+ 1,when 0< x< 1
=3—- x,when 1< x< 2.
4.  Show that between any two roots of e*cosx= 1 there exists at least one root of
ersinx— 1= 0.
5. State and prove Rolle’s theorem. Interpret it geometrically. \erify Rolle’s
theorem for the function f(x) = 2in[- 1,1].
6. \erify the truth of Rolle’s theorem for the function f(x)= x2— 3x+ 2 on the
interval [1, 2].
7. Doesthe function f(x) = | xX— 2| satisfy the conditions of Rolle’s theorem in the
interval [1, 3]. Justify your answer with correct reasoning.

8. The function f is defined in [0, 1]as: f(x) = 1 for0< x< %

=2 for%S x< 1.

Show that f(x) satisfies none of the conditions of Rolle’s theorem, yet f* (x) = 0
for many points in [0, 1].
9. Ifa+ b+ c= 0,then show that the quadratic equation 3ax% + 2bx+ c= 0has at
least one rootin |0, 1[.
10 Let — 0y S, B2, ) S
n+ 1 n n-—1 2
one real xbetween 0 and 1 such that ayx" + a; x"

@nswers 2

3. The given function is not differentiable at x= 1 and so Rolle’s theorem is not
applicable to the given function in the interval [0, 2].

7. The function does not satisfy the third condition that f (x) must be differentiable
in the open interval ] 1,3 [.

1 .
+ a,= 0. Show that there exists at least

-1 -
+ ...+ a,=0.

2.8 Lagrange’s Mean Value Theorem

Theorem : Ifa function f(x) is

(i) continuous in a closed interval [a, b],
and (ii) differentiable in the open interval la, b [ i.e., a < x< b, then there exists at least
one value ‘c’ of x lying in the open interval la, b[ such that

f® - f@ f(a) - ).
b— (Kanpur 2011; Rohilkhand 12, 12B;

Meerut 12; Kashi 14; Avadh 07, 12, 14)
Proof: Consider the function ¢ (x) defined by ¢ (x) = f(x) + Ax, (D
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where A is a constant to be chosen such that ¢ (a) = ¢ ()
0@ o
- a

(i) Now the function f is given to be continuous on [a, b] and the mapping
x —Axis continuous on [a, b], therefore ¢ is continuous on [a, b].

(ii) Also, since fis given to be differentiable on ]a, b[ and the mapping x >Axis
differentiable on ]a, b[, therefore, ¢ is differentiable on ]a, b[.

(iii) By our choice of A, we have ¢ (a) = ¢ (b).

From (i), (ii) and (iii), we find that ¢ satisfies all the conditions of Rolle’s theorem
on [a, b]. Hence there exists at least one point, sayx= ¢, of the open interval ]a, b[, such
that ¢’ (¢) = 0.

But o’ (x) = f" (x) + A, from (1).

0 (c)=0=f"(c)+ A=0
f() - f(a)
b-—a °~°

This proves the theorem. It is usually known as the ‘First Mean Vlue Theorem
of Differential Calculus’.

Another form of Lagrange’s mean value theorem.

If in the above theorem, we take b= a + h, then a number ¢, lying between a and
b can be written as c= a + 0h, where 0 is some real number such that 0< 6< 1.

Now Lagrange’s theorem can be stated as follows :

Iffbe defined and continuous on [a, a + h] and differentiable on la, a + h[, then there
exists a pointc= a+ 0h (0< 0< 1) in the open interval la, a + h[ such that

Sfla+ h)— f(a)
h
or fla+ h)— f(a)= hf’ (a+ Oh).

Geometrical interpretation of the mean value theorem.

Let y= f(x) and let ACB be the graph of
y= f(x) in [a, b]. The coordinates of the point A are v

ie., fla)+ Aa= f(b)+ Ab or A=

or f()=—-A= from (2).

= f" (a+ 6h)

(a, f(a)) and those of B are (b, f(b)). If the chord AB B
makes an angle o with the x-axis, then A —
f (@) - f(a) C
tanol= ————
b- a
=1 (o),
by Lagrange’s mean value theorem where a < c¢< b.
Thus Lagrange’s mean value theorem says that O a c b X

there is some point cin ]a, b[ such that the tangent to
the curve at this point is parallel to the chord joining
the points on the graph with abscissae a and b.

2.9 Important Deductions from the Mean Value Theorem

Theorem 1: If a function f is continuous on [a, b], differentiable on la, b[ and if
f7 (x) = Oforall xin la, b[, then f (x) has a constant value throughout [a, b).

Proof: Let ¢ be any point of ]a, b]. Then the function fis continuous on [a, c]
and differentiable on ]a, c[. Thus fsatisfies all the conditions of Lagrange’s mean value
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theorem on [a,c]. Consequently there exists a real number d between a and ¢
i.e., a< d< c such that

flo)= fla)= (c— a) f’ (d).

But by hypothesisf’ (x) = 0throughout the interval ]a, b[, therefore, in particular
f’(d)= 0 and hence f(c)— f(a)= 0 or f(c)= f(a). Since c¢ is any point of ]a, b],
therefore, it gives that f(x) = f(a) ¥V xin Ja,b]. Thus f(x) has a constant value
throughout [a, b].

Theorem 2 : Iff(x) and ¢ (x) are functions continuous on [a, b] and differentiable
onla,bland if f* (x) = ¢ (x) throughout the interval la, b[, then f (x) and ¢ (x) differ only
by a constant.

Proof: Consider the function F(x) = f(x) — ¢ (x). Throughout the interval
la, b[, we have

F'(x)=f" (x)— 0" (x)= 0, because f" (x) = ¢~ (x).

Consequently, from theorem 1, we get

F (x) = constant or f(x) — ¢ (x) = constant.

Theorem 3 : Iff’ (x) = k foreach point x of [a, b], k being a constant, then

f(x)= kx+ C~¥xe [a,b], where C is a constant.

Proof : Consider the interval [a, x] such that [a, x] lies in the interval [a, b] i.e.,
[a, x] € [a, b]. Since [ (x) exists ¥V xe [a, b], fis differentiable on [a, b] and hence on
[a,x] and consequently continuous on [a,x]. Thus f satisfies all the conditions of
Lagrange’s mean value theorem on [a, x] and hence there is a point c € ]a, x[ such that

f - fla)= (x— a)f’ (o).

But by hypothesis f’ (x) = k¥ xe [a, b], therefore, in particular f’ (¢) = k as
a< c< x< bie,a< c< b.

Hence f(x) — f(a)= (x— a) kor f(x) = kx+ f(a) — ak
or f(x) = kx+ C where C= f(a)— akis aconstant.

Theorem 4 : [If fis continuous on [a, b] and f’ (x) = 0in la, b[, then f is increasing
in [a, b].

Proof : Let x; and x, be any two distinct points of [a, b] such that x; < x,. Then
f satisfies the conditions of the Lagrange’s mean value theorem in [x, x,]. Consequently

there exists a number ¢ such that x; < ¢< x,, and f(x,) — f(x) = (x, — x7) f’ (¢).
Now x,— x;> 0 and f" (¢)= 0 (as f' () =2 0 V¥V xe Ja,b[ and c is a point of
la, b[), therefore
f) = fx) = 0ie, f(x) < f(x).
Thus x; < x, =f(x)) < f(x)) ¥ x.,x,€ [a,b]
Hence fis an increasing function in the interval [a, b].
Similarly, we can prove that if f” (x) < 01in ]a, b[, then fis decreasing in [a, b].
Corollary : If f is continuous on [a,b], then f is strictly increasing or strictly
decreasing on [a, b] according as
f (x)> 0or< 0 inla, b[-
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2.10| Cauchy’s Mean Value Theorem

If two functions f (x) and g (x) are

(i) continuous in a closed interval [a, b],

(ii) differentiable in the open interval la, b,
and (iii) g (x) # 0 for any point of the open interval \a, b[, then there exists at least one
value c of x in the open interval la, b[, such that

fb) - f@) _ f (o)
gb)-g@ g (o)

sa< ¢< b.

(Kanpur 2007; Avadh 12; Rohilkhand 14)
Proof: First we observe that as a consequence of condition (iii),
g(b)— g(a)# 0.Forifg(b) — g(a)= Oi.e, g(b) = g(a),then the function g (x) satisfies
all the conditions of Rolle’s theorem in [a, b] and consequently there is some x in
Ja, b[ for which ¢ (x) = 0, thus contradicting the hypothesisthat g’ (x) # 0for anypoint
of ]a, bl.
Now consider the function F (x) defined on [a, b], by setting

FxX)=f(x)+ Ag(x), (D
where A is a constant to be chosen such that F (a) = F (b)
ie., fla)+ Ag(a)= f(b)+ Ag(D)

B - fa)
or A 2(b) = g(a) ...(2)

Since g (b) — g(a) # 0, therefore A is a definite real number.

(i) Now f and g are continuous on [a, b], therefore, F is also continuous on
[a, b].

(ii) Again, since f and g are differentiable on ]Ja, b[, therefore F is also
differentiable on ]a, bJ.

(iii) By our choice of A, F (a) = F (b).

Thus the function F (x) satisfies the conditions of Rolle’s theorem in the interval
[a, b]. Consequently there exists, at least one value, say ¢, of x in the open interval
]a, b[ such that F’ (c) = 0.

But F ' (x)=f" (x)+ Ag (x), from (1).

F'(o)=0=f"(0)+ Ag ()= 0

or _a=L9 .(3)
g (o)
fb) = f(a) _ (o)
gb)— gla) & (o)

Another form: Ifb= a+ h,thena+ 6h= a when 6= Oanda+ ©h= b when
0= 1. Therefore, if 0< 0< 1, then a+ 6k means some value between a and b. So
puttingb= a+ hand c= a+ 0h,the result of the above theorem can be written as

fla+ h)— f(a) f'(a+ 6h)
gla+ h)—g(a) g (a+ 6h)

Note 1: If we take g(x) = xfor all xin [a, b], then Cauchy’s mean value theorem
gives Lagrange’s mean value theorem as a particular case. For g(x) = x means
gb)=b,g(a)= a,g (x)= 1and so ¢ (¢) = 1. Putting these values in Cauchy’s mean
value theorem, we get Lagrange’s mean value theorem. Thus Cauchy’s mean value
theorem is more general than Lagrange’s mean value theorem.

From (2) and (3), we get

'0< 6< 1.
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Note 2: Cauchy’s mean value theorem cannot be obtained by applying
Lagrange’s mean value theorem to the functions fand g.
For applying Lagrange’s mean value theorem to f(x) and g (x) separately, we get
f(b) - fla)= (b— a)f (c;), wherea< c¢;< b

and g(b)— g(a)= (b— a) g’ (c;), where a< ¢, < b.
f) = fa _f e

g(b)— g(a) ¢ (c)
Note that here ¢ is not necessarily equal to ¢,.

Dividing, we have

I!!ustrative Examlales

Example 1: If f(x)= (x— 1) (x— 2)(x— 3) and a= 0, b= 4, find ‘¢’ using
Lagrange’s mean value theorem. (Lucknow 2007; Rohilkhand 14)
Solution : We have
f= (- D=2 (x-3)=x- 62+ 1lx— 6.
fla)=f0)=—-6andf(b)=f(4) =
f) = f@)_6-(-6)_12_
b— a 4-0 4
Also f/ (x) = 3x2— 12x+ 11givesf’ (¢)= 3c*— 12c+ 11.
Putting these values in Lagrange’s mean value theorem
f®) - f(a)
b— a
3=3c2- 12¢+ 11 or 3c>- 12c+ 8= 0

12+ V (144 - 96) 243
or c= =2+ ——
6 3
Asboth of these values of ¢ lie in the open interval ]0, 4[, hence both of these are
the required values of c.

Example2: Letf:[0, 1] >R be defined by
fx) = (x— D2+ 2-¥xe [0,1].
Find the equation of the tangent to the graph of this curve which is parallel to the
chord joining the points (0, 3) and (1, 2) of the curve.
Solution : Since f(x) is a polynomial function, therefore it is continuous on

[0, 1] and differentiable in ]0, I[. Hence, by Lagrange’s mean value theorem, there is
some c € ]0, 1[ such that

= f"(¢), (a< c< b), we get

TO=SO @y or 2222 p @ or- 1= 1 (0.
Nowf’ (x)= 2 (x— 1) givesf’ (¢) = 2 (c— 1).
Thus2(c— 1)= — lie,c= ;
s flo)= 7» so that the point of contact of the tangent is (; ) z) and its slope is
f ()= - 1. Hence the equation of the required tangent is

9_ _ _ 1 _
Y= 4= l(x 2) or 4x+ 4y=11.
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Example 3 : Compute the value of 0 in the first mean value theorem
fx+ h)= f(x)+ hf’ (x+ Oh), if f(x)= ax*+ bx+ c.
Solution : Here f(x) = ax®+ bx+ c.
fx+ h)=a(x+ h)2+ b(x+ h)+ c,
f7(x) = 2ax+ b,f’ (x+ 6h) = 2a (x+ 6h) + b.
Substituting all these values in the Lagrange’s mean value theorem, we get
a(x+ h)?+ b(x+ h)+ c= ax®>+ bx+ c+ h[2a(x+ 6h) + b]  ...(1)
The relation (1) being identically true for all values of x, hence when x —0, we have
ah’+ bh+ c= c+ h[2a0h+ b)
or ah’>= 2abh> or 0= 1/2.

Example 4: A function f(x) is continuous in the closed interval [0, 1] and
differentiable in the open interval 10, 1[, prove that

()= f(1) = £(0), where 0< x; < 1.

Solution: Herea= 0,b= 1 so that

fb) = fla) _ f() = f(O) _ _
b— a - 1-0 _f(l) f(o)

If we take c = x|, and substitute these valuesin the result of Lagrange’smean value

theorem, we get
F() = f(0)= f"(x;) where0< x;< 1.
This is a particular case of Lagrange’s mean value theorem. Students can give an

independent proof of this.
Example 5 : Separate the intervals in which the polynomial

283 — 1522+ 36x+ 1 is increasing or decreasing.
Solution : We have f(x) = 2> — 15x% + 36x+ 1.
()= 6x2 — 30x+ 36= 6 (x— 2) (x— 3).
Now  f’(x)> Oforx< 2or forx> 3,
f (x)< 0for2< x< 3,andf” (x) = Oforx= 2,3.
Thusf” (x) is+ ive in the intervals ] — o, 2[ and ]3, [ and negative in the interval
12, 3[.
Hence f is monotonically increasing in the intervals ]— c0,2], [3,c [ and
monotonically decreasing in the interval [2, 3].

Example 6 : Show that lj-cx< log(1+ x) < xforx> 0. (Bundelkhand 2011)
Solution : Let f(x) = log(1+ x) - %x ~f0)= 0.
. - x.1
Then f’ (= L — L1+ X 1 __1 =
1+ x (1+ %) I+x 1+ x (1+ %

We observe that f” (x) > 0for x> 0.Hence f (x) is monotonicallyincreasingin the
interval [0, oo [. Therefore

f(x) > £(0) for x> Oi.e.,[log(1+ X) - }> 0 for x> 0

X
1+ x
X
1+ x

ie., log(1+ x) > for x> 0. ..(D)
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Again, let ¢ (x) = x— log (1 + x).
0 (0)= 0.

Then ¢’ (x)= 1— — *

I+x 1+ x
We observe that ¢ “ (x) > 0 for x> 0. Hence ¢ (x) is monotonically increasing in
the interval [0, oo [. Therefore
0 (x)> ¢ (0) forx> Oie.,[x— log(l+ x)]> Oforx> 0
ie., x> log(1+ x) forx> 0. ...(2)
From (1) and (2), we get

I+ x< log(1+ x) < xforx> 0.

Example 7 :  Verify Cauchy’s mean value theorem for the functions x> and x> in the
interval [1,2]. (Avadh 2013)

Solution : Let f(x) = 2 and gx) = . Then f(x) and g (x) are continuous in the
closed interval [1,2] and differentiable in the open interval ]1,2[. Also
¢ (x) = 3x2# Ofor anypoint in the open interval ] 1,2[. Hence by Cauchy’s mean value
theorem there exists at least one real number c in the open interval ]1, 2[, such that

fQ-f) _ f o) )
g(2)—g() g’ (o
S@Q)-f(1) 4-1_3
Now = = .
g(2)—g() 8-1 7

Also f7 (x) = 2x, & (x) = 3x%
f (o 2 2 . . 3 2 14 .
7 32 3¢ utting these valuesin (1), we get7 3 orc whic

lies in the open interval ]1, 2[. Hence Cauchy’s mean value theorem is verified.
Example 8: If in the Cauchy’s mean value theorem, we write f(x) = e* and

g(x) = e * show that ‘c’ is the arithmetic mean between a and b.

. f(b)— f(a) el — et b b
Solution : Here = =— b= — 2t b
g -g@) ¢boega T TC
’ X ’ el
and f, 0 _ ei_so thatf, (© _ %: — o2,
g —ex g — ¢ ¢

Putting these values in Cauchy’s mean value theorem, we get
— ettt b= _ 2 or 2c=a+ b or c= %(a+ b).

Thus cis the arithmetic mean between a and b.
Example 9 : Ifin the Cauchy’s mean value theorem, we write
) fx)= \Vxand g = 1/\Nx, then cis the geometric mean between a and b,
and if (Rohilkhand 2014)
(ii) f(x) = 1/x% and g(x) = 1/x, then cis the harmonic mean between a and b.
(Bundelkhand 2005)
fO-f@_ Nb-vNa
gb)- g(a) (1\b) = (A1/Na) ~ Viab),
1 —1/2
’, - X ’, —1/2
f, W_ 2 SO thatfi,(c) =-°¢ =-c
g _1,-372 g (c) ¢ 32
2

Solution : (i) Here

and
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Putting these values in Cauchy’s mean value theorem, we get
—V(aby= - ¢ or c= (ab)
i.e., cisthe geometric mean between a and b.
fb) = fa) (/6> - (1/a*>) _a+ b
gb) - g(a)  (1/b)— (1/a) ~ ab
) -2 3 e -2c3 2

(ii) Here

and 7 _ 2 so that JO - -2 o
Putting these values in Cauchy’s mean value theorem, we get
a+b 2 2ab
ab ¢ or = a+ b

i.e., cis the harmonic mean between a and b.

@)mprehensive Exercise 3

1. State Lagrange’s mean value theorem. Test if Lagrange’s mean value theorem

holds for the function f(x) = | x| in the interval [ 1, 1]. ]
(Kanpur 2010; Rohilkhand 13B)

2. Iff(x)= 1/xin [— 1, 1], will the Lagrange’s mean value theorem be applicable to

fx)? (Meerut 2012B)
3. \erify Lagrange’s mean value theorem for the function

fil= 1,11 >R given by f(x) = »°.

4. Find ‘¢’ of the mean value theorem, if f(x)= x(x— 1) (x— 2);a= 0,b= %

Find ‘¢’ of mean value theorem when

(i) f(x)=x>—3x— 2in[- 2,3] (i) f(x) = 2%+ 3x+ 4in[1,2]

(iii) f(x) = x(x— 1)in [1, 2] (Meerut 2013B)

. . 11 13
(iv) f(x) = x*— 3x— lin (— e ]
6. State the conditions for the validity of the formula
fx+ h)=f(x)+ hf’ (x+ 6h)
and investigate how far these conditions are satisfied and whether the result is
true, when
f(x) = xsin (1/x) (being defined to be zero at x= 0) and x< 0< x+ A.

7. (a) Showthat x>~ 3x2+ 3x+ 2is monotonicallyincreasing in every interval.

(b) Show that log (1 + x) —

2x . . .
is increasing when x> 0.
2+ x
8. Determine the intervals in which the function (x4 + 65+ 172+ 32x+ 32)e” *
is increasing or decreasing.
9. Use the function f(x) = x!/*, x> 0 to determine the bigger of the two numbers
eTand e
10. Show that the set of all x for which log (1 + x) < xis equal to [0, e [.
11. Use Lagrange’s mean value theorem to prove that

1+ x< e¥< 1+ xe* Vx> 0.
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12. Ifa= - 1,b= landf(x) = 1/| x| , show that the conditions of Lagrange’s mean
value theorem are not satisfied in the interval [a, b], but the conclusion of the
theorem is true if and onlyif b> 1+ V2.

13. State Cauchy’s mean value theorem. (Kanpur 2007)
\erify Cauchy’s mean value theorem for f(x) = sinx, g(x) = cosxin [—- ®/2,0].

14.  If f(x) = x%, g (x) = cosx, then find the point ce ]0,n/2 [ which gives the result
of Cauchy’s mean value theorem in the interval [0, T/2] for the functions f (x) and
g ().

15. Use Cauchy’s mean value theorem to show that

Mz cot®, where0< a< 6< B< T.
cosB— cosa 2
@nswers 3
1. The mean value theorem does not hold since the given function is not
differentiable at x= 0.
21
2. not applicable. 4. 1- \/T
5. () *(I/3). (ii) 3/2. (iii) 3/2. (iv) 1/7.
6. Condition of differentiability is not satisfied in x< 0< x+ & since f(x) is
non-differentiable at x= 0.
8. Increasing in the intervals [~ 2,— 1] and [0, 1] and decreasing in the intervals
]_ o, = 2]» [_ 1»0] and [l,oo[ .
9. eTisbigger than we.
14. Root of the equation sin ¢ — (8¢/m2) = 0in the open interval | ©/6, t/2 [.

2.11 Taylor’s Theorem with Lagrange’s Form of Remainder

after n Terms

Iff (x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n— 1)th are continuousina< x< a+ h,

and (ii) f(”) (x) existsina< x< a+ h, then

2
fla+ h)= f(a)+ hf (a)+ %f" (a) + ...

W= 1 X
+ — f= D@y + = M (a+ Oh), where0< 0< 1.
(n—1)! n!
Proof : Consider the function ¢ defined by

)
0 (W= F0+ (a+ h= 0 f 9+ CEIEA

(a+ h— x)n— 1
(n— 1!

@+ .

£ Dy + %(a+ h— x",

where A is a constant to be suitably chosen.

We choose A such that ¢ (a) = ¢ (a+ h).
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_ , h* ., A P A
Now ¢ (@)= f(a)+ hf (a)+2!f (a)+...+( 1)'f (a)+n h",
and 0 (a+ h)= f(a+ h).
Hence A is given by

2
fla+ h)= f(a)+ hf’ (a) + %f" (a) + ...

+ Lﬂ"— D (a) + —A (D
(n—1)! n!
Now, by hypothesis, all the functions
QL () f 7 D (x)
are continuous in the closed interval [a, a + h] and differentiable in the open interval
la,a+ h[.

Further (a+ h— x),(a+ h— 02/2),..,(a+ h— 0"/n !, all being polynomials,
are continuous in the closed interval [a,a + h] and differentiable in the open interval
la,a + h[. Also A is a constant.

0 (x) is continuous in the closed interval [a, a + h] and differentiable in the
open interval la, a+ hl[.

By our choice of A, ¢ (a) = ¢ (a+ h). Hence ¢ (x) satisfies all the conditions of
Rolle’s theorem.

Consequently 0 " (a + 6h) = 0, where 0< 6< 1.

Now OV @=f W-f W+ @+ h=-x0f"@®) - (a+ h—x)f" (%)

_ n—1
%J‘(”)(J@— (n%l),(cﬂr h—on !
h— n—1
- @ - Al

since other terms cancel in pairs.
0’ (a+ 6h) = 0 gives
[a+ h— (a+ 60)]"~ !

(n—1)!
W - 1(1_ 0)" - 1
(n—1)!
or fM @+ 06— A=0 or A=f"(a+ 6h).
[wh#0,(1-0)# 0as0< 0< 1]

[ (a+ 6h)— Al= 0

or [ (a+ 6h)— Al= 0

Putting this value of A in (1), we get
’ h2 ’7’
fla+ h)= f(a)+ hf (a)+ ;f (a) + ...

hn n-— n
+ (71),14 D (a) + n—f< ) (a + Oh).

This is Taylor’s development of f(a + k) in ascending integral powers of 4. The

n
(n+ 1)th term % f(") (a+ 6h) is called Lagrange’s form of remainder after n terms in

Taylor’s expansion of f(a + h).
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Note : If we take n= 1, we see that Lagrange’s mean value theorem is a
particular case of the above theorem.

Corollary : (Maclaurin’s development) :
If we take the interval [0, x] instead of [a, a + h], so that changing a to 0 and 4 to
xin Taylor’s theorem, we get

_ , 2 ., xn- 1 (n— 1) X m)
f(x)—f(0)+xf(0)+2!f 0+ ...... e 1)!f (0) + n!f (6x),

which is known as Maclaurin’s theorem or Maclaurin’s development of f(x) in the

n
interval [0, x] with Lagrange’s form of remainder % f(") (6x) after n terms.

2.12| Taylor’s Theorem with Cauchy’s Form of Remainder

Iff (x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n— 1)th are continuousina< x< a+ h,

and (ii) f(”) (x) existsina< x< a+ h, then

2
fla+ h)= f(a)+ hf (a)+ %f" (a) + ...

+ L_]f(”‘ D@+ " (1= 0" 1™ (g + ), where 0< 8< 1
(n— 1! T -1 @ T where '
Proof : Consider the function ¢ defined by
’ + h ’7’
0=+ (a+ h=0f @+ I
(a+ h— "1

Y D@+ (a+ h-x)A,

where A is a constant to be suitably chosen. We choose A such that ¢ (a) = ¢ (a + h).

2 n—1
Now 0 (a) = f(a) + hf’ (a)+ %f @+ ..+ hﬂn— D(a)+ hA,
and 0 (a+ h)= f(a+ h).
Hence A is given by
2 n—
fla+ = f@+ hf @+ 237 @+ ..+ (hil),ﬂ"— D (a)+ hA. .1

As explained earlier in article 2.11, it can be easily seen that ¢ (x) satisfies all the
conditions of Rolle’s theorem. Consequently
0’ (a+ 6h)= 0, where 0< 0< 1.

Now ¢’ (x) = (a +( h— 1) | f(”) (x) — A, since other terms cancel in pairs.
[a+ h— (a+ 6R)]"~ !
0 (a+ 6h) = 0 gives D) f™(a+ 6h)— A= 0
or A MG e 10 (s o)
T (n- 1! :

Putting this value of A in (1), we get
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h"- 1
(n-1!
W

(1— e 1fr(n)
+(n_ 1)!(1 0) " (a+ 6h).

The (n+ 1)th term (n—hil)' (1- 6"~ 1f(W (a+ 6h) is called Cauchy’s form of
remainder after n terms in the Taylor’s expansion of f(a + h) in ascending integral
powers of h.

2
fla+ h)= f(a)+ hf’ (a)+ %f (@) + ...+ AN )

Corollary : (Maclaurin’s development with Cauchy’s form of remainder) :
If we change a to 0 and & to x in the above result, we get

_ N L I
f@) = f(0)+ xf(0)+ 2!f 0+ ...+ - 1)!

x" _ayi—1gm
+(n_ 1)!(1 0"~ 1 fW (6x),

which is Maclaurin’s theorem with Cauchy’s form of remainder. The (n+ 1)th term

£ D0

Xt
(n—1)!

Maclaurin’s development of f (x) in the interval [0, x].

(1- 9"~ 1f (m) (6x) is known as Cauchy’s form of remainder after n terms in

2.13| Expansions of Some Basic Functions

(i) Expansion ofe”:
Letf(x) = e*.
Then f (x)= ¢* ¥ ne N-¥xe Rso that
fM@)y=e"=1 Vne N.
Now Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is

2 xn— 1

f)=f00)+ xf’ (0)+ T!f"(O)+ ( ) 'f(”— D (0) + R,

n
where R,= "5 f™ (69.0< 0< L.
lim lim lim x"
= (n) A 0x

Now n—oo R, n—oo n'f (6) = n—oo p!

. n ; n
= o0x M X exy 0= 0, [ o limxT 0}

n—oo p ! n—oo pl

Thus f™ (x) exists in [0,x] for each ne N and R, —0 as n —oo ie., all the
conditions of Maclaurin’s series expansion are satisfied.
Hence V¥ xe€ R the expansion of e*is

n
e*= 1+ x+ é+ £+ et L
3! n!
(ii) Expansion of sin x :

Let f(x) = sinx.
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FO (9= sin(x+ Jnm) ¥ne N ¥xe R

Then
so that f(”)(O) = sm[ j Y ne N
oy — 0, ifniseven,
or 0)=
A {(— D= D72 i nis odd.
The Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is
, 2 ., x"~ _
FO=FO+ o O+ 57 O+ et ,f‘” D(0) + R,
x" x" nw
= > rn) = = )
where Rn—n!f”(ex)—n!sm( 2) 0< 6< 1.
x" nw x" . nw x"
Now |Rn| = ‘n!s1n(6x+ 2]‘: ‘! s1n(6x+ 2) < il
. . n
lim | | < lim | x" — 0 [ lim x" 0}
n—oo n n—o p! n—o pn!
or lim R = 0.
n—oo N
Thus all the conditions of Maclaurin’s series expansion are satisfied. Hence the
expansion of sin x is
. I o Rl
s1nx—x—3!+5!—7! L.+ (=1 (2n 1)'
(iii) Expansion of cos x :
Proceed as above. In this case we get
)
N T TR T
(iv) Expansion of log, ( 1+ x)
Let f)=1log,(1+ x), (= 1<x<1).
Then fM™x)= (- D" 'n- D!+ x"" ¥ne N,

FMO)= (- D"~ n—= 1)! ¥ ne N

so that
The Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is
X"~
f(”‘ D)+ R,

fx) = f0)+ xf"(0) + 2—!f 0)+ ... ( — Y

R = ey, 0< 0< 1
n= 7 /() 0< 8<
X" (= D" Y= 1! _q 1 x )
= = =(- D" ===
n! (1+ 6x)" n{1l+ 6x
In order to show that R, =0 as n —e , we consider two cases

where

Casel: 0< x<1.
Since 0< x< 1 and 0< O< 1, therefore x< 1+ Ox
n : _ n—1
x) =0 Also M G DT
n—oo n

and hence lim
n—o {1+ Ox
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lim R =0

Thus, in this case,
n —oo n

Casell: - 1<x<0.
In this case it will not be convenient to show that Lagrange’s form of remainder
R, —0 as n —eo because x/(1+ 6x) may not be numerically less than unity. Therefore

we use the Cauchy’s form of remainder. We have

_ _ n— lg(n)
R,= (1= 07 17 (@

= nl) '(1— 0" 1= D" lm— D1+ 60"

n—1
=(—1)”_1x”[1_e] N N (0< 6< 1).

1+ 6x 1+ 6x

Nowas0O< O< land—-1< x< 0, we have

1-6 lim 1—6”‘1_
0< I+ 6x< l,sothatn_wm(lJr Gx] = 0.

lim
Also, x"=0as— 1< x< 0.
n—oo
Thus, in this case also R, >0 as n —oo.

Hence, f(x) satisfies all the conditions of Maclaurin’s series expansion for
- 1< x< 1.
Therefore, for — 1< x< 1, we get

ﬁ )C4 n—1 x"

log,(1+ )= x= "+ 5=+ .+ (1D o

SIS

(v) Expansion of (1+ x)™ :

Let fx)=(14+ ™ ¥ xe R.

Then f™x)=mm—- 1)(m-2)...(m—n+ 1)1+ x""" ¥ ne N.

Now we consider two cases :

CaseI: Ifmisapositive integer.

In this case, we notice that for n> m ,f(”)(x) = 0. So all the terms after the
(m + Dth term vanish and so the expansion consists of finite number of terms in the
form

f( — ’ é 44 ﬂ (m)
x)= f(0)+ xf’(0) + 2!f O+ ...+ . !f (0).

Case Il : Ifm isa fraction or a negative integer.

In this case, let | X | < 1.

We have

fD)=m@m-1)m-2)...(m—n+ D)1+ x0"" " x# - 1.

Here, we use Maclaurin’s expansion with Cauchy’s form of remainder. Thus, we

have

2 x"-

FO=FO+ 2O+ 7 f O+ ooty ,f‘”‘ D(0) + R,
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n
where R =—"(1-0)" fM@oyn,0< 0< 1
" (- 1)1

- "1)'(1—e)n—lm(m— ) m=n+ 1) (1+ 6xm—n

:[1—9] _1_(1+ex)m‘1~ mm=1 ...on=n+1

1+ 6x (n—1)!
_ _ a _
If u :m(m 1)...(m—- n+ 1).xn, then n+1_m n.x
n (n— 1)! a n

n

(on simplification)

. a .
lim % +1_  lim [m_ ljx: 0= 1)x=— x.
n —oo a, n—oo| n

.. lim .
Thlsglvesn_>oo a,= 0, since |—x| = |x| < 1.

Further 0< < 1 =0< 1- 6< 1+ 6x

1
1-0 . . lim 1- 0 _
so that 1+ 6x< 1 which gives " —300 [1 n ex] = 0.

Hence in this case n :noo R, = 0. Thus f (x) satisfies the conditions of Maclaurin’s

series expansion.
Therefore for— 1< x< 1, we have

m(m — 1) m(m— 1)(m — 2)
T~x2+ 3 x3+

(1+ )™= 1+ mx+

|!Iustrative Examlales

Example 1: Iff(x) = f(0)+ xf’ (0) + %f (6x), (D)

find the value of ® as x —1, f (x) being (1 — x)°2.
Solution : Here f(x) = (1 - x)>/2

f0==-30-29Y2 and 7= 0= 92

Thus  f(0)= L,f(0)= - 3 f"(e x) = *(1— 8x)172.
Putting these values in (1), we get
5 x
_ 5/2_ 1_ =2 A e 1/2
(1-x==1 2+2'>< (1 Ox)'/ .
Therefore as x — 1, we have
_q o3, LIS
O=1=5+57 309
or (1- 9)12= 4 o (1-0)= B

5 25 25
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Example 2 :  Show that the number © which occurs in the Taylor’s theorem with
Lagrange’s form of remainder after n terms approaches the limit 1/(n+ 1) as h -0
provided that f** U (x) is continuous and different from zero at x= a.

Solution : Applying Taylor’s theorem with Lagrange’s form of remainder after
n terms and (n+ 1) terms successively, we get for 6,0 € 10, 1],

n—1 n
fla+ h)= f(a)+ hf (a)+ ...+ (:_71)!}0("— D (a) + %ﬂ") (a+ Oh),
_ , Ry LAY :
and fla+ W)= f@+ hf @+ ..+ = f (a)+(n+1)!f *D(a+ 6 h).

Subtracting these, we have
n r(n) n+ 1
W@ - h
n! (n+ 1)!

n
frt D+ oh) = %ﬂ") (a+ Oh)

or fW (a+ 6h)— f (a) = #ﬂﬁ D(a+ oh) (1)

Applying Lagrange’s mean value theorem to the function £ (x) in the interval
[a, a+ Oh], we get
M (a+ 6h)— fM (a)= 6hf"+ D (a+ 06h),0< & < 1. ..(2)
From (1) and (2), we have
h
n+ 1
1 f+ D+ 0h)
n+ 10+ D (a1 007h)
lim , 1 f+* D@
h=0"" n+ 1+ Dy n+ 1

Onf"* D (a+ 00h) = D@+ ohn)

or 0=

, provided f"*+ D (a) # 0.

Example3 : Assumingthe derivatives which occurare continuous, applythe mean
value theorem to prove that

O ()= F {f(0)}f (x) where ¢ (x)= F{f(x)}.
Solution : Let f(x) = tso that ¢ (x) = F (7).

lim 6 (x+ A)— 6 () lim F{f(x+ M)} - F{f()}

Nowo" (9=, h = h—0 h
lim F{f+ hf" (x+ 0,h)} - F{f(0}
= . {0< 8, < 1)

[f(x+ h)= f(x)+ hf" (x+ 6, h), by mean value theorem]
lim F(t+ H)— F(1

,where H= hf’ (x+ 6,h)

T h—0 h
lim HF’ (t+ GZH)
T h—0 h

[ F(t+ H)= F()+ HF’ (t+ 6, H), by mean value theorem]
lim A (x+ 6, h) F"[t+ 0,hf (x+ 6, h)]
"~ h—0 h
=ffF O=F {f®}f .

Note : This example gives an alternative proof of the chain rule.
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@)mprehensive Exercise 4

1. Iff(x+ h)=f+ hf 0+ ;—Z!f”(er on),
find the value of 8 as x —a, f (x) being (x— a)>/2.
2. Find 6,iff(x+ h)= f(x)+ Af" (x) + iﬁ'f (x+ 6h),0< 6< 1,and
(i) f)=a+ bx®+ cx+ d (1) f) = 2.
3. Show that ‘©’ (which occurs in the Lagrange’s mean value theorem) approaches

the limit % as ‘b’ approaches zero provided that f”* (a) is not zero. It is assumed

that f”” (x) is continuous.

4. Show that the number 6 which occurs in the Taylor’s theorem with Lagrange’s
form of remainder after n terms approaches the limit 1/(n+ 1) as h =0 provided
that f(** D (x) is continuous and different from zero at x= a.

@nswers 4

_ 64 . 1 . 1
1. —Tzs 2. (1) 6—5 (11) 0= 3’
@jective Type @Questions

Fill in the Blanks:

Fill in the blanks “...... 7 so that the following statements are complete and correct.
1. A function f(x) is said to be differentiable at x= a if

lim S - ...
—————— exists.

xX—a X— a
2. The right hand derivative of f(x) at x= a is given by
lim f(a+ h) - f(a)
h —0 ’
provided the limit exists.
3. The left hand derivative of f(x) at x= a is given by
lim f(a— h) - f(a)
h—0
provided the limit exists.
4. A function f:]a, b[ >R is said to be differentiable in ]a, b[ if and only if it is
differentiable at every point in ... .
5. If a function f(x) is differentiable at x= a, then f’(a) is the tangent of the angle
which the tangent line to the curve y= f(x) at the point P (a, f (a)) makes with ....
6. Continuity is a necessary but not a ... condition for the existence of a finite
derivative.

h> 0,

h> 0,
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7. The function f(x) = | x| is differentiable at every point of R except at x= ... .
8. [Ifa function f(x) is such that
(i) f(x) is continuous in the closed interval [a, b],
(ii) f’(x) exists for every point in the open interval ]a, b[,
(iii) f(a) = f(b), then there exists at least one value of x, say ¢, wherea< c< b,
such that f"(¢) = 0.
The above theorem is known as ... .
9. [Ifafunction f(x) is
(i) continuous in the closed interval [a, b], and
(ii) differentiable in the open interval Ja, b[ i.e.,a < x< b, then there exists at least
one value ‘c’ of xlying in the open interval Ja, b[ such that
fb) - f(a) _
PR
10. Iftwo functions f(x) and g (x) are
(i) continuous in a closed interval [a, b]
(ii) differentiable in the open interval ]a, b[, and
(iii) g (x) # Ofor anypoint of the open interval Ja, b[, then there exists at least one
value c of xin the open interval ]a, b[, such that
Fh)= f@ _ f(0)
g(c)
11. If fis continuous in [a, b] and f’(x) > 0 in ]a, b[, then fis ... in [a, b].
12. If f(x) = sin x, then
lim f(x+ h) - f(x)
hos0 T
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
13. The function f(x) = | x— 1| is not differentiable at
(a) x=0 (b) x=-1
() x=1 (d) x=2
14. The function f(x) = | x+ 3| is not differentiable at
(a) x=3 (b) x=-3
() x=0 @ =x=1
15. A function f(x) is differentiable at x= a if
(a) Rf’(a)= Lf'(a)
(b) Rf'(a)=0
(¢) Lf'(a)=0
(d) Rf’(a)# Lf'(a)
16. A function ¢ (x) is defined as follows :

O()=1+xif x< 2
O(x)=5—-xif x> 2.
Then
(a) 0 (x) is continuous but not differentiable at x= 2
(b) 0 (x) is differentiable at every point of R
(c) 0 (x) is neither continuous nor differentiable at x= 2
(d) ¢ (x) is differentiable at x= 2 but is not continuous at x= 2.
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17.

18.

19.

20.

21.
22.
23.

24.
25.
26.
27.

28.
29.

30.
31.
32.

33.

Out of the following four functions tell the function for which the conditions of
Rolle’s theorem are satisfied.

(@ f=|x|in[-1,1]

(b) f(x)=x2in2< x< 3

(¢) f(x)= sinxin [0, ]

(d) f(x)=tanxin0< x< T.

The function f(x) = sin xis increasing in the interval

(@) [0.7] ®) [0.7]
© 5% @ [31]

The value of ‘¢’ of Lagrange’s mean value theorem for f(x) = x(x— 1) in [1,2]is
given by

(a) c=
(c) c¢=

The value of ‘¢’ of Rolle’s theorem for the function f (x) = e*sin xin [0, t] is given
by

ENS RSN

d) c=

(a) czg%
(b) czﬁ
(©) czg
(d) cz%"

True or False:
Write ‘T’ for true and ‘F’ for false statement.

If a function f(x) is continuous at x= a, it must also be differentiable at x= a.
If a function f(x) is differentiable at x= a, it must be continuous at x= a.

If a function f(x) is differentiable at x= q, it may or may not be continuous at
X= a.

The function f(x) = | x| is differentiable at every point of R.

Rolle’s theorem is applicable for f(x) = sin xin [0, 27].

Rolle’s theorem is applicable for f(x) = | x| in [- 1, 1].

Lagrange’s mean value theorem is applicable for f(x) = | x| in [- 1, 1].

The function f(x) = sinxisincreasingin| — % ’% .

Ifa+ b+ c= 0,then the quadratic equation 3ax> + 2bx+ ¢= 0 has no root in
10, 11.

If fis continuous on [a, b] and f'(x) £ 01in ]a, b[, then fis increasing in [a, b].
The function f(x) = 2x3— 15x%+ 36x+ 1isdecreasing in the interval [2, 3].
Letf(x)= | + |x— 1] .Then Rf’(0) = 0.

Rolle’s theorem is not applicable for the function f(x) = x (x+ 2) e~ *2in
[-2,0].
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34. The value of ‘¢’ of Lagrange’s mean value theorem for the function

f@ =222+ 3x+ 4in [1,2]is given by c= >
lim f(&x+ h)— f(x)
— N S 7 ST n—1
35. Iff(x)=x ,thenh_>0 A = nx"" .
36. Iff(x) = cosx then th f@=-7@_

—a X— a

lim f(0) = f(x)

.x—>.x0 xX— _xO

@nswers

37. Iff(x)= e* then e’

1. f(a). 2. h. 3. —h 4. la, b[. 5. the x-axis.
6. sufficient. 7. 0. 8. Rolle’s theorem. 9. f’(c).

10. g () - g(a). 11. increasing. 12. cosx. 13.(c). 14. (b).

15. (a). 16. (a). 17. (c). 18. (b). 19. (b).

20. (a). 21.F. 22.T. 23.F. 24. F.

25. T. 26.F. 27.F. 28.T. 29. F.

30. F. 31.7T. 32.7. 33.F. 34. F.

35. T. 36.7. 37.F.



Differentiation

3.1 Increments

In differential calculus we use the word ‘Increment’ to denote a small change
(increase or decrease) in the value of any variable. Thus if x be a variable, then a small
change in the value of xis called the increment in xand we usually denote it by dx which
is read as ‘delta x’. It should be noted that dx does not mean & multiplied by x. It
represents a single quantity which stands for the increment in x. Sometimes we also use
the single letters A, k etc. to denote increments.

Now suppose y= f(x) is a function of the variable x. Let dy denote the increment
in y corresponding to an increment dxin x.

Then y+ 0y= f(x+ Ox).

Therefore dy= f(x+ &x) — f(x).

By flx+ - f(»
ox ox

is called the average rate of change of y with respect to x in the interval (x, x+ 06x).

The quotient

3.2 | The Differential Coefficient

Definition : The differential coefficient of a function y= f(x) -with respect to x is
defined as
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lim 8y lim  f(x+ 0x) — f(»)

dx—0 g~ dx—0 ox

provided the limit exists. The differential coefficient is also called the derivative, or the
derived function. The differential coefficient of y= f(x) with respect to x may be
denoted by any of the symbols

d dy , d ’

ny’ Zx’ Y, Dy» ch(X),f ()C), Df(-x)

The process of finding the differential coefficient is called differentiation. The
differential coefficient (dy/dx) is also called the instantaneous rate of change (or simply,
the rate of change) of y with respect to x.

The Differential Coefficient at a Point: If y= f(x) is a function of x, then

hlim fla+ h)— f(a)

is called the differential coefficient of f (x) for x= a, provided the above limit exists. It

is denoted by (iyc) ,(Y)g-orf" (a). It gives us the rate of change of y with respect
X=a

toxatx= a.

3.3 | Differential Coefficient of x”" (n being Real Number)

Let y= x". Then y+ dy= (x+ dx)".
Therefore dy= (x+ ox)" — x".
8y  (x+ Ox)"— x"

ox ox
Taking limit when dx —0, we get

dy lim Sy  lim  (x+ d0)"— x"

dx ox =0 Sx ox =0 Sx
xn(1+5x]”—xn x“[[1+5x] —1}
. X . X
lim lim
= =0 Sx = =0 Sx
2
x”[1+ n(ﬁx]+ n(n—l)(ﬁx] + .- 1}
X 2! X
lim
= x—=0 Sx

[Expanding by binomial theorem since 6x/x is numerically
less than unity, dx being numerically small]

n_ (5}6) nn—1) (8)6)2 }
X n|— I+ ——~—|—| + ...
X 2! X
lim -

= dx—0 Sx

‘n n(n-1) dx

T

_lim
= x>0 X

+ ... =x”.ﬁ=nx”_1.
X
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Thus ix"z nx"— 1,
dx
Illustration 1 : d%c )= 4t 1= 48,
. Lod( vy _d a1 4 1
Illustration 2 : dx[xl/3J = I (x )= — 3 == 4 .
3.4 Differential Coefficient of sin x
We have d%c sin x = g)rcn_m sin (x4 gi) — L by definition
2 cos (x+ 5;) sin% sin@
_ _lim __lim dx 2
= =0 Sx = x>0 cosfx+ - Sx
2

. lim  sin (6x/2)
= cosx,since §y 50 — w5 =

ox/2

d .
Thus —sinx= cosx.

dx
Similarly, it can be shown that

a cosx= — sinx

dx h ’

lim sinx

Note: , 50

= 1 is true only when x is expressed in terms of radians. In

case xis given in terms of degrees, it should be first expressed in terms of radians before

applying the above results.

3.5 Differential Coefficient of ¢*

lim ex Oox _ e

. ert O of .
We have 6= =0 o , by definition
_ lim e¥e™— ¥ lim  e¥(e¥- 1)
= =0 Sx = =0 Sx
Sx  (dx)?  (8x)3
) ex_1+T!+ 21 +T+ ..... -1
im
= x—=0 Sx
[8x (802 (8x)°
. ex_T!-i- IR + YR + ...
= =0 Sx
lim [ 3 (8x)?
= §x—0 ex_l-i- ?!+ 31 .= et
Thus da (e¥) = e
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3.6 Differential Coefficient of log, x

i 1 -1 N
We have %Clogxz g)rcn_m og (x+ gi) ng,by definition
log(m] log(l + B)C)
. X . X
_ _lim _ _lim
= x>0 Sx = x>0 Sx

Sx  (8x)? . (8x)°

lim x 22 3
5x—>0 5)6

(the expansion is justified since dx/xis
numerically less than unity, dx being numerically small)

lim [1 &  (8»%

1
Ox =0 x_2x2+ 3)(3 ...... x~

= =

d
Thus dx (log, x) =

3.7 | Differential Coefficient of a Constant

Let f(x) = ¢, where c is a constant.

ox) — f(x)

d lim f(x+ .
Then ch(x) = §x—0 Sx , by definition

5;130 % , since f(x) = cfor every value of x

_lim O
= =0 5T 0.

Thus, the differential coefficient of a constant is zero.

3.8 | Differential Coefficient of the Product of a Constant and a
Function

Let c be a constant and f(x) be a function of x. Then by definition

d _ lim cf(x+ ) — cf(®)
dx{cf(x)}— Sx =0 x

__lim flx+ 8x)— f(x)

= x—=0 ¢ Sx

- . 8)?30 flx+ Sgi—f(x)_ cd%f(x).

Thus the differential coefficient of the product of a constant and a function is
equal to the product of the constant and the differential coefficient of the function.

Illustration 1 : d (4e®) = 4. d er= 4e*.
dx dx

Illustration 2 : d L _laf 1 = lix‘ 473
2 dx

dx| 2,43 |7 2 dx| /3
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M s 2
) 3 T 340/3

3.9 Differential Coefficient of log, x

We have log , x= log,xlog, e= log, elog, x, where log, e is simply a constant.

d d 1 1
— = = 1 .7: I 1
dx(l()g“x) logaedx(logex) (log,e) Pl og,e

= I >sincelog e.log a= 1
~ xlog,a £a¢-108,4=
1 1

d
Th T l = = .
us dx( 084 %) xlog,a xloga

3.10 Differential Coefficient of the Sum of Two Functions

Let f)=f )+ 1.
Then  f(x+ Ox) = f; (x+ 8x) + f, (x+ &x).

Therefore, by definition

d li + Ox) -
&= glm fx g))c f()

lim {(fiG+ )+ L+ )} - {ff WD+ f, ()}

= dx—0 Sx
lim {(fix+ 00— fi(0}+ {f,(x+ ox) = f, (%)}
= dx—0 Sx
lim f] (x+ 8x)‘f] (x) fz(x+ Bx)_fz(x)
= dx—0 Sx + Sx
_lim G- /() lim o (x+ 80— £, (%)
= dx—0 ox T 5x—0 ox

d d
ch1 (x) + chz ().

Thus, the differential coefficient of the sum of two functions is equal to the sum
of their differential coefficients.
This theorem can be extended for the sum of any number of functions. Thus

d%c{fl )+ f,0)+ et f,(0)} = %fl (x) + %fz (X) + weeat %fn (x) .

. d x d, . d d
: —_— = — —_— 4 —_—
Illustration 1 i (7e*+ 4logx+ x3) i Te* + i logx+ dxx3

= Te*+ 4. (1/%) + 32

Illustration 2 : d (83 — sinx) = d 8 — d sinx= 24x*— cos x.
dx dx dx
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3.11 Differential Coefficient of the Product of Two Functions

Let f) = f1 ()1, (0.
Then  f(x+ Ox) = f; (x+ dx) f, (x+ &x).

Therefore, by definition

d li + Ox) -
&= glm [ g))c f()

lim f] (x+ Bx)fz (x+ Ox) — f] (x)fz (%)

= 6x—0 Sx
fi (x4 0x) f, (x+ 8x) — f; (x+ &%) f, (%)
lim + fi(x+ 30 f (0 = f; () ()
= dx—0 Sx

(by adding and subtracting the term f; (x+ 6x) f, (x) in the numerator)
lim f] (x+ &x) {fz (x+ Ox) — fz (0} + fz (%) {f1 (x+ Ox) — f] (%}

= =0 Sx
i fr (x+ 8x) — f, (x)
= 50 Gk S|P }
X
i fi (x+ %) — f; (0)
- oy | IS

d d
= f] (%) dxfz (x) + fz (%) dxfl ().
Thus, the differential coefficient of the product of two functions
= first function x differential coefficient of the second

+ second function x differential coefficient of the first.

Illustration 1 : da (e*cosx)= e* da cos x+ cosxi e*
dx dx dx

= — e*.sinx+ cosx.e*= e*(cosx— sinx).
d

Ecxf’

= 3. (1/x) + (logx) .3x%2= 2 (1+ 3logx).

. d _a3d
Illustration 2 : i (3 logx) = P I (logx) + logx

3.12 Differential Coefficient of the Quotient of Two Functions

f1 ()
Let  f()= fl—(x)

2
fi (x+ dx)
fo(x+ 8x)

Therefore, by definition

Then  f(x+ Ox) =
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f] (x+ 0x) f] (%)

d li + &) — li Hrx+ &) £,
4 f= i, Lot fim e S

f] (x+ 8)C)_ f] (%) _f] (x)+ f] (%)
lim Hx+dx) fr(x+00) f,,(0)  fo(x+ dx)

= =0 ox
byaddingand subtracting th BEIRCRE
yaddingand subtracting t etermf2 . in the numerator
1 5 fo (x+ 8)C)_fz (%)
_ _lim
= =0 Sx

lim 1 fi(x+ 8 - f; (0
fr (x+ &x) ’ ox

lim fi ) fr (x+ 80 = f5 (%)
5

T =0 g (), (et Ox) 8x
1 oW Ay
“H® FuC HWH® whG

d
_ fz (%) %f] (x) — f1 (%) chz (%) ’
[f, 0]

— (Numerator) x (Diff. Coeff. of Denominator) )
Square of the Denominator

{fl (%)
Thus, ——

(Diff. coeff. of Numerator) X (Denominator)
fz (x)}

3.13 Differential Coefficient of tan x

d . . d
gy SinXjcosx— sinx - cosx

d d (sinx dx
We have, —tanx= — = , by article 3.12
dx dx\ cosx COSZ)C
cosx.cosx— sinx.(— sinx) cos?x+ sin?x 1 5
= 5 = 5 = 5= secTx.
Ccos” x CcoSs” x CcoSs” x
d
Thus, —-tanx= sec2x.
dx
Similarly, we can show that
d
~ cotx= — cosecZx.

dx
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3.14 | Differential Coefficient of cosec x

We have, 4 cosecx= 4 (1]
dx

dx | sin x
d . d .
—1|.sinx— 1.—(sinx)
dx dx
0— cosx
= 5 = ) = — cosecxcotx.
sin“ x sin“ x
d
Thus, — - cosecx= — cosecxcotx.

dx

. d
Similarly, we can show that dx secx= secxtanx.

3.15 Differential Coefficient of a Function of a Function

Consider the function logsinx. Here log (sin x) is a function of sin x whereas
sin x is itself a function of x. Thus we have case of a function of a function.

Let y=f{¢ (D}
Put t= 0 ().
Then t+ 8t= ¢ (x+ Ox).
As ox =0, 6t also —0.
dy  lim &  lim (&y &
We have = x>0 5= x>0 (Bt'ﬁx

lim  dy lim 8¢
ox —0 St ox —0 Sx

( Bthg() g}t’) ) ( 5)?20 g;) , since 8¢ —0 when dx —0

_ dy dt
T odt odx
Thus, if yis a function of rand ¢ is a function of x, then yis also a function of xand
we have
dy _dy dt
de dt dx
Similarly, if y is a function of u, u is a function of v and v is a function of x,then y
is also a function of x and we have,
dy_dy du_dv
dx  du dv dx

I!!ustrative Examlales

Example 1: Find the differential coefficient of sin 2x.
Solution : Put 2x= 1.

d . d . d . dt d
Then Ecsm 2x= Ecsmt— (dt sin t].dx— cost.dx(2x)

= (cost).2= 2cost= 2cos2x
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Example 2 :  Find the differential coefficient of tan> x.
Solution : Put tan x= .

d 3 dg3 (dgs) dt_ ., d
Then dxtan x= dxt = (dtt s 3¢ pe (tan x)

= 372 . secZx= 3tanZxsec?x

Example 3 : Find the differential coefficient of log sin x.
Solution : We have

ilo sin x = Llo sin x i(sinx)— 1 cosx= cotx
dx OFM YT g (sinx) 08 "dx T siny COSFT CotE

3.16 Differential Coefficient of a*

We have a’t= elogaX: exloga.
d

d d
X — xlogay = pxloga (41
dxa dx (e )=e dx (xloga)

= (loga) .e*°82 = 4*loga.

Thus, %caxz a*loga.

1

3.17 pifferential Coefficient of sin~ ! x

Let sin™ 'x=y.

Then  x= siny.

Differentiating both sides with respect to x, we get 1 = % (siny)

d .. dy dy
= —siny. % = cosy. &,
or 1 dy y 4 1 y e
dy 1 1 _ 1 .
dx cosy ~N(1-sinZy) N(1- x?)
d 1
Thus, -, sin lx= ——"—.
dx V1 - 2
Similarly, we can prove the following other results for inverse circular functions :
d 4 1 d 1 1 d 4 1
—-CO0S Tx=-— - o tan “x= ; —cot lx=—- ——;
dx V(1- x3) dx 1+ 2 dx 1+ 2
—sec” lx= —1 icosec‘ Ly= - S S
dx weE- 1) de 2V (2 1)

3.18| Inverse Functions

Let y= f(x) be a function of x. If when solved for x, this relation can be written as
x= f~ 1(y), then f~ !is called the inverse function of the function f.
Here f~ ! should be regarded as one symbol like F, or ¢, or g.
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In the relation y= f(x), x is regarded as the independent variable, while in the
relation x= f~ 1 (y), yis the independent variable.
dy
dx

The relation between these two differential coefficients can be obtained as
follows :

Let dx and &y be the corresponding increments in x and y respectively.

Then we have

By differentiation, we get —~ and % respectively.

8y 8x_
o &y
Taking limit of both sides when dx —0, we get
lim @ dx|
x—0 | §x &y)
lim  dy lim  Ox) :
or x>0 §yx)| dx—0 &)
or ( 5;120 g}yc] ( 5;120 g)yc] = 1, since 8y =0 as 8x =0
dy dx dy 1
o dx  dy T T avdy
dy dx_ . dy 1
Thes gy dy boden ge= dx/dy

3.19| Logarithmic Differentiation

Whenever we are required to differentiate a function of x in which a function of
xis raised to a power which itself is a function of x, neither the formula for a* nor that
for x" is applicable. In such cases we first take logarithm of the function and then
differentiate. This process is called logarithmic differentiation. It is also helpful in the
cases where we are to differentiate a function which consists of the product or the
quotient of a number of functions.

I!!ustrative Examlales

Example 1 : Find the differential coefficient of (sin~ ! x)!08%,
Solution : Let y= (sin~ ! x)logx,
Taking logarithm of both sides, we have logy= (logx). logsin~ ! x.
Differentiating both sides with respect to x, we get

1 dy 1 1 1 1

= (logx) - . + —- logsin™ ' x.
yar- 1080 G o syt e

dy _ logx N logsin~™ 1 x
dx~ | (sin~ L V(1 - ) x

. log x logsin~™ 1 x
— 1 ,ylogx .
(sin” x) [(sin_ Ly V(= ) + . }
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3.20 Differential Coefficient of the Product of any Number of
Functions

Let y=f06H A0 .. f, ().
Then  logy= logf] (x) + logf, (x) + ...+ logf, (x).

1dy J‘l'(x)Jrfz'(JC)Jr +fn'(x)
ydx | i LT M
dy fl'(x)+f2' (x)+ +fn' (%)
&N AT AT T LM
or ijf H06L@®LO... [, 0+ 106 (X)f0)..f, %)+

A [ @ fy O, ()

Thus to differentiate the product of any number of functions multiply the differential
coefficient of each function taken separately by the product of all the remaining functions
and then add up the results.

3.21| Implicit Functions

If yis a function of x given by a relation of the type y= f(x), then yis said to be an
explicit function of x. On the other hand, if the relation between x and y is given by an
equation involving both x and y, then yis said to be an implicit function of x. If we are
given yimplicitly in terms of x, we can find dy/dx without first expressing y explicitly in
terms of x. Thinking of y as a function of x, we differentiate both sides of the given
equation with respect to x and then solve the resulting relation for dy/dx.

I!!ustrative Examlales

Example 1: Find dy/dx when ax* + 2hxy+ by* + 2gx+ 2fy+ c¢= 0.
Solution : Regarding yas a function of x, differentiating both sides of the given
equation with respect to x, we get

dy dy dy _
2ax+ 2hy+ 2hxdx+ 2bydx+ 2g+ 2fdx_ 0.

Therefore %(ﬂzx—i— 2by+ 2f) = — (2ax+ 2hy+ 2g)

or dy  ax+ hy+ g
dx~  hx+ by+ f

d N (N
Example 2 : Find d%}c ify= (cosx)(cosx)(cosx) ? mf.
Solution : From the given expression for y, it follows that
y= (cosx)Y or logy= ylogcosx.
Now differentiating both sides with respect to x, we get

1dy dy 1 .
——="1 + ¥ — (-
v ogcosx+ Y o5 (— sinx)
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dy[ 1 } dy (»* tan x)
e — — 1 = — —_—= -
ot dxl y 08 COSx ytanx ot dx 1 - ylogcosx

3.22 Parametric Equations

If x and y are both expressed in terms of a third variable, say 7, then ¢ is usually
called a parameter. In the case of parametric equations we can always find dy/dx, without
first eliminating the parameter.

Thus, if the parametric equations are x= ¢ (¢),y= y (), then

dy dy dt
dx~ dr dx
dy dy ydx
or dx” dt ! dt

Example: Ifx=a (cost-ﬁ- logtan % t j, y= asint,find dy/dx.
fom - dx _ ) _ N S 22| 1
Solution : Here oo a{ sin t + tan (1/2) (sec 2] 2}

. 1 1— sin®t cos? t
=a)-sint+ —— [ l=a|— - |=a "
2sin 1 cos t sin £ sin £

Also dy/dt= acost.

Now dy dy/dr acost — tant
dx dx/dt  (acos®t)/sint .

3.23 Differentiation of a Function with Respect to a Function

Suppose we are to find the differential coefficient of the function u = f(x) with
respect to another function, say, v= ¢ (x).
It means we are to find du/dv, where u and v are both given in terms of a third

du _ du/dx
variable x. Therefore, as in the case of parametric equations, we have —— =

dv ™ dv/dx
af (x) _ df (x) / d¢(x)

ie., do)
Example : Differentiate x%" lx with respect to sin~ ! x.
Solution: Let u= x5" 'Yandv= sin~ 'x.
Then logu = sin~ !'x. logx.
l@— L logx+lsin_1x
u dx \/(1 ) X
du in- | logx sin” !x
or e = xSm X V(1 ig 2 + ; .
dy _ 1

Again o 7\/(1 ~ xz) .
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sin 1x[ logx + sin~ lx}
Noy | du_ du/dx_ V- ) §
dv dv/dx 1
V(1 - 22
_ ysin xlogx+ \/(l—xz)sin_lx}’
x

3.24| Trigonometrical Transformations

Sometimes a function can be easily differentiated after making some
trigonometrical transformation. Following formulae of trigonometry are of frequent
use in such cases :

(i) 1+ cosx= 2cos?(x/2), (i) 1- cosx= 2sin? (x/2),

2 /2 ) ) 2 /2

(iii) tan x = sz)» (iv) sinx= sz),
1 - tan® (x/2) 1+ tan2 (x/2)

1- tan (x/2) |

V) cosx=
X 1+ tan® (x/2)
(vi) tan™ lx+ tan™ 1y= tan~ ! Yy,
1— xy
.. _ _ _ _ X— Yy — 1. -1 2x
(vii) tan” 'x— tan™ !y= tan~ ! > (viii) 2tan” * x= tan ’
Y L+ xy - 2
(ix) 3tan” !x= tan~ ! ?x—;;’ (x) sin3x= 3sinx— 4sin3x.

(xi) cos3x= 4cos’®x— 3cosx.

I!Iustrative Examlales

. . _ipa-x .
Example 1: Differentiate tan™ ! 1 with respect to x.
X

Solution: Let y= tan™ ! azx .
1+ ax
Then y= tan™ a— tan™ Tx
%z 0-— " lxz > since tan~ ! @ is constant
+

= - 1/(1+ 2.

Example 2 : Differentiate tan™ 1 [{\/(1 + 2 - 1}/x] with respect to tan~ Iy
1+ -1

Solution: Let u= tan~ 1W%and v=tan~ lx

Then to find du/dv.
Since v= tan~ ! x, therefore x= tan v.

_1\/(1+tan2v)—1 _1secv—1
= tan —
tanv tanv

u= tan
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s 21
_11-=cosvy - 2sin® 5 v -1 1 1
=tan” oo =tan” | —=tan” tan_ v= .
sm vy 2sin§vcos§v

Hence du/dv= 1/2.

N+ D+ N1 - D)
V(1 + &)= V1= 2

U+ A+ V- )
V(14 &)= V1= )

Example 3 : Differentiate tan

Solution: Let y= tan

Put x2 = cos?2 6.
_ V(1 + cos28) + V(1 - cos26)
V(1 + cos28) — V(1 - cos26)

Then  y= tan

_tan_lcos6+ sin® _ _11+ tan®
h cosO— sin® 1 - tan©
_ -1 T _T
= + =+ |

tan tan[4 6] 4 0

1 1 -1
=T+ - .
y= T+ ,cos X2

1 X

T NU- Y

1
Hence = - - :
dx  24(1- Y

3.25| Hyperbolic Functions

We define the hyperbolic functions as follows :

X - X X - X
eX+ e . e¥— e
coshx= ——— > sinhx= ——F———>
2 2
sinhx coshx
tanhx= ——— >cothx= ———>
coshx sinhx
sechx= scosechx= —; .
coshx sinh x

Relations between different hyperbolic functions.

1

. 1 _ _
We have, cosh? x— sinh?x= Z(ex+ e %2 - Z(ex— e )2

= %(ezx—i- 24 ¢ ) - %(er_ 2+ ¢ )= %(2"‘ 2)= 1

Thus, cosh®?x— sinh®?x= 1.
Similarly, we can establish the following other relations for hyperbolic functions :
cosh2x= cosh?x + sinh?x, sinh2x= 2 sinhx coshx
cosh2x= 2 cosh®x— 1,cosh2x=1+ 2 sinh? X,
sech?x= 1- tanh? X, cosech? x= coth?x— 1.
Note : In order to remember the relations for hyperbolic functions it should be
noted that they can be obtained from the corresponding relations for circular functions

simply by changing them to hyperbolic functions and also by changing the sign of the
term which contains the product of two sines.
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Differential Coefficients of Hyperbolic Functions :

d _dfett et 1 o
We have dx(COth)_ dx[ ) J— 2(e ¢ *)= sinhux
d .
Thus, ——coshx= sinhx.

dx

Similarly, 4 sinhx= coshux.

dx
. d d | sinhx (cosh x) (cosh x) — (sinh x) (sinh x)
A — (t h = — =
gam dx( anh ») dx[cosh x] cosh? x
h? x— sinh? 1
_ cosh®x 2sm x_ = sech? 1.
cosh” x cosh“ x
d 2
Thus, —-tanhx= sech”x.
dx
.. d 2
Similarly, — cothx= — cosech“x,
dx
d
— cosechx= — cosechxcothx,
dx
d
and —sechx= — sechxtanhux.
dx

3.26 | Inverse Hyperbolic Functions and their Derivatives

If sinhy= x, then we write y= sinh™ ! x. Similarly, we can define cosh™ ! x,
sech™ ! xand other inverse hyperbolic functions.
Logarithmic values of inverse hyperbolic functions.

Let y= cosh™ 1 x then coshy= x.
sinhy= V(cosh?y— 1)= V(x2- 1).
But e¥= coshy+ sinhy= x+ V(2 - 1).

y=log[x+ Vo2 - 1)]  ie, cosh” 1x= log[x+ V(x*- 1)].

Similarly, sinh™ 1x= log[x+ \/(x2+ 1)] and tanh™ lx= %logit i
Now, in order to find out the differential coefficient of cosh™ ! x, we have
d d 1
Zcosh™ 'x= “logx+ V(x2- D]= ————-
0 grloglir V= D1= g
d 1
Thus, ——cosh™ Tyo ————
dx V- 1)
.. d .  _ 4 1
Similarly, —sinh™ "x= —-—"—>
Y dx V2 + 1)
itanh‘ Ty= 1
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3.27

List of Standard Results to be Committed to Memory

d
= tanh x= sech?x.

“on = n—1
dxx e dx

d
S x_ Lx el — _ 2
dxe e dx cothx cosech” x
d 1 d
dxlogex— . dxsechx— — sechxtanhx
ilo x= l10 e icosechx— — cosechxcothx
dx Ea*= X Ea dx h
d x . 1
— = 1 —_ = -
dxa a*log,a dxsm X \/(1— 2
isinx— cosx icos_ Ly=— B
dx dx V(1= 22
icosx— — sinx “tan~ lx= !
dx - dx T
d ) d 1 __ 1
dxtanx— secx dxCOt xX= 1+ xz
icotx— — cosecZx isec_ L= ;
dx dx xN@2 - 1)
isecx— secxtanx icosec‘ Ly=— S S
dx dx N2 - 1)
icosecx— — cosecxcotx isinh‘ ly= N
dx dx V2 + 1)
d d 1
— sinhx= coshx “cosh™ lx= —
dx dx \/(xz— 1)
d . d 1
~~coshx= sinh “tanh~ lx= ——
dxcos x= sinhx dxtan X -2
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Successive Differentiation

. Successive Differential Coefficients

d
Let y= f(x) be a differentiable function of x ; then its differential coefficient d—i

d
is called the first differential coefficient of y. If the first differential coefficient d—i is

differentiable, then its differential coefficient i.e., % (%) is called the second differential

2 2
coefficient of y and is denoted by &y Similarly, the differential coefficient ofﬂ is
3

dr? dr’
called the third differential coefficient of y and is written as <y, In general, the n'*

a3

mn
differential coefficient of yis denoted by %

If y= f(x) be a function of x, then the various ways of writing the successive
differential coefficients of y are as follows :

dy &y &y dly
dx g2 da dx"

4 9 Dyv D2y$D3y’ ""Dny’
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Vs Yoo V30 s Yyoeen s Yo VY77, ...,y(”),...
I @ @), fO (0,
If y= f(x) be a function of x, then the n’ differential coefficient of y, is the
(n+ N differential coefficient of y
ie., D"y=D"*"y=y, . ,. Inparticular, D" y,= D"* 2y=y ..
The value of the n differential coefficient of y= f(x) at x= a is denoted by
(V) x= 401 by (y,),,0r by f" (a). It should be noted that the differential coefficient of

a given order at a point can exist only when the function and all derivatives of lower
order are differentiable at the point.

I!!ustrative Examlales

Example 1: Find the second differential coefficient of e~ sin 4x.
Solution : Let y= ¢3*sin 4x.

Then 3—1: 3¢3sindx+ 4e¥cosdx= X (3sindx+ 4cosdy).

@_i @ _i 3x :
P dx[dx]_ dx{e (3sind4x+ 4cosdx)}

= 3e3Y(Bsindx+ 4cosdx)+ X (12cosdx— 16sin 4x)

= 3% (24 cosdx— 7 sin 4x).
Example 2: Ify= (sin~ ! x)2 prove that (1 — x?) Yo~ xy;— 2= 0.
Solution : We have y= (sin~ 192,
. .. . . 2sin” x
Differentiating both sides with respect to x, we get y; = ———— -~
V(1 - )
Squaring both sides, we get
(1- 2 y2= 4 (sin” ' )2
or (1- %) y%2- 4y= 0,since y= (sin™ ! x)2
Differentiating again, we get (1 — x%) 2y, ¥y — 2xy12 — 4y, = 0.

Since 2y, # 0, therefore cancelling 2y, we get (1 — x2) Yo~ xy;— 2= 0.

2
Example3: Ifx= a(cos®+ 0sin0),y= a(sin@— 6c0s6),find%~

Solution : We have x= a (cos®+ 0sin 0).

%: a(— sin®+ sin®+ 6cosB) = aBcosh.
Also y= a(sin®— Bcos0).

d—gz a(cos®— cosO+ OsinB) = a 0Osin 6.
dy _ dy/d6 _ aBsin@ _
dx dx/d® aBcos0

Now tan 6.
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dy_dfdy)_d d do
P dx[dx] L (tan 6) = [de (tan e)} dx

1 1 sec36’

_ 2q. _ 1
= sec’§ a9cos® a 6
2 272
Example 4 : If p?= a® cos* 0+ b® sin® 0, prove that p + dl: @b
deZ p3
Solution: We have p?= a?cos?0+ b?%sin? 6. (D
Differentiating both sides of (1) w.r.t. ‘0’, we have
2p Zg — 2a?% cos O sin O+ 2b%sin O cos O
dp 22y o
or p%z (b= — a-) sin B cos 6. ...(2)
Now differentiating both sides of (2) w.r.t. ‘©’, we have
d*p (dp 2_ 2 2 )
pdeZJr(de = (b"— a“) (cos“ 60— sin“ 0)
= (b>cos’ 0+ a’sin® B) — (a?cos®> O+ b?sin? 0)
= (b*cos’> 0+ a’sin’ @) — [From (1)]
dzP 2= (b cos? 2 2 dpY?
p d@z = (b”cos“ 0+ a“sin® 0) 40
= (b2 cos? 0+ a?sin? 0) — (b? = a%)? sinzecosze,
2
p
substituting for dp/d6 from (2)
= iz[p2 (b2 cos? 0+ a?sin?0) — (b2 — a?)?sin? 6 cos? 6]
p
= iz [(a? cos? 8+ b%sin? 0) (b% cos® O+ a? sin? 6)
p
— (b* - a*)?sin? B cos’ 0]
= Lz [a2 b2 cos* O+ a2 b?sin* 0+ 242 b2 sin? 0 cos? 0]
p
a2 b? 272
= b (cos? 0+ sin20)2= %~
p
d*p a® b?
Thus =Ly p?= :
PP 2
2 272
Dividing both sides by p, we have d—’;+ p= %~
dao p
omprehensive [Lxercise
h E 1
1. Ifx=a(t— sint)and y= a(1+ cost) rovethat@— icosec4 1.
‘ - Y= P 2 4a 2
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2. (i) Ify= Asinmx+ B cosmux, prove that y, + m?y= 0.
(ii) If y= Ae*™ + Be™ % show that y, — a’y= 0.

3. Ify= e cosbx, prove that y, — 2ay, + (a*+ b?) y= 0.
Also prove thaty, , [ = 2ay, - (a®>+ b?) Vo1,

4.2 | nth Differential Coefficients of Some Standard Functions

In general y, = a" e®* °.

Thus Dmeax+b_ gnpax+ b

(ii) If y= a* then y, = (loga) a*, y,= (loga)? a* etc.

(Bundelkhand 2005; Agra 07; Rohilkhand 11B)

In general y, = (loga)" a*.
Thus D"a*= (loga)"a*. (Meerut 2001; Bundelkhand 05; Agra 07)
(ifi) If y= (ax+ b)™, then y, = ma (ax+ b)"~ 1,

Yo=m(m— 1) a? (ax+ b)"™~ 2

yy=m (m— 1) (m— 2)a’(ax+ b)"~ 3, etc.

In general y,=m@m- 1)(m—2)..{m- (n- 1)}a" (ax+ b)"~ "

Thus, D"(ax+ b)"=m@m—- 1) (m—- 2)...(m— n+ 1)a” (ax+ b)"~ ",
If m is a positive integer we can write the above result in a compact form by using
the factorial notation. Thus, in this case D" (ax+ b)™
m@m— 1)m—-2)...(m—n+ 1)(m—n)(m—-n— 1)...2.1

= m—n)(m-n- 1..21 s a(ax+ DTN

(mTi!n)! a (ax+ b)y"— ",

If m is a negative integer, saym = — p, where p is a positive integer, then
D"(ax+ by P=(=p)=p-D(E=p-2)..{—p- (- D}a"(ax+ by~ P~ "
=CE=D"p(p+ D(p+2)...(p+ n—1)d" (ax+ b)y~ P~ "

Note : If m is a positive integer, the m®™ differential coefficient of (ax+ b)™ is
constant. Therefore the (m + 1) and all the higher differential coefficients of

= "

(ax+ b)™ will be zero.
(iv) If y= (ax+ b)~ !, then (Agra 2007)
= (= Da(ax+ b)~ % y,= (= 1) (- 2) a* (ax+ b)~ 3,
y3= (= 1) (= 2) (- 3) a’ (ax+ b)” 4 etc.
In general,y, = (- 1) (= 2) (= 3)...(~ n) " (ax+ b)~ @+ D,

Thus, D" (ax+ b)” '= (- D"nla" (ax+ b~ "~ L
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(v) If y=log(ax+ b), then y, = = a(ax+ b~ 1,

_a
ax+ b

Y= a? (= 1) (ax+ b)~ 2, y3= a® (- 1) (- 2) (ax+ b)” 3, etc.
In general,y, = a" (- 1) (- 2)...{— (n— 1)} (ax+ D)~ ".

D" - 1ta"

Thus, D"log(ax+ b) = (Meerut 2003)

(ax+ b)"
(vi) If  y= cos(ax+ b), then
y1= — asin(ax+ b) = acos(ax+ b+ %)
Yy = azcos(ax+ b+ 2- %),y3= a3cos(ax+ b+ 3.%),etc.
In general, y, = a”" cos(ax-i— b+ nzn)

Thus, D" cos (ax+ b): anCOS(ax-i- b+ nzn) )

2
(Gorakhpur 2005; Bundelkhand 07; Kumaun 08)

(vii) Similarly, D" sin (ax+ b) = a”" sin (ax+ b+ ’”‘).

(viii) If y= e*sin (bx+ c), then
y; = ae®sin (bx+ ¢) + be“ cos (bx+ c)
= e {asin(bx+ ¢)+ bcos(bx+ c¢)}.
Putting a= rcos¢, b= rsin ¢, so that
2= a%+ b? and ¢ = tan~ ! (b/a), we get
y = re*sin (bx+ c+ ¢).
Similarly Yy = ? e™sin (bx+ c+ 20), etc.
In general, y, = " e**sin (bx+ c+ n¢).
Thus, D"{e®™sin(bx+ ¢)} = r"e*sin(bx+ c+ no),
where, r= (a*+ b»1V2 and 0 = tan~ Lb/a).
(ix) Similarly,
D" {e™cos (bx+ ¢)} = r" e cos (bx+ ¢+ no)

where r= (a®+ b»HV2, and 0 = tan~ Lb/a).

4.3 Decomposition in a Sum

All the standard results obtained in article 4.2 should be committed to memory.
In order to find the ' differential coefficient of any other function, it will be often
necessary to express that function as the sum or difference of suitable functions with
the help of some algebraic or trigonometrical transformations as discussed below.
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4.4 | Use of Partial Fractions

In order to find the n™ differential coefficient of a fraction in which numerator
and denominator are both rational, integral algebraic functions, we should resolve the
fraction into partial fractions after breaking its denominator into linear factors, real or
imaginary. In case we get imaginary factors in the denominator we shall make use of
De-Moivre’s Theorem of trigonometry in order to simplify the result.

Il[ustrative Exam]:)les

N S
(x—a) (x— b)
(Rohilkhand 2014)

Example 1 : Find the n™" differential coefficient of

B x?
T a-ae-n
Since the given fraction is not a proper one, therefore we should first divide the
numerator by the denominator before resolving it into partial fractions. Here we
observe orally that the quotient will be 1. So let
— =14+ A + B .
(x— a) (x— b) x—a x—b
Clearing the fractions, we get
K= (x—a)(x— b)+ A(x— b)+ B(x— a).

Putting x= a, we get A = a®/(a— b) and putting x= b, we get B= b*/(b— a).

Solution : Let

a? b?
Hence y= 1+ +
(a-b)(x—a) (b—a)(x—b)
2
a b
=1 _ -1 _ _ — 1.
+ a-b) (x— a) a-b) (x— b)
Therefore differentiating both sides n times, we get
a2 n -n—-1 bz n -n—1
Y, = (a—b)(_ D"n!(x— a) _(a—b)(_ D"n!(x—- b)
(= D"n! a? b?

@=b | (x-amt ! (x-brt1]

Example 2 :  Find the n'" differential coefficient of
(i) tan~ ' (x/a). (Meerut 2001, 05B, 09; Purvanchal 10, 14; Avadh 13)
(ii) tan~'x
a a
L+ a2 (x+ ia) (x— ia)
a _ A + B
(x+ ia) (x— ia) x+ ia x-— ia
Clearing the fractions, we get a= A (x— ia) + B (x+ ia).

Solution:(i) If y= tan™ 15’ then y, =

Now let

Putting x= ia, we get B= 1/2i
and putting x= — ia,we getA = — 1/2i.

_ by 1]
y1_2i{x— ia x+ ia}_2i[(x ia) (x+ ia) :|
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Now differentiating both sides (n — 1) times, we get

Y= 5L D = D= ) = - D s D i) 7]

(- D" Y- 1!

2 [(x— ia)- "— (x+ ia)” ”:l .

Put x= rcos¢ and a= rsin¢. Then

G O L 1)![

rm"(cosd — isin®)” " — r "(cosd + isin)” ”:l

n 2i
_ n—1 _
_ -1 21(’1 ! . I:(coan)—i- isinn¢)— (cosnd — iSil’lqu)):I
_ 1yn—1 _
— -1 21(’1 1)!r— ”.2isinn¢= (- D"~ 1(}1— 1)!r_”sinn¢
=(=D""1mn-1 ’(SiZq))_nSin”q’ , since r= sircll

=(= D" Y- 1)'a "sin" ¢ sinn ¢, where ¢ = tan™ ! (a/x).
(ii) Proceeding as in part (i), we get
D" (tan” 'x)= (= 1)"~ ' (n— 1) !'sin” ¢ sinn ¢, where ¢ = tan™ ! (1/x).

4.5  Use of Trigonometrical Transformations

Suppose we are to find the n™ differential coefficient of the function

sin” x cos” x, where m and n are positive integers. With the help of trigonometry, we
express this function as the sum of sines or cosines of multiples of x and then we apply
standard results.

Il[ustrative Exam]:)les

Example 1: Find the n'" differential coefficient of sin* x sin 2x.

Solution : Let y= sin® xsin 2x.

Then y= %(1 — cos2x) sin 2x, since 2 sin®x= 1— cos2x

1 . 1. 1 . 1 .
= 2s1n2x— 2s1n2xcos2x— 2s1r12)c— 4s1r14)c.

Now differentiating both sides n times, we have

Y= 1o sin(2x+ ”“)— 1 g sin(4x+ ”“]

2 2 4 2
_ ooy LR AT nn }
= 4[2.2 s1n(2x+ ) ) 4 sm(4x+ ) )
Example 2 :  Find the n'" differential coefficient of ¢ cos? x sin x.

2

Solution : Let y= ¢ cos”xsinx.

1 . . 1 .
Then y= Ee‘”(l + cos2x) sinx = _ e*sinx+ Ee"xcos 2xsin x

1
2
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. 1 . .
e4*sin x + Ee"x[sm 3x— sin x]

N [ =

as2cosA sinB= sin(A+ B)— sin(A— B)

1 . 1 . 1 .
—esinx+ —e™sin3x— — e*sinx
2 4 4

1

= [¢**sin x+ e*sin 3x].

Now differentiating both sides n times, we have

Yy = %[(1 + a2 ¥ gin (x+ ntan~ 1;)
+ (94 a®)"'? % gin (3x+ ntan” 13)}
a

= le"x[(l + a®)"’2 gin (x+ ntan” 11)
a

+ (9+ a®)"?sin (3x+ ntan” lzﬂ .

Example 3 : Find the n'" differential coefficient of sin® x cos’ x.
Solution : Let z= cosx+ isinux, then
7z = (cosx+ isinx)” = cosx— isinx
Therefore z+ 7z~ '= 2cosxandz— z~ '= 2isinx
Also by De-Moivre’s theorem, " = cosmx+ isinmx, 77 " = cosmx— isin mx.
Therefore z + 77 ™ = 2cosmxand z"" — 7= " = 2isin mx.
Now (2isinx)’ 2cosx)3= (z— 7 W@+ 7 13
(B-z ) -2E- -2 - H+6(2- 72
2i sin 8x— 2 (2i sin 6x) — 2 (2i sin 4x) + 6 (2i sin 2x).
5 3

Therefore sin x=2""7 [sin 8x— 2 sin 6x— 2 sin4x+ 6 sin 2x].

Hence D" (sin® x cos® x)

X COS

=2 7[8” sin(8x+ ””)— 2.6" sin(6x+ ””)

2 2
— 2 .4%sin (4x+ ”;)Jr 6.2" sin(2x+ ”;ﬂ ~
@)mprehensive FExercise 2
Find the n'" differential coefficients of :
1. (i) log[(ax+ b) (cx+ d)].
(ii) cos2xcos3x (Bundelkhand 2001; Kashi 11)
(iii) cos x cos 2x cos 3x.
(iv) cos* x.
2. (i) cos?xsindx. (ii) e** cos? bx.
(iii) €%* sin bx cos cx. (iv) €% sin? x.
1 1
3. () ——— ii
()1—5x+6x2 ()x2—a2
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(iii) I (iv) x :
(x+ 2) (2x+ 3) (x—a)(x— b)(x— ¢
4 i 3
. T’ n= 3.
- D@-2 " (Agra 2014)
5. (i) tan™ 1+ x . (Purvanchal 2011) (ii) tan™ o2 .
I=x - 2
6. Ify= tan” l{v(”f)_l} show that y, = %(— D"~ Y (n— 1) !sin" @sinn 6,
where 0= cot™ !x.
X .
7. Ify= ————provethaty = (- D"n!la "~ lsin"t Lo cos(n+ 1) 0,
y 2+ ad) P Y o o
where ¢ = tan™ La/x). (Kanpur 2009)
8. Ify= sinmx+ cosmux, prove thaty, = m" [l + (= 1)" sin 2mx]V2.
(Meerut 2000, 09B)
9. Prove that the value of the n™ differential coefficient of )cf’/(x2 — 1) for x= 01is
zero if n is even, and is — n ! if n is odd and greater than 1.
10. Ify= (tan” ' x)? prove that 2+ 12y, + 2x (> + 1)y, — 2= 0.
@nswers 2
1. () (- D" Y= D! {a" (ax+ b)~ "+ c" (ex+ d)~ "}.
. 1 1
(ii) > 5 cos(5x+ 2nn)+ cos(x+ 2nn)
o 1)on 1 n 1 n 1
(111)4{2 cos(2x+ 2nn)+ 4 cos(4x+ 2nn]+ 6" cos| 6x+ 2n7t .
o1 1 et 2 1
(iv) =14" cos| dx+ —nm |+ 2 cos|2x+ —nm|(.
8 2 2
2 (i)i 2 sin -i—l Tt |+ 3"sin 3x+lnn — 5"sin 5x+lnn
16 Tl 2 2 :
(i) (1/4) (a® + 9b%)"/2 % cos {3bx+ ntan™ ! (3b/a)}
+ (3/4) (a®+ b2 e cos {bx+ ntan” ! (b/a)}.
(iii) %r” e™sin {(b+ ¢)x+ nd} + %rln e™sin {(b— ¢) x+ ny},
where 2= a’+ (b+ ¢)%, ¢ = tan™ ' {(b+ ¢)/a}, 2= a’+ (b- ©)%,
y=tan” ' {(b— ¢)/a)}.
(iv)%.S”/z.ez’C sin [x+ ntan” ' (1/2)] - i (13)"2 . ¢* [sin 2x+ ntan™ ! (3/2)].
RO N G D LR XA (2 S § Rl S LU (c PN D ity

() (12a)n!(— D' {(x— a)~ "~ 1_ (x+ a)~ "~ 1}.
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9.2n- 1 4
Qx+ 3t (x4 2nt 1]
a + b
(a-=b)(a-c)(x—a)"* " (b-c)(b—a)(x— b)"* !

(iii) (= D"*n ![

(v) (- D"*n !{

(c— a)(c— b) (x— o)t *
4. (- D"n'{16(x-2)" "~ 1— (x— D~ -1},
5. () (= D" Y(n—= 1)!sin" ¢ sinnd, where ¢ = tan~ ! (1/x).
(i) 2 (- D"~ Y(n— 1) !'sin” ¢ sin nd, where ¢ = tan™ ! (1/x).

4.6 | Leibnitz’s Theorem

This theorem is useful for finding the n’ differential coefficient of the product of
two functions. The statement of this theorem is as follows :
Ifu and v are any two functions of x such that all their desired differential coefficients

exist, then the n' differential coefficient of their product is given by
D" (uv)= (D" u).v+ "C{ D"~ Vy. Dv + "C,D"™ 2u.D%v+ ...

e+t "C.D" T Tu.Dv+ ..+ uD™.

(Meerut 2004, 05BP, 08, 09; Bundelkhand 05; Agra 07;
Kumaun 08; Purvanchal 11; Kashi 13)
Proof: We shall prove this theorem by mathematical induction. By actual
differentiation, we have
D (uv) = (Du) .v+ u.Dv. (D
From (1) we see that the theorem is true for n= 1.
Now suppose that the theorem is true for a particular value of n. Then we have
D" (uv)= (D"u)v+ "C; D"~ Ly Dv+ "C, D"~ 2uD%v+ ...
wet PC.D"TTuD v+ "C,, (D"l u D™ Lyt L+ w. D"y, L(2)
Differentiating both sides of (2) with respect to x, we have
D" Y(wv)= ((D"* Yu).v+ D"uDv} + {"C; D"u.Dv+ "C; D"~ 'uD?v)}
+ {"C, D"~ 'u.D?>v+ "C, D"~ 2u.D3v} + ...
o+ (e, D"ty Dy "C D" "u D 1y}

+{"C.. D" Tu.D" " lyqnc D" lyprtZyiy .

r+ 1

oot {DuD"v+ uD"* 1y},

r+ 1

Rearranging the terms, we have

D" Ywv)= (D" Yu).v+ (1+ "C)) (D" uDv)+ ("Cy+ "C,) (D"~ 'uD?v)
+ ..+ ("C,+"C, DD Tu. D™ vy + L+ uD o L(3)

But we know that "C .+ "C,, ,="*1C_, |.

Therefore "Cy+ "C,= "+ 1 C, where "Cy= 1, "C, + "C,= "* 1C,, etc.

Hence (3) becomes
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D" Ywv)y= (D"* 'u).v+ "t 1C; D" u.Dv+ "+ 1C, D"~ Lu.D?>v
+ .+t e D" T D™ v L+ w DT Ly L(4)

The result (4) shows that if the theorem is true for any particular value of n, it is
also true for the next value of n. But we have already seen that the theorem is true for
n= 1. Hence it must be true for n= 2 and so for n= 3 ; and so on. Therefore the
theorem is true for every positive integral value of n.

Note : While applying Leibnitz’s theorem if we see that one of the two functions
is such that all its differential coefficients after a certain stage become zero then we
should take that function as the second function.

Il[ustrative Exam]:)les

Example 1: Find the n'" differential coefficient of x> cos x. (Meerut 2010)
Solution : Since the fourth and higher derivatives of x> will become zero,

therefore for the sake of convenience we should choose x° as the second function.
Applying Leibnitz’s theorem, we have

D" [(cosx) .x3]= (D" cosx) . x5+ "C (D" Lcosx) . (D)
+ 1C, (D"~ 2cosx) (D?x3) + "Cy (D"~ 3 cosx) (D3 23),

since all other terms become zero

= cos[x+ nzn] B+ ncos{x+ (n— l)g} .32

nn—1)(n-2)
1-2-3

n(n-1) T
L2 cos{x+ (n 2)2}.6x+

= ﬁcos[x+ nzanr 3x2.nsin[x+ nzn]

- 3n(n- 1)xcos[x+ mt]_ nn—1)(n-2) Sin[x—i— ”2“]

cos{x+ (n—3) ’;} 6

2
niw . niw
= [x3— 3n (n— l)x:l cos[x-i— 2] + [3x2n— nn—1)(n- 2):| sm[x—i— 2] .
Example 2 :  Find the n'" differential coefficient of x" ~ ! logx. (Meerut 2010B)
Solution: Let y= x"" 'logx. ..(1)

Theny, = x"~ 1. (I/x) + (n— 1).x"~ 2. logx.
Multiplying both sides by x, we have xy; = x"~ 'y n— D"~ llogx
or xy=x"" 1T+ (n— 1)y. ..(2)
[ from (1), y= x"~ 'logx]
Differentiating both sides of (2), (n — 1) times, we have
D"~ l(ylx)z D= lxn=1ly (n—1)D"" 1y

or D"~ typ.x+ " lc, (D" 2y). 1= (n— D!+ (n— Dy, _,

or xy,+ (n—=Dy,_1=@0—- 1D+ n-1y,_,
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or

and

or

or

or

or

or

or

or

or

or

xy,= (n=1)! or y=(@m-1Vx
Hence D" (x"~ l'logx)= (n— 1) /x.
Example3: Ify= acos(logx)+ bsin(logx), show that

Eyy+ xy+ y=0, (Bundelkhand 2006, 11, 12; Avadh 08;
Kashi 12; Meerut 13)

2y, .+ Qn+ Dy, , + 2+ 1y, = 0.
Solution : We have y= acos(logx)+ b sin (logx).
Differentiating both sides with respect to x, we have

a . b
= - — 1 + = 1
Y p sin (logx) p cos (logx)

xy; = — asin (logx) + b cos(logx).
Differentiating both sides again with respect to x, we have
X+ y = — %cos(logx) - gsin (logx)
x2y2 + xy; = — [acos(logx) + bsin(logx)]
2y, + xy=—y or Xy, + xy+ y= 0.
Differentiating both sides of this equation n times by Leibnitz’s theorem, we get
D" (xy,)) + D" (xy) + D" ()= 0
(D" y,) 2+ "C{ (D"~ 1y,)) (D) + "Cy. (D"~ 2y,) . (D> 22)
+ (D"y) .x+ "C, (D"~ 'y) . (D) + D"y= 0

nn-1)

xzyn+2+2xnyn+1+ ) .2yn+xyn+1+nyn+yn=()

2y, 0+ Qn+ Dy, + 2+ 1)y,= 0.

Exampled : Ify= e45in lx, show that
(1- xz)ynJr 2= @Cn+ Dxy,, (- (n + az)ynz 0.

(Garhwal 2000, 01; Gorakhpur 05; Rohilkhand 05, 08;
Agra 06, 08; Purvanchal 07)

Solution: Wehave y= e?5in 'x,
Therefore y, = ¢ sin” lx.a/\/(l )

Y AN = 22 = aqeasin o ay, [replacing e? Sin 1xbyy]
(1= 22 = a*y (1)

Differentiating (1) w.r.t. x’, we have

2y, (1= ) + 3,2 (= 20 = 2a%yy,

2y [y, (1= ) = yyx= a?y]= 0,
Cancelling 2y,, since 2y, # 0, we get

» (1= ) = yyx— a’y= 0. -(2) (Bundelkhand 2007)
Differentiating (2) n times by Leibnitz’s theorem, we have

D" [y, (1= H]= D" (yn) ~ a*D"= 0
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or [yn+2.(1— B+ oy, (= 20+ % (- 2)}
= [y,4 1 x+ ny,. 11— azynz 0
or (l—xz)yn+2— (2n+1)xyn+1—(n2+ az)ynzO.

Example 5: Ify!” + y= V" = 2x prove that
(2= 1Dy, ,+ @n+ Dxy,, + (n>= m?)y,=0.
(Agra 2002; Meerut 04, 12B; Rohilkhand 06, 09B, 10B, 11; Purvanchal 06)
Solution : Wehave y\/" 4 y~ 1/m= 2y
Multiplying both sides by y!/”, we get
ym g 1= 2xym or  y2m_ 2xyl/my 1= 0.

yl/m = w: + V02— 1) or y= [x+ V&2 - D", ..(1)

2
_ _ m-— 1 I, S
y = mixt VG2 - 1)] {li\/(xz—l)}

+ D=+ = from ().

v(xz—l)[x V2= 1] v(xz— rom (1)

Squaring both sides, we get
y2 (= 1)= m?)y?. Differentiating again, we get
2y1y2(x2— 1)+ 2xy12: 2m2yy1 or 2y, [yz(xz— D+ xy — mzy]z 0
or ¥, (2= 1)+ xy; — m?y= 0, since 2y, # 0. (2)
Differentiating (2) n times by Leibnitz’s theorem, we get
D" {y,(x*~ 1)} + D" (y;x) — m*D"y= 0
or Vi o (2= D)+ "Cyy,, 2%+ "Cyy, .24 ¥, 4 X
+ "Cyy, - 1- mzynz 0
or (xz—l)yn+2+ (2n+1)xyn+1+(n2—m2)yn=().

n

Example6: If I, dd (x"logx), prove that I, =nl, _ + (n— 1)
(Meerut 2004B; Agra 06; Gorakhpur 06; Rohilkhand 08; Avadh 11)

1 1 1
hence show that I, = n![logx-i— 1+ 5-1— §+ e ;j

ar a- 1
Solution: Wehave, I = o "logx] = 7[*@” logx)}
dx"

n

"
= d [nx ~llogx+ x"- l}
dx"~ 1 X
dn—l 1 m— 1 1
= (x"~ " logx)+ g1 x"™ 9
=nl,_{+ (n— 1) Proved. ..(1)

We have just proved that I, =nl, _;+ (n— 1)L
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1 1
.- . n n—1 1
Dividing both sides by n !, we have ;z er P ..(2)
Changing n to n — 1in the above relation (2), we have
In—l _ In— 2 n 1 )
n—-1D! rn-2)! n-1
I, _
Putting this value of(n”_ill)' in (2), we have
R S B
n!” n—=2)! n-1 n
Thus making repeated use of the reduction formula (2), we ultimately have
O I U SR |
n! 1! 2 3
But I, = i( logx) = x l+ logx= logx+ 1
17 gy OBV X gx= 108 ’
n 1 1 1
— =1 + 1+ -+ S+ o+
nt- 08 27" 3 n
or I—n'10x+l+l+l+ +l~
,=n!llog sttt
@)mprehensive Exercise 3
State Leibnitz’s theorem. (Meerut 2005B, 08, 11; Bundelkhand 08; Agra 08)
2. Find the 4" differential coefficients of x° logx; *2 sin 3x ; €2 ¥ gin2x.
Find the n” differential coefficients of :
3. ()x2e ~ (ii) 2> logx. (iii) e*logx.  (iv) x*tan” 'x.
Ify= 22 %, show that y,= 2n(n— 1)y, = n(n=2)y+ 5 (n= 1) (n=2) .
(Bundelkhand 2008)
5. Prove that the n't differential coefficient of X (1 — x)" is equal to
2 20, _ 112
SRS P Sl Ul ) S R
121-x 12- 22 (1- »?
n!
Hint D"x"= ———x"~ "|.
(n—1n! (Rohilkhand 2007; Kanpur 08)
d" (logx) (= D"(n!) 11 1
6. Provethatdxn( . ]— ot logx— 1- SRR Rt
7. Ify= x"logx,prove thatxy, = n!.
(Meerut 2001; Bundelkhand 09; Rohilkhand 11B)
1 1 1
= ' - _ -
Hence show that I, = n! [10gx+ 1+ 2+ 3 + ...+ ul
8. By forming in two different ways the n derivative of x*", prove that
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2 2 _ 2 2 _ 2 _ 2 |
1+ n“(n— 1) N n“n— 1)“(n- 2) = (2n) L
12 12. 22 12. 22. 32 (n!)?

[Hint. Find the n™ derivative of x".x" and of x*" and equate].

9. Prove that Dn[smx] = {Psin (x+ 1nn)+ Qcos(x+ lnn]}/x’” 1
X 2 2
where P= x"— n(n— Dx"" 2+ n(n— 1) (n—2)(n— 3)x"~ 44— ..,
and Q=mx""1—nm-1n-2)x""3+ ...
10. Ify= (an fx prove that
A+ )y, ,+ 20+ Dx= 1y, + n(n+ 1)y, = 0.
(Avadh 2010; Kanpur 14)
11. Ify= cos(logx), prove that x>y, . ,+ 2n+ Dy, , ;+ (n®+ 1)y, = 0.
12. Ify= (sin™ 'x)2 prove that (1 - x) y,— xy;— 2= 0,
and (1- 23 Vopo— x2n+ Dy, 1— n? y,= 0. (Meerut 2002; Agra 08)
13. Ify= (x®— )" prove that > — 1)y, , ,+ 2xy,, — n(n+ 1)y,= 0.
(Meerut 2008; Rohilkhand 06, 11B; Kashi 13)
d d 2 dap,
1 — _ n I _ = —
Hence if P, = p (22— 1)", show that I (1 ) I +nn+ )P, =0.
14 S22 qog[E) hat 2 2+ 1 22y = 0
. Ifcos b —logn ,prove that x*y, . ,+ 2n+ 1) xy, . 1+ 2n°y,= 0.
(Meerut 2006B; Rohilkhand 13; Purvanchal 14)
15. Ify= [x+ V(1 + )™, prove that (1+ x2) Yot xy; - m2y= 0
and (1+x2)yn+2+ (2n+1)xyn+1+(n2—m2)yn20.
(Kanpur 2006; Avadh 09; Bundelkhand 14)
16. Ify= [log{x+ V(1 + x2)}12, prove that
(1+ )y, 2+ @n+ Dxy,, + n*y,=0. (Agra 2005; Purvanchal 09)
sin” x )
17. Ify= sz)’provethat(l— )cz)ynJr 1— @n+ Dxy,— ny,_ = 0.
(Meerut 2007B; Kanpur 10)
@nswers 3
2. (6/x);33(3x%— 4)sin3x— 6> xcos3x;— 64> sin 2x.
3. (= D"e Y[ - 2nx+ n(n— 1))

(i) (- D" (n— 4)16x "F 3.
(iii) e* [logx+ "Cyx~ 1= "Cyx™ 2+ 1C321x 3+ .+ (= D' Tm—- 1) 1x 1.

() (= D"~ Y= 3) ' {(n- 1) (n— 2)x%sin” ¢ sin nd
- "Cy2x(n—2)sin"~ 1o sin(n—1)¢
+ 2."C,sin"~ 2 ¢ sin (n— 2) ¢ }, where ¢ = tan™ ! (1/%).
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4.7 nth Differential Coefficient for x = 0

Sometimes we are required to find the n™ differential coefficient of yfor x= 0 i.e.

(¥,)o- This may be done even though we may not be able to find the nth differential

coefficient in a compact form for the general value of x. The method will be clear from
the following example :

Il[ustrative Examl:)les

or

or

or

or

Example 1: Ify = sin (m sin~ ) find () - (Meerut 2000, 03)
Solution : We have y = sin (m sin™ ! x). ..(1)
Differentiating both sides with respect to x, we get

y = cos(m sin™ 1) ﬁ (2)
Squaring both sides of (2) and multiplying by (1 — x2), we get

(1- 22 y2= m?cos? (m sin™ ' x)

(1- 22 y2= m?[1 - sin? (m sin~ ! )]

(1= ) y2=m2(1- ) [since y= sin (m sin™ ! x)]

(1- 2 y2+ m?y>— m?>= 0. ..(3)
Differentiating both sides of (3) with respect to x, we get

(1- %) 2y, y,— 2xy,.2+ 2m?yy, = 0.
Cancelling 2y,, since 2y, # 0, we get (1— x%) y,— xy; + m?y= 0. (4

Differentiating both sides of (4) n times by Leibnitz’s theorem, we get
(1= )y o+ "Crypy 1 (5 204 "Cyyyy (= 2) = ay, = "Cryy+ mPy, = 0
1=y, ,— @n+ Dy, - (n>= m?)y,= 0. ..(5)
(Meerut 2000)
Putting x= 0in (1), we get (y)o= 0.
Putting x= 01in (2), we get (y;)g= m.
Putting x= 01in (4), we get (y,)o+ m? (Mo= 0ie, (y)g= 0.
Also puttingx= 01in (5), we get (3, )= (> — m?) (3,)g--(6)
Puttingn — 2 in place of n in (6), we get
(3)o= ((n= 22— m?} (3,_ 2o
= {(n= 2= m*} {(n= 4>~ m>*}(y,_ Wy
[Since from (6), we have (y, _ ,)o= {(n— 4= m2} (y,_ 4.

Now there arise two cases.
CaseI: When nis even.

(0= {(n—2)2 = m?} {(n— 4> - m?} {(n—6)>— m?}...
{42 - m?} 22— m?} (),
=0 ,since (y)y= 0.
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Case II: When n is odd.
(Vo= {(n= 22— m?} {(n— 4> = m?} {(n— 6)*— m?}...
32— m?} {12 m?} (),
= {(n- 22— m?) {(n- 42— m?} {(n— 6)2— m?}...
(32— m?%} {12- m?} m.

@)mprehensive Exercise 4

1. Ify= sin” !x prove that
(1- xz) Yogs 2~ 2n+ 1) XNyr 17— n2 Y, = 0, (Agra 2005; Bundelkhand 11)
and hence find the vlaue of (y,),-
Find (y,)o. when y= log[x+ V(1 + 2?)].
3. Ify= [log{x+ V(1 + x®)}1% prove that (y,, ,)o= — n2(),). hence find (3,),.
(Meerut 2005, 09B)
an+ Zy an+ ly dy

2
dx”+2+ (2n + l)xdx”+1 +n e

Hence find, at x= 0, the value of (d" y/dx").
5. Ify= [x+ N(1+ )", find (3,),_ ¢ -

4. Ify= (sinh™ 'x)?2 prove that (1+ x3) = 0.

(Meerut 2006, 07, 09; Bundelkhand 2001)
6. Ify= cos(msin~ 1x), find (y,),.

7. If x= sin llogy or if y= i lx, prove that
a

(1-x)y,— xy— a’y=0, (Bundelkhand 2007)
(1- )cz)ynJr = x@2n+ Dy, (- (n + az)ynz 0,
and hence find the value of (y,),.
(Rohilkhand 2005, 08; Agra 06, 08; Gorakhpur 05)
8. Ify= ¢ '¥ prove that (1— 2y, , ,— 2n+ Dy, , = (n2+ a?)y, = 0.
Hence find the value of y, for x= 0. (Meerut 2001; Purvanchal 14)
9. Ify= tan™ 'x prove that (1 + x%) ¥+ 2xy; = 0, and hence find the value of all
the derivatives of y with respect to x, when x= 0.
Also show that (y,)yis 0, (n— 1) ' or — (n— 1) ! according as n is of the form

2p,4p + 1 or 4p + 3 respectively.

@nswers 4

0 when n is even, and (n— 2)%(n— 4)%...... 52.32.12, when n is odd.
2. Owhenniseven,and (— 1) "= D2 - 2)2(n— 4)2...32 .12, when n is odd.
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3. Owhennisodd, and (- D"~ 22— 2)2(n— 4> (n—- 6)>...4%>.22.2, when n
1S even.
4. 0O when nisodd, and
(- DO=2D2(n— 2)2(n- 4% (n— 6)2...4222.2 when n is even.
5. {(m%- (n— 2)%) (m%*— (n— H?}...(m%*- 1% m,nodd;
{(m%— (n— 2)%} (m?— (n— 4)2}...(m? - 22) m?, n even.
6. 0 when nisodd, and — {(n— 2)%2— m?} {(n— 4% - m?}...(22— m?) m?2, when n
1S even.
7. {(n— 2%+ d*} {(n— %+ a%}...(3%+ a®) (12 + 4d?) a, n odd;
{(n— 22+ a2} {(n— 4%+ a?}... (4% + a?) (2% + a?) a? neven.
8. —{(n— 22+ a*} {(n— 49+ a?}...(3%+ a® (12 + a?) ae* ™2 nodd;
{((n— 2%+ a®H{(n— 9%+ da?}...(4%+ a®) 22+ a?) a® ™2, p even.
9. Owhennisevenand (- 1)~ D’2(n— 1) ! when n is odd.
@jective Type @Questions
Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and correct.
1. Ify= sin(ax+ b),then D"sin(ax+ b)= ...... .
2. Ify= (ax+ b)~ ! then D" (ax+ b)~ 1= ...... )
3. The n'™ differential coefficient of e*sin? x= ...... .
4., Ify= acos(logx)+ bsin (logx),then x2y2+ XY= e .
5. If y= V%»then (1-xYy,, - Qn+ Dxy,= ...... :
6. If y=¢ *thenD"e *= ...... . (Agra 2006)
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
7. Ify= logx,then D" logxis

(a) (—1)”(1}11— 1!
X
R Y/
(b)( 1) n(n 1)!
X
_1yn— 1
© (- 1) : n!
X
(- Tm- 1!
(d) n+ 1

X
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8.

10.

11.

12.

13.

2

If x= a(cos®+ 0sin0),y=a (sin 0 — Ocos@),thend—yis

dx?
1 sec3®
A

(d) aBsec3o

By Leibnitz’s theorem we find the n? differential coefficient of the ...... of two
functions.

(a) sum

(b) difference
(c¢) product
(d) quotient

Ify= e®@n ' then (1+ x2)y, , ,+ [2(n+ Dx= 11y, = -oo...

(a) —n(n—- 1)y,

(b) 5 (n+ 1)y,

() = S (= 1y,

(d —nm+ 1)y,

True or False.

Write ‘T’ for true and ‘F’ for false statement.

If y= f(x), then the n't differential coefficient of y,.is the (n+ A differential

coefficient of y.

Ify= e“*sin(bx+ c), then
D" {e “*sin(bx+ ¢)}=r"e “*sin {bx+ c+ (n+ 1) ¢},
where r= (a2 + b2)2and ¢ = tan ~ ! (b/a).
While applying Leibnitz’s theorem if we observe that one of the two functions is

such that all its differential coefficients after a certain stage become zero, then we
should take that function as second function.
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@nswers

1. a" sin[ax+ b+ nn]’

2

(-D"nld" (ax+ by~ "~ L.

Jle¥= (5)2e¥cos (2x+ ntan~ ! 2)], 4. —y. 5.n%y, .
6. (= 1)e ~ 7. (b). 8. (a). 9. (c).
10. (d). 11. T. 12. F. 13. T.



Expansions of Functions

5.1 Accurate Statement of Taylor’s Theorem

Iff (x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n — D™ are continuousin a< x< a+ h,

and (ii) f(”) (x) existsina< x< a+ h, then

2
fla+ h)= f(a)+ hf’ (a)+ %f" (a)+ ...
hn—l

(n—1)!
Taylor’s Series : (Meerut 2009B, 10B; Kashi 11, 13)
Suppose f(x) possesses continuous derivatives of all orders in the interval

[a, a+ h]. Then for every positive integral value of n, we have
’ hz ’7’
fla+ h)= f(a)+ hf (a)+ 5f (@) + ...

+L_l(n—l)()+R (1)
(n—l)!f a ne e

n
+ f(n— 1)(a)+ %f(”) (a+ Oh), where0< 6< 1.

n
where R, = %ﬂ") (a+ 0h), (0< 6< 1).

Suppose R, —0, as n —co. Then taking limits of both sides of (1) when n —co,
we get
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2 n
fla+ h)= f(a)+ hf’ (a)+ %f”(a)+ vt ’%f ® (@) + ... (2

The series given in (2) is known as Taylor’s infinite series for the expansion of
f(a+ h)asapower seriesin & .

5.2 Maclaurin’s Series (Rohilkhand 2009B; Kashi 12)

Suppose f(x) possesses continuous derivatives of all orders in the interval [0, x].
Then for every positive integral value of n, we have

P xn= 1

F@=FO)+ xf7 O+ 57 f7 O+ ..+ Wﬂ"— DO+ R, ... ..(1)
where R, = fll!f(”) (8x),(0< 6< 1).
Suppose R, —0, as n —co. Then taking limits of both sides of (1) when n —co,
we get
f@) = f0)+ xf (0)+ gf 0) + ...+ ’;—';f 0+ ... (2)

The series given in (2) is known as Maclaurin’s infinite series for the expansion
of f(x) as a power series in x. Maclaurin’s series is a particular case of Taylor’s series. If
in Taylor’s series we put @ = 0 and h = x, we get Maclaurin’s series.

Maclaurin’s expansion of f(x) fails if any of the functions f(x), f* (x),f"" (), ...,
becomes infinite or discontinuous at any point of the interval [0, x] or if R, does not

tend to zero as n —oo.

5.3 | Formal Expansions of Functions

We have seen that for the validity of the expansion of a function f(x) as an infinite
Maclaurin’s series, it is necessary that R, —0 as n —c. But to examine the behaviour
of R, asn —>cc isnot an easy job because in many cases it is not possible to find a general
expression for the nth derivative of the function to be expanded. So in this chapter we
shall simply obtain formal expansion of a function f(x) without showing that R, —0 as
n —oo. Such an expansion will not give us any idea of the range of values of x for which
the expansion is valid. To obtain such an expansion of f(x) we have only to calculate

the values of its derivatives for x= 0 and substitute them in the infinite Maclaurin’s
series

fx) = f(0)+ li!f' 0) + ...+ fll!f(”) 0) + ...

For the convenience of the students we shall now give formal proofs of
Maclaurin’s and Taylor’s theorems without bothering about the nature of R, asn —oo.

Maclaurin’s Theorem : (Bundelkhand 2006; Kashi 12, 13; Purvanchal 14)
Let f (x) be a function of x which possesses continuous derivatives of all orders in the
interval [0, x]. Assuming that f (x) can be expanded as an infinite power series in x, we have

f(x)=£(0)+ li!f' 0) + gf )+ ...+ fl—';ﬂ") )+ ...

Proof: Supposef(x)= Ag+ A;x+ Ay + A3+ ... (1)
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Let the expansion (1) be differentiable term by term any number of times. Then
by successive differentiation, we have

Fr()= A+ 2A,x+ 3A;2+ 44,50+ .,

F7)=2.1A,+3.2A5x+ 4.3A, 2+ ...,

f77()=3.2.1A;+ 4.3.2A,x+ ..., and so on.
Putting x= 0in each of these relations, we get

fO)Y=Ayf (0)=A,f"0)=21A,,f" (0)= 3lA;, ...
Substituting these values of Ay, A, A,,...in (1), we get

fx) = f(0)+ xf’ (0) + gf 0) + ...+ fll!f(”) 0) + ...

This is Maclaurin’s Theorem. If we denote f(x) by y, then Maclaurin’s theorem
can also be written in the following way :

y= (Y)()"‘ %(}’1)0"‘ g(}’z)()"‘ g(}@)o-i' ot %(yn)o-i- e

Taylor’s Theorem : (Bundelkhand 2005; Avadh 09, 10, 14; Kashi 11, 13, 14)

Let f(x) be a function of x which possesses, continuous derivatives of all orders in the
interval [a, a+ h). Assuming that f(a+ h) can be expanded as an infinite power series in
h, we have

2 n
fla+ h)= f(a)+ hf’ (a) + Z—!f”(a)+ ot %ﬂ") (a) + ...

Proof : Suppose f(a+ h)= Ag+ A h+ Ay h>+ Ayh3 + ... (1)
Let the expansion (1) be differentiable term by term any number of times w.r.t.
‘h’. Then by successive differentiation w.r.t. ‘’, we have
fila+ hy= A+ 2A,h+ 3A5h%+ ...,
f7a+ h)y=2.1A,+ 3.2A5h+ ..,
f (a+ h)=3.2.1A5+ ...,and so on.
Putting 7= 0in each of the above relations, we get
flay=Ay.f (@=A.f" (@)= 2!A,,f”" (a)= 3! A5, and so on.
Ag=f(a), A= f"(a),A,= %!f" (a),Ay= % ’”’ (a), and so on.
Substituting these values of A, A{,A,,A5,...in (1), we get

2 n
fla+ h)= f(a)+ hf’ (a)+ %f @+ ...+ Z—!ﬂ") (@) + ...

This is Taylor’s theorem. Another useful form is obtained on replacing i by
(x— a). Thus
, (x—a)? ,, (x— a)
f@=f@+ @=af @+ "5 f @+ ... + Tf(”) (@) + ...,
which is an expansion of f(x) as a power series in (x— a).
Note : If we expand f(x+ h), by Taylor’s theorem, as a power series in &, then
the result is as follows :

2 n
fx+ h)y= f(x)+ hf (x) + %f O+ ...+ %ﬂ") () + ...
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I!lustrative Examlales

Example 1 : Expand e” in ascending powers of x. (Bundelkhand 2008)

Solution : Let f(x) = e*. Then f(0) = 1, f™ (x) = e*so that f(") (0) = 1, where
n=1,2,3,4, ...

Substituting these values in Maclaurin’s series

F0)=£(0)+ x (0)+ gf"(0)+ ﬁ'f"' (0) + ..., we get
- 28 o
—1+x+f+f+f+...+ + ...
3! n!

This is known as Exponential series.

Example 2 : Expand (1 + x)" in ascending powers of x.

Solution : Let f(x) = (1+ x)", so that f(0) =

We have f") (x) = n(n— 1) ..(n— m+ 1) (1+ )"~ ™,
FMO)y=nn-1)...(n— m+ 1).

Puttingm = 1, 2, 3, ..., we have
fFO=nf"O0)=nm-1),f"0)=nm- 1) (n— 2),and so on.

Substituting these values in Maclaurin’s series for f(x), we get

7“”2: Dey AU E m('n_erl) XM+

This is known as Binomial series. If n is a positive integer, the series will consist
of (n+ 1) terms.

1+ x)"= 1+ nx+

Example 3 : Expand sin x. (Kashi 2012)
Solution : Let f(x) = sin x. Then f(0)= 0

f ()= cosx, f'(0)=
7 ()= - sinx, f7(0)=0
7 (x)= — cosx, f777(0)= -

In general £ (x) = sin| x+ %nn so that

f™(0)= sinjnm=Owhenn=2m and = (- 1)" whenn=2m+ 1.

Hence substituting these values in Maclaurin’s series, we get

XS x2m+ 1
: _ = (_ _ m_-
sinx=0+ x.14+ 0+ 3!( D+0+ ...+ 0+ (- 1) (2m+1)'
S w2
= x- 3' 51 .+ (=D m + 1)'
This is known as Sine series.
Similarly we may obtain Cosine series :
2 2
cosx=1-— 2'+ A o+ (=1 (2m)!+ (Kanpur 2006)

Example 4 : Expand log (1 + x) by Maclaurin’s theorem.
(Meerut 2003, 11; Agra 05)
Solution : Let f(x) = log(1+ x).
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- D" - 1!
(x+ )"

so that fM@©O) = (= D" ' (n- 1)\, wheren=1,2,3,4, ....
Now by Maclaurin’s theorem,

Then £(0)= logl= 0, (x) =

f) = f0)+ xf’ (0)+ gf" 0)+ ...

Substituting the values of £ (0), f” (0), 1" (0), etc., we get
X2 x X

10g(1+x)=0+x—?!~1!+§~2!—4*!~3!+...
n
D Y- D
n!
S no 1 x"
—x—2+3—4+...+(—1). Lt
Example 5: Apply Maclaurin’s theorem to find the expansion in ascending powers
of x of log, (1 + e7) to the terms containing X (Kanpur 11; Rohilkhand 12)
Solution: Lety= log,(1+ ¢%. Then (y),= log,(1+ €% = log,2.
e* 1+ ehH-1 11
Now = = =1- so that (y;)p=1— -= =>»
y 1+ e* 1+ e* 1+ e* 10 2 2
e* e* 1
y2=0 x:}ﬁ(l_}’]):}’]_}ﬁz»

+ = .
(1+eH2 1+e¥ 1+e
2
so that (v)n= (y)a— [(y)al2= L[ L] =1
¥)o= Wo wol'=5-13) = ¢
1
Y3= Y, 2y yy so that (y3)g= ;= 2+ - ;= 0,

2
1 1
V4= V3= 2y22— 2y, y3 so that (y,)g= 0- 2- [Z) - 0= - g»and SO on.

Now by Maclaurin’s theorem, we have

el a3

2 ‘
y= (y)()+ -x(y])()+ 27!(}]2)0"' 7!(_)]3)04‘ 41 (y4)0+

1 21 8 & 1
Xy — R . = —_—. . I
log(l1+ e = log2+ x 2+ 2 4+ 3 0+ A1 ( g T
= lo 2+£+£—x—4+
OB T g T 19T

Example 6: Expand log {x+ V(1 + )} in ascending powers of x and find the
general term.

Solution: Let y= log{x+ V(I + x3)}. (1)

Then =" V(11+ 2 {H 2V(12)-C+ xz)}: V(ljr 2) +(2)
y2(1+ %) - 1= 0.
Differentiating again, we get (1 + x%) 2y »m+ 2xy12= 0
or 2y [(1+ x®) y,+ xy1= 0
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or (1+ 22) y,+ xy; = 0, .(3)
since 2y, # 0.
Now differentiating (3) n times by Leibnitz’s theorem, we get
nn-1)
1.2
or I+ )y, ,+ @n+ Dy, , |+ n?y,=0. (D)
Puttingx= 0in (1), (2), (3) and (4), we get
(Y)(): 0»(}’1)0: 1»(}’2)0: 0,
and Dy 20= = 12 o (5
Now puttingn= 1,3, 5, ... in (5), we get
(Y3)0: - 12(}’1)0: - 12»
(¥35)g= (= 3) ()= (= 3D (- 1) = 3212,
(3= (= 59 (¥5)p= (- 5} (- 3% (- 12)= - 52.3%2.12, and so on.
Puttingn — 2 in place of n in (5), we get
(o= {= (1= 2%} (3~ Do -.-(6)
= {= (1= 22 {= 1= D} (- go-

[ replacing n by n— 2in (6), we have (y,_ 5)g= — (n— 4)2 (¥, Dol

(1+x2)yn+2+n.yn+1.2x+ yn.2+yn+1.x+n.yn.1=O

Thus if n is odd, we have
(o= {= 1= 221 {= (n— H?}... (= 59 (- 3) (- 19 .1
= (- D= D2m-2)2(n- 4%..52.32. 1%, o (7)
Again, puttingn = 2, 4, 6,...in (5), we get
(o=~ 22.(3)g= 0, (o= — 4. (¥ = 0,and so on.
Thus, if n is even, we have (y,)y= 0.
Now by Maclaurin’s theorem, we have

x°
y= Mo+ li!(yl)(ﬁ %(yz)(ﬁ- 37 0ot

4
log{x+ V(1+ 29} = 0+ x.1+ %.04— % - 1)+ % 0
a6 X
2o 04 (= 5237 1)+
»
5!

+

=X 12 +

x©

510
;

—g~ (32 1) - 282 3 )+

n
The general term = )rCT' (¥,)9» where (y,)q is given by (7) when n is odd and

(y,)0= 0, when n iseven.
Putting 2n — 1 in place of n in (7), we find that
Ny 1)o= (= D"~ 1 @2n— 3)2(2n- 5)2..52.32.12,



EXPANSIONS OF FUNCTIONS

D-127

Hence log {x+ V(1 + )}

x x© x!
e 12. X 12, X 12,22, 52, X
=x-1 3!+ 3 5] 1<- 3.5 7!+
xZn— 1
+ (= D= 11232052 . (2n- 3)2- +
2n- 1!
Example 7: Ify= sin~ 'x= ag+ apx+ a2x2+ ..., prove that
(n+ 1) (n+ 2)a,, = n’ ay- (Meerut 2010B; Kumaun 08)
Solution: Let y= sin™ 'x (D
1
Then = -(2)
N N0- D)
y2(1-2) - 1=0.
Differentiating again, we get (1 — x%) 2y, ¥y — 2xy12 =0
or 2y, [(1_x2)}’2_x}’1]:0
or (1- %) y,— xy,= 0, ..(3)
since 2y, # 0.
Now differentiating (3) n times by Leibnitz’s theorem, we get
n(n-1)
(A= 3)y, . gt 0.y, - (- 20+ 5 D=y xm oy, 1=0
or (l—xz)yn+2— (2n+1)xyn+1—n2yn=() (4
Putting x= 0in (4), we get (Y, , 2)g= n? (Yo ...(5)
By Maclaurin’s theorem, we have
X X2 x x"
y= (Mo + T!(}ﬁ)()"‘ E(h)g"‘ ;(}@)0"‘ + ﬁ(yn)()"‘
Also we are given that
y=sin~ lx= ag+ apx+ a2x2+ ot oa, x4+
. _ . . (yn)()
Equating the coefficients of x" in the two expansions for y, we get a, = Pl

ayya Opy 2)0’ n! O+ 2)0’ 1
a,  (n+ 2! (3o (Vo (+2)(n+ 1)
n? Y+ 2o

T+ 2+ )

Hence (n+ 1)(n+ 2)a,, ,= nzan.

Example 8 : Expand sin x in powers of{x— %n}

substituting for

from (5).
yn)()

by using Taylor’s series.

(Meerut 2005; Rohilkhand 06, 10; Agra 06)

Solution : Let f(x) =

We can writef(x)szn+ (x— %n”

sin x. We want to expand f (x) in powers of x— Lr.

2
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Now expandingf[%n+ (x— 5

} by Taylor’s theorem in powers of (x— 1 n) ,
we get

1 1 V(1 1 1 Yo
+2!(x—2n)f (ZRJJF 3!(x—27t f [En)+... (D)

Now  f(x) = sinx. Therefore f %

f7 (x) = cosxgiving f’ (;njz cos%nz 0,

7 x=- sinxsothatf"( njz —sin;mw= -1,

"7 (x) = — cosxso that f*”’ (;

£V (x) = sinx sothatfiv(;njz sin%nz 1, etc.

Substituting these values in (1), we get

inx= 1+ |x— + 0+l —12—1+i —130
sin x= X=om. 2!x 5T ( ) 3!x ST -

R S (N ES B GRS I b
= 2')C 27'C 4')C 27'C

Example 9 : Expand log sin (x+ h) in powers of h by Taylor’s theorem.
(Purvanchal 2006; Meerut 10; Bundelkhand 09; Kashi 14)

Solution : Let f(x+ h)= logsin (x+ h).
Then by Taylor’s theorem, we have
logsin (x+ h)= f(x+ h)
h ..,

h o, n .,
f)+ T!f (x) + ?!f (x) + Ef X+ ...

Now f(x+ h)= logsin (x+ h).
: f(x) = logsinx,
f7(x)= (1/sinx) .cosx= cotx,

£ (x) = — cosec?x,

2

f77 (x) = 2 cosecxcosecxcotx= 2 cosec~ xcotx.

Hence,

2

logsin (x+ h) = logsinx+ hcotx— %hzcosec x+ %h3 cosec2xcotx+ ...
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Ex. 10. Use Taylor’s theorem to prove that

, in 0 20
tan~ Y (x+ h) = tan~ 1 x+ hsmesm — (hsin9)2 =" sin
¢ (hsin®)3 30 L = L (singyn SO
where 0= cor~ 'x (Gorakhpur 2005; Agra 07; Rohilkhand 08B, 09B;

Kashi 11; Avadh 13)
Solution: Let y= f(x)= tan™ !x

| 1 i1 1 1
Then — yi= 0 Gr hG= i)~ 2i[x— i ox+ l}
or (e S SR} ()
2i

Differentiating (1), (n — 1) times, we get
Vo= 2Ll.[(— D'l - D= "= (= D" - DI+ )™M

— n—1 _ |
or W= =1 2!(’1 D! [(x— )" "= (x+ D~ "] (2

Nowput x= rcos6, 1= rsin0in (2). Then

Y, = = 1)”‘21i(n— D! r” " [(cosO— isinB) ™ " — (cosO+ isinBO)” "]
= = 1)”‘21i(n— D! r  "[(cosn®+ isinnB) — (cosn 00— isinn 06)],
by De Moivre’s theorem

_ = 1)”‘21i(n— D! F " 2isinn 6
= (= D" Y(n- 1)!sin" Osinn 6. [ 7 1= 1/r= sin @]

Hence f™ (x)= (= )"~ 1(n— 1) !sin” Bsinn 6,
where cotO= x, i.e., 0= cot”
Puttingn= 1,2,3,..., we get
f7(x) = sin®.sin O, f”" (x) = — sin? O sin 26,
£’ (x) = 2!'sin®Bsin 3 6, and so on.

Substituting these values in Taylor’s series
2 3 n
FOt W= FO)+ B @+ B @+ 0+ O (6 we get

2
tan~ 1 (x+ h)= tan” 'x+ hsin®.sin0— %sm Osin20
3214 " -1 . .
3 sin O0sin30— ...+ ;(— H" (n— 1D!'sin"Osinn6+ ...

or tan~ 1(x+ h) = tan™ Ux+ hsin6.

+

sin 6 . n28Sin26
1 (h sin 0) T

+ (hsine)3.%3e+ ot (= 1) U (hsingn, SN0
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@)mprehensive Exercise 1

1. (i) State Maclaurin’s theorem. (Meerut 2000; Bundelkhand 01, 08, 11; Agra 07)
(i) State Taylor’s theorem. (Bundelkhand 2006, 08, 11)

Expand the following functions by Maclaurin’s theorem :

2. (i) a* (Meerut 2012B)
(ii) tan x (Kanpur 2014)
(111) e)CCOSX
(iv) tan™ 1 x (Bundelkhand 2001)
(v) secux.

3. (i) Obtain by Maclaurin’s theorem the first five terms in the expansion of S,
(Bundelkhand 2007)

X

(ii) Expand by Maclaurin’s theorem L as far as the term x°. (Meerut 2006B)

+ e

(iii) Obtain by Maclaurin’s theorem the first five terms in the expansion of
log(1+ sinx). (Meerut 2007)
(iv) Find the first three terms in the expansion in the powers of x of log (1 + tan x) .
(Rohilkhand 2011B)

1 4 1 6
- — X+ ...
12x + 45x

(Bundelkhand 2011; Rohilkhand 13)

(ii) Use Maclaurin’s formula to show that e*secx= 1+ x+ %2 + 43%3 +

(Meerut 2004; Rohilkhand 08B)

4. (i) Apply Maclaurin’s theorem to prove that logsecx= %xz +

(iii) Expand sinh x cos x to fifth powers of x.
5. Showthat

L 23 22 22 23
(i) e*cosx= 1+ x— —— - + + ...

3! 4! 5! 7!
1 2n/2
+ cos| —nm|- x4+ L
(4 ] n!

(Bundelkhand 2014; Agra 14)
on /2

2
(i) e*sinx= x+ X+ %f— %P— S sin(lnn] X"+

n!

(Meerut 2003; Gorakhpur 06)

6. Apply Maclaurin’s theorem to prove that
23 _ 13
3a”b-b 5

(i) e®sin bx= bx+ ab+ =
2 2y\n/2
. Mx” sin[ntan_ 12] + ...

n!
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10.

2 2 2 2
a‘— b a (a®— 3b%)
) x2+ 3 x3+

2 2\n/2

ac+ b b

+ (a”+ b= x" cos[ntan_ 1] + ...
n! a

(ii) e cosbx= 1+ ax+

. X x
Show that e*¢°5%¢cos (xsino) = 1+ xcoso+ ;cos20c+ ;cos30c+

(Rohilkhand 2007; Avadh 11)
(i) Expand sin™ ! (x+ h) in powers of x as far as the term x°.
[Hint. Use Taylor’s series]

x 2 X
ii) Prove that log(x+ h) = logh+ —— —+ —%— ...
(ii) glct )= logh+ 3 = = 5+ 5
(i) Expand tan™ ! xin powers of(x— ln] .

[Hint. Letf(x)= tan~ ' x. We can write

f=r B T+ (x— lnﬂ. Now apply Taylor’s theorem]

(ii) Expand sin (l T+ 6] in powers of 6.

(iii) Expand 22+ 72+ x— lin powers of x— 2.

(Meerut 2004B, 05B; Gorakhpur 06; Rohilkhand 09;
Purvanchal 11; Kashi 11)

(iv) Write the value of o, if by Taylor’s theorem

283+ T2+ x— 1= o+ 53(x— 2)+ 19(x— 2)2+ 2 (x— 2)3.
(Meerut 2001)

(v) Expand log sin xin powers of (x— a).
(Meerut 2001, 06; Rohilkhand 07B; Avadh 10)

(i) Ify= e "% showthat (1- 22y, , o~ 2n+ Dy, , = (n*+ a®)y,= 0.

Hence by Maclaurin’s theorem, show that

L 2 24 22
e sin Yy _ 1+ ax+ %szr %g_,_ (Kumaun 2008)

Also deduce that e®= 1+ sin 0+ %sin26+ %sin36+

(ii) If y= sin (m sin~ ' x), then show that

(1- xz)‘fxzy— xymry= 0.
Hence or otherwise expand sin m 01in powers of sin 6.
(iii) Ify= sinlog(x®+ 2x+ 1), prove that

(x+ D%y, o+ @n+ D(x+ Dy, + ®+ 4)y,=0.

Hence or otherwise expand yin ascending powers of x as far as x0.
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11. By Maclaurin’s theorem or otherwise find the expansion of y= sin (e~ 1) upto
and including the term in x*. Find also the first two non-vanishing terms in the
expansion of x as a series of ascending powers of y.

12. Expand log{l— log(l — x)} in powers of x by Maclaurin’s theorem as far as the
term x°. (Avadh 2009)
By substituting 1 for x deduce the expansion of log {1+ log(1+ x)} as far as
the term in x°.

13. Ify= sin™ 'x/V(1 - x®) when— 1< x< 1,and — %n< sin” lx< %n, prove that

dn + 1 ar- 1
(1- xz) - (@n+ Dx &y pd Y= 0. (Meerut 2007B)
dx" dx"
Assuming that ycan be expanded in ascending powers of x in the form
ag+ apx+ a2x2+ et oa, X"+,
prove that (n+ 1) a,, = na,_ and hence obtain the general term of the
expansion.

14. Ify= emtan o ag+ ayx+ ay X+ ...+ a,x"+ ..., prove that

(n+ Da,, + - 1Da,_ ;= ma,. (Purvanchal 2007)

15. Prove that

’ m — 1 2 ’7r m — 1 3 ’rr
Fm)= £+ m= Do+ M2 o4 3 g
(Meerut 2001; Agra 07; Rohilkhand 13)
16. Prove that
. x? 2 X
<1>f[ = - + A _
1+ x 1+ x% 2! (Rohilkhand 2008)
.o ’ 'xz ’7’ ‘x3 7’7’
() f()=fO)+ xf* ()= 5 f7 @O+ /70—
. . . x? x
[Hint. (i) Writef [1 b f (x— 1+ x)'
Now apply Taylor’s theorem.
(ii) We have f(0) = f(x— x).
Apply Taylor’s theorem and transpose the terms to get the result.]
@nswers 1
2 n
2. (i) 1+ xloga+ Flogad)” | (xloga)t
2! n!
O 2
e o
(i) x+ 3 + 15x5
(iii) 1+ x+ o2 14 e,
2 3 24 5
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PRI Lo 2]
(iv) x 3+5 7+ + (-1 2n- 1)
T
(v) 1+ X !+ 61
2o . 1 X1
3. (1)1+x+5 §+ (11)* 1 —g;-ﬁ-.
P S L o 1 2
(iii) x - 5t 6 Y (iv) x— Exz-i- §x3+
. 25 4x
4. (iii) x— 2 ?-ﬁ-
-1 20— 12, X 2\— 3/2
8. sinm "h+ x(1- h9) +fh(1_h)
o 2\- 5/2 2
+;{(l—h) (1+ 291+ ...
2
9. (i) tan~ ! (n/4) + (x— 17:)/(1 + 12/16) — n(x— ln] [140+ 12162 + ...
o1 e 6 o @
(11)%[14- O—?! ; 7+; e |
(iii) 45+ 53 (x— 2)+ 19(x— 2)2+ 2 (x— 2)3.
(iv) 45.
—_ )2 _ 3
(v) logsina + (x— a) cota— x 2') cosec? a + (x3'a) 2coseclacota+ ....
2_ 2 2 2y (32 .2
10. (i) sinm 6= m sin O+ Mwﬁm m (1 ’"5),(3 ") GnS e+ ...
(iii) y= 2x— 2 - z)cf’-i- 3 A_ *x5+ %xé-i-
5x4 y2
11. x+ 17 o4 + .., Y- 2
12. x+§+...., x2+E+...
5 4 o4 _2m(2m—2)(2m—4)...2.
) 2m T 2 2m 1T 4+ 1) (2m— 1) .3
@jective Type @Questions
Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and correct.
1. By Maclaurin’s theorem expansion of sin™ 'xis ...... .
2. By Maclaurin’s theorem

y= log(secx+ tanx) = x+ §+ £+ ...... ,then (y3)g= ...... .
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3. By Maclaurin’s theorem
22 gin (n m/4) .

ny
n!

y= e’sinx= x+ x>+ %x3+ ...... +

then (y3)g= ...... . (Meerut 2001)

4. By Taylor’s theorem the expansion of log(x+ #) in ascending powers of x
1S ...... .

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
5. By Taylor’s theorem the second term in the expansion of logsin x in the powers
of (x— a) is
(a) (x— a)cota (b) (x— b)coseca
(¢) (x— a)cotacoseca (d (x- a)2 cota
(Rohilkhand 2005)

6. By Maclaurin’s theorem the second term in the expansion of e*/(1 + %) is

(a)

1 X

TR (b) 1

() O (d) - 4i8x3 (Rohilkhand 2007)

True or False:
Write ‘T’ for true and ‘F’ for false statement.

7. The function logx does not possess Maclaurin’s series expansion because it is not
defined at x= 0.

8. Ifin Taylor’s series we put a = 0 and h = x, we get Maclaurin’s series.

9. Isthisf(x)= f(0)+ xf’" (0) + %f” 0) + % 70) + ... Taylor’s Theorem.

@nswers

12.x3 32.12.x° 523212 %7

(Agra 2005, 06)

1. x+ 31 + 51 + 71 + ... .
x X x
2 1 3. 2 4. logh+ —— ——+ ——— ......
0T T 2T 33
5. (a). 6. (b). 7. T.
8. T 9. F



Indeterminate Forms

6.1 Indeterminate Forms

The form 0/0 has got no definite value. For if we write 0/0 = y, then the equation
Oy= O reduces to an identity in y, i.e., it is true for all values of y. We cannot cancel 0
from both sides. Therefore the form 0/0 is meaningless.
Now suppose xlina ¢ (x)= Oand xlina v (x)= 0.

RYE)
: x—a
Then we cannot write xlina o) _ :
v (%) lim
x—a Y
. lim ¢ () o .
because in that case , _, v takes the form 0/0 which is meaningless. It, however,
o lim o ¢ (%) oL .
doesnot mean thatif , v takes the form 0/0, then the limit itself does not exist.
lim 2
lim x%— a2 X—a (xz—a)

For example, y 5, —— B takes the form 0/0 if we write it as —;

lim
x—a (x— a)

lim % — a2 lim (x— a)(&x+ a lim
But, we have , _, g~ x—a %:x—m (x+ a)= 2a

and thus the limit exists.
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Here it should not be confused that we have made an attempt to find the value of
0/0. We have simply evaluated the limit of a function which is the quotient of two
functions such that if we take their limits separately, then the combination takes the
form 0/0.

The form 0/0 is an indeterminate form. It has no definite value. The other

indeterminate forms are oo/co, 00 — oo, 0 X oo, 1,00 000, In this chapter we shall

discuss methods which enable us to evaluate the limits of indeterminate forms.

6.2  The Form 0/0

Suppose ¢ (x) and y (x) are functions which can be expanded by Taylor’s theorem in
the neighbourhood of x= a. Also let ¢ (a) = 0, and y (a) = 0. Then
lim 6@ _lim ¢ (¥
X —a ‘l’(x) - XxX—a ‘l!' (%)

We have, by Taylor’s theorem, xli_n>1a 353
b @+ -0 @+ OV 0 @+ 4R
lim a x—a) ¢’ (a X 0" (a 1
= x—a (x— a)? ’
v(a)+ (x— a)y’ (a)+ T\p" (@)+ ...+ R,
= )" )
where Rlqu)” {a+ 8, (x— a)},0< 0,< 1,
(x—a)"
and Rzqu!( {a+ 6, (x— a)},0< B,< 1.
But, by hypothesis, ¢ (a) = 0 and y (a) = 0.
(x— a) ¢’ (a) + G- a? 0’ (a)+ ...+ R
lim ¢ (x) _ lim 2! 1
Therefore, , 5, v - 5 .
(x— a) vy’ (a) + ()6_27,“)\4;” (@)+ ...+ R,

Dividing the numerator and denominator by x— a, we have

/ e AP
lim ¢ () _ lim ¢(a)+(x_“){2!¢ (@+ 3, (=)o (a)+...}

X —a ‘l’(x) - XxX—a

v (a)+ (x— a) {%\p" (a) + i(x— ayy’” (a)+ }

= ¢,7(L;)* if 0" (@) and ¢y’ (a) are not both zero

_lim ¢" (%) )

T XAy (y)
This proves the theorem which is generally known as L’ Hospital’s Rule.
It can be easily seen that if 0" (a), ¢ (@)......0 "~ D(a) and vy’ (a),

v (a),....,y "~ D (a) are all zero, but ¢ (a) and Y™ (a) are not both zero, then
lim ¢ _ lim 6™
X —a W(x) - Xx—a \ll(n)(x)
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The theorem of this article is true even if x tends to o or — « instead of a, i.e., if
lim lim
X —>o0 ¢ (=0, X —oo Y (x)= 0,

. li ,
then xgnoo 3!?)2 — xgnoo $’(()2) .

Writing x= 1/y, we have as x oo, y —0.
lim 0 _ lim ¢ (7)) _ lim o (1/y) y 2 ,
X2y Y20y T Y20 1y 2
by L’Hospital’s rule

_lim 0" (1/y) _ lim ¢ (x)
Y20 Yy Ty
Note 1: L’Hospital’s rule implies
lim o (x) lim 0 (%) )
xX—a+ ‘I!(x)_ xX—a-— ‘I’(x)

o (%)
V(%)
rule for finding the differential coefficient of the quotient of two functions. But we are
to differentiate the numerator and denominator separately.

Note 3 : Important. Before applying L’Hospital’s rule we must satisfy
ourselves that the form is 0/0. Sometimes it happens that at some stage the resulting
function is not indeterminate of the type 0/0 and we still apply L’'Hospital’s rule which
is not justified in that case. This is a fairly common error.

Note2: While applying L’Hospital’srule we are not to differentiate bythe

I!!ustrative Examlales

e*— e *— 2log(1+ x)

Example 1: Evaluate xlfo

X sin x
: X _ — X _
Solution : We have xlﬂlo £ - .2 log (1+ 1) [form 0/0]
xsin x
. e*+ e F— 2
= 1+ [form 0/0]
~x20 gin x4+ xcosx
eX— e X4 #
_lim (1+x)2_1—1+2_g_1
X200 cosx+ cosx— xsinx 1+ 1-0 2
lim sinx— x+ %x?’
Example 2 : Evaluate , 5
lim sinx— x+ %x‘?’
Solution: We have , B S [form 0/0]
g  Cosx— 1+ %xz
_ s [form 0/0]

= x—0 5)64
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lim
x—0
lim
x—0
lim
= x>0
lim
x—0

— sinx+ x
d form 0/0
203 [ ]

— cosx+ 1
- form 0/0
60 x2 [ ]

sin x
120 x [form 0/0]

cosx 1

120 ~ 120

6.3 Algebraic Methods

In many cases the

limits are easily obtained by the use of well known algebraic

and trigonometrical expansions. We can also make use of some well known limits in

order to solve the probl
be remembered :

i (1-nt=1

ems or to shorten the work. The following expansions should

+ x+ ¥+ 2+ ..ad.inf, | x| < 1.

XS 4

(ii) log(1+ x) = x— §+ B xz+ ad.inf,| x| < I.

(iii) sinx= x— ng g— ;6—7!+ ...ad. inf.

(iv) cosx= 1- 2é!+ %4!— gi!Jr ...ad. inf.

(v) sinhx= x+ ng ng %4‘ ...ad. inf.

(vi) coshx= 1+ 2ﬁ!+ %Jr ng ...ad. inf.

(vii) tanx= x+ §+ %x% ...ad. inf.

(viii) e¥= 1+ li!+ %Jr g+ ...ad. inf.

(ix) sin"lx= x+ 12.;6—3!+ 32.12~?5C—5!+ 52.32.12~;—7!+ ...... )

The following valu
logl= 0,

es of logarithms to the base e should also be remembered :
loge= 1,logoo = o0, log0= — oo.

|!Iustrative Examlales

Example 1: Evaluate ,

Solution : We have ,, 5

S R
x1—2!+4!—...— x—2+3—...

_lim

lim xcosx— log(l+ x)
2 : (Meerut 2001)

lim xcosx— log(l+ x)

= x>0
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. z_ S
_lim 2 6
= x>0 xz
= xlglo (;— %x+ terms containing higherpowersofx)z %

lim V2 tan x

Example 2 : Evaluate , _ W : (Kanpur 2007; Rohilkhand 05)

Solution : Here it should be noted that we cannot apply Hospital’s rule since
x!/2 cannot be expanded by Taylor’s theorem in the neighbourhood of x= 0. However,
we can get the result by the use of algebraic methods. We have thus,

lim xZtanx
x—0 (e*— 1)3/2

_ limO x'/2 tan x _ limO x'/2 tan x
- XxX— 3/27 X— 3/2
x 201y 2
[1+1!+2!+...—1) o ( o
_ lim sinx 1 1
Tx=0 T Cosx ( X ]3/2
I+ +
21
lim sinx

= 1, since , 5 = landxlgno cosx= 1.

Example 3: FEvaluate bim w~
pes: x =0 X (Rohilkhand 2013; Kashi 13)

i 1+ 0" — e,
Solution : Here xlino (x)fe is of the form %because

AT+ V= e
To evaluate the given limit first we shall obtain an expansion for (1+ x)!/*in
ascending powers of x.
Let y= (1+ x)1/*. Then
2
+ -

TN )_l_x
37 )T T2t 3

1 1
logy= —log(l+ x)= —
ogy xOg( X) x(x )

X
= e[l—i— [— )
x x 1 .. .
=e|l—- 5+ §+ §x2+ terms containing powers of x higher than 3
1 11
= e[l— Xt 24x2+ }

e[l— %x-ﬁ- %x2+ }— e
lim (I+ 0%~ ¢ lim

Now x50 X = x>0 X
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e[— %x-i— %x2+ }
lim lim [ 1 11 } 1
p - =+ —x+ .| = -

= x>0 ¢

2 24

@mprehensive Exercise 1

1. State L’ Hospital’s rule.
Evaluate the following limits :

.. lim sinx
2. )5y o
X
... lim x— sinx
(ll)x—>0 x3 :

... lim e*—1
(iii) ¢ 50 S

lim 1- cosx

iv
(Vx>0 — 5 (Meerut 2012B)

lim - 20— 4x°+ 9x— 4

3. i
L B ST R
... lim a*- b*
(i) y 0 P (Agra 2003)
... lim log(1— x?)
(i) x =0 logcosx

. li xe*— log (1 +
(iv) 1% o

.. lim x-— sinx
4 W0 tan3x’

lim sin2x+ 2sinZx— 2sinx

(i) x50 .
COSX— COS™“Xx

lim (1+ x"-1

(i) x50
.. lim logx
(iv) x 51 1 (Garhwal 2001)
. hm ex_ eSil’lx
S x>0 x— sinx
.. lim  {1=V(1- )}
(ii) —
x—0 xz
.... lim tanx— x
(iii) x5 5

X tanx (Avadh 2014)

(iv) lim tanx— x
*x=0 " sinx
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lim {coshx+ log(l1— x)— 1+ x} )

6. () x50 E
... lim Ssinx— 7sin2x+ 3sin 3x
. (Meerut 2001)
() x -0 tanx— x
et + log(1 — x]
(i) Jmy O
x—0 tanx— x
. lim  xV (Bx— 2x%) - x5
(1V)x—>1 1— x2/3 :
. lim CcoS X
7. () x>n/2 T
)
... lim a*- x¢
(i) x >a i ga :
. lim (1+ 7%= e+ %ex
iii
(i) x 0 $2 (Avadh 2006; Purvanchal 14)
. lim sinx.sin” 'x— 22
(iv) x 50 6 )
.l X2+ 2cosx— 2
8. (1)x5>n0 T
xsin” x
... lim e*— e*cosx
() x—0 x— sinx
(iii) lim coshx— cosx
x =0 xsinx (Meerut 2012)
. lim sin2x+ asinx
Vx50 — 5
2
.l sinZ x— x2
9. () 5y
X
(i) lim  sinxsin™ lx’
x—0 xz
. . i 1 - i
10. Find the values of a and b in order that xlgno x(1+ a co;x) bsin 2l may be
equal to 1. (Meerut 2013B)
: X __ — X
11. Find the values of a, b, ¢ so that xlino ae bcqsx+ ce " _ 2.
xsin x
. lim x(a+ bcosx)— csinx
12. Find the value of a, b and ¢ so that , 5 = 1.
@nswers 1
2. () 1. (ii) 1/6. (iii) 1. (iv) 1/2.
3. () 4. (ii) log(a/b). (iii) 2. (iv) 3/72.
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4. (i) 1/6. (ii) 4. (iii) n. (iv) 1.
5. () L (ii) % (iii) 1/3. (iv) 2.
6. (i) O. (ii) — 15. (iii) - % (iv) 81/20.
. ... loga—1 .
7. (1) — 1. (ii) 710ga+ U (iii) 1le/24. (iv) 1/18.
8. (i) 1/12. (ii) 3. (iin) 1.
(iv) Infinite ifa# — 2and 0 ifa= — 2.
9. (i) - 3 (ii) 1.
10. a=-5/2,b= - 3/2.
11. a=1,b=2,c= 1.
12. a= 120, b= 60, c= 180.
6.4 The Form z
lim lim
Suppose y 54 0 (X)) = o and , 5, Y(x) = .
lim ¢ (%) lim ¢’ (x)
Then x q v (x) = x—a v ()
lim ¢ (x) lim 1/y(x)
We have X=a () = r>a 1/:11! ) [Form 0/0]
-y (%)
_lim [y (@71 . -
= xoa gy [by L’'Hospital’s rule]
[0 ()17
_ lim [uf () {¢ (x)ﬂ
24 Lo ly) 1
lim ¢®  lim vy ) [. 0x)?2
Thus, 54 v XA o (o Lh_)ma ‘I’(x)} . ..(1)
lim ¢ (x)
Now suppose , s, v ...(2)
Then three cases arise.
Case I: M\isneither zero nor infinite. In this case dividing both sides of (1) by A2,
we get
1= lim vy’ (x) . _ lim 0" ()
X —a q)' ()C) X —a W'(x)

Case II: A= 0. In this case adding 1 to each side of equation (2), we get
At 1= Jim o (x) = lim {¢(x)+1}

- X—a ‘I!(x)+ - X—a W(x)
o lim 0+ vy lim 0 ()+ vy (%)
- XxX—a ‘l’(x) - X—a W'(x)

{bycasel,sinceformisgand A+ 1# 0}
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lim o0 (x) L1

- X—a ‘I!’ (x) .
_lim 0' ()
Therefore A= Sy v
CaseIIl: A= o.In this case, we have
1L lim y®_ lim Yy ()
lim 0 *7% o *79 ¢ (v [by case II]
X —a ‘I!(-x)

lim ¢ (x) _ lim 0’ (x) ’
—a ‘l’(x) xX—a ‘I!' (%)
Hence in every case in which xlﬂla ¢ (x) = and xlﬁla Y (x) = o, we get

Therefore

lim ¢ (x lim ¢ (x)
X —a ‘I’(x) - X—a ‘I!' ()C) :

Note 1: By writing x= 1/y, we can show as in § 2 that the proposition of this
article is also true when x —o0 or — o in place of a.

Note 2 : Obviously the proposition of this article is true when one or both the
limits are — oo.

Important : We have seen that in both cases when the form is co/c or 0/0 the
rule of evaluating the limit by differentiating the numerator and denominator
separately holds good. Also we can easily convert the form e/ to the form 0/0 and
vice-versa. Therefore at every stage we should note carefully that which form will be
more suitable to evaluate the limit most quickly. Moreover in some cases it will be
necessary to convert the form oo/ to the form 0/0, otherwise the process of
differentiating the numerator and the denominator would never terminate.

I!lustrative Examlales

lim logx
E lel: E .
xample valuatex_>0 cotx (Agra 2014; Purvanchal 14)
. lim logx
Solution: We have, , g cotx [form oo /co]
lim 1/x
=0 [form oo /o0]
— cosec”x
lim — sin®x
=xo0 [form 0/0]
_lim = 2sinxcosx - 2x 0x 1
= x—0 1 = 1 = 0.

lim  logsin2x

Example 2 : Evaluate , logsinx (Agra 2001)

lim logsin 2x

Solution: We have , [form oo /0]

logsin x
_ lim_ (2/sin2x).cos2x _ lim_ 2cot2x [form oo /oo ]
“x=20 " (1/siny) .cosx 0 cotx
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lim — 4 cosec?2x

= x—>0 [form oo /o]

- COSG:C2 X

lim 4sinx
x—0

<in? 2 [form 0/0]

lim 4 sin? x
— .
x—0 (2 sin x cos x)2

lim 1
x—0 2. L.
COS™ X

. 1 -
Example 3 : Evaluate xlT;() W ’

. lim loglog(l - )

1 : h “loglogcosx
Solution : We have, , s loglogcosx
1 1

lim log(1- %) 1-22

= x—0 1 1

(Kumaun 2000; Avadh 13)

[form oo /o]

(=2

—_ - (— sinx)
logcosx cosx

I lim xcosxlogcosx
20 Ghx (- D) log(1- D)

— 9 lim x  lim  cosx lim logcosx
x>0 g ¥x—0 1— 2 x—0 log(l—xz)

lim logcosx
=2Xx Ix 1x —e form 0/0
x—0 log (1 - x2) [ ]

. ! - (= sinx)
_ 5 lim cosx
- 2x—>0 1
1*’ (— 2)C)

XZ
lim (sinx’ 1- xz)

X COS x

@)mprehensive Exercise 2

Evaluate the following limits :

. i X

L)y D0 7
e

... lim e*

(ll)x—>tx7 ;

.. lim log(1l— x)
2. Wi cotmx

(i) ,m, 108X, oy,

ax
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.. lim log(x— a)
3. (1) X —a log (ex_ ea) :

. lim - secmx

(ib) Y3 tan3max

(1ogx)3}, .

X

.. lim
4. (), N6 {
... lim x(logx)3
ii o
(D x— 1+ x+ 22
.l 1
5 (), ™ xtan -
... lim logtan 2x
(i) x>0 log tan 3x
log|x— %n
lim

6. ()x—m2 tanx

(i) lim c¢{e/G-a_ 1y
X—a {el/(x— a) 4 1}

.l 2 1
AR *{le o 1}~

(ii)x_h;;tl/z (secx— tanx).

(Bundelkhand 2001)

(Garhwal 2002)

@nswers 2

1. (i)o. (ii) oo. 2. (i)o.
3. ) 1. (i) 3 4. ()0
5. ()1 (ii) 1. 6. (i)o.
7. (i) - % : (i) 0.

6.5 The Form « —

(ii) 0.
(ii) 0.
(ii) c.

This form can be easily reduced to the form g org .

Suppose xlT:a ¢ (x) = o and xlT:a Y (x) = oo,
lim

Then x—og 00— v}

_lim { 11 }
T 10 (0) 1/y(w)
1 1

= xlina M, which is of the form % .

o (). y(x)

[form co — o]
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I!Iustrative Examlales

lim 1
Example 1: Evaluate y _y7/2 (secx— 1= sinx x]'
. lim 1
Solution: We have, , /2 (secx— 1< sinx x) [form ]
lim 1 1
= — f co — oo
x_m/z(cosx 1 — sin x) [form I
lim 1— sinx— cosx
= f
X>T/2 o5 x— cosaxsin x [form 0/0]
_lim — cosx+ sinx =0+ 1
XON/2 Ginx+ sin?x— coslx - 1+ 1-0
lim 1 1
Example 2 :  Evaluate y, _ [xz_ i ) (Kanpur 2011)
Solution: We have lim (1 _ 1 [form co — oo]
) $x—0 X sin?x
. -2
_ lim - sinx— 2 [form 0/0]

x—0 22 sin? x

x3 2
i [x— ;-ﬁ- ) - x2

x—0
xz[x— £+ )2

¥

lim 3!
x—0

+ termscontaining higher powersof x

x*+ termscontaining higher powersofx

+ termscontaining powersofxonlyin the numerator

lim 3!
x>0 1+ termscontaining powersofxonlyin the numerator
_-2__1
313

6.6 The Form (0 — «

This form can be easily reduced to the form g orto the form ; .

Suppose xli_n>1a 0 (x) = 0and xli_n>1a Y (x) = oo.
Then ™ 0 (). ¥ () [form 0 x oo]
- [Jim 0 fx) [form 0/0]

v (x)
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li X
= xina Wl( ) [form oo /o]

¢ (%)
We shall reduce the form 0X o to the form 0/0 or o /o0 according to our
convenience.

I!!ustrative Examlales

Example 1: Evaluate xlfo xlogsin x.

Solution: We have, xlffo xlogsin x [form 0 X oo]

lim logsinx
= x>0 %T [form oo /o]

lim (1/sinx).cosx

= form oo /oo
x—0 B 1/}62 [ 1
lim - x*cosx
= x>0 sinx [form 0/0]
_lim  ®sinx— 2xcosx 0
- x>0 cos x e
@)mprehensive Exercise 3
., lim 1 X
1. - :
D x—1 (logx logx]
1
im | T x
(i) x50 | |-
2 () xlglo (cosecx— cotx]’
x
... lim 1 1
3 (1)
3. (i)x_h;;tl/z (xtanx— gsecx)
(i) 1T xlogx.
4. (i) xlﬂlo sin x. log x.
i), @V 1),
.. lim .a
5. (1) o 2%sin—-
r= 2% (Agra 2003)

(i), M (1- sin) tanx.
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li o
6. xino x™ (logx)", where m and n are positive integers.

@nswers 3

1. (Q)- 1. (i) - % 2. (i)%~ (i) - %
3. ()- L (ii) 0. 4. (i) 0. (i) log a.
5. (i)a. (ii) 0. 6. 0.

6.7 The Forms 1, 00, oo?

Suppose xlT:a {0 (0)}YW rakes any one of these three forms.
Then let y= xlina {0 ()Y,
Taking logarithm of both sides, we get logy= xlina Y (x).logd (x).

Now in any of the above three cases, log y takes the form 0 X oo which can be
evaluated by the process of aricle 6.6.

I!lustrative Examlales

Example 1: FEvaluate xlT:O (cosx cor? x5 (Kumaun 2001; Bundelkhand 14)
Solution: Let y= xlglo (cosx)c"‘zx. [form 1]
logy= xlﬂlo cot? x. logcosx [form e x 0]
_ [lim  logcosx cos x [form 0/0]
tan“ x
i 1/ . (— si .
= xlgl() (17cos ) . ( Zsm x) (by L’'Hospital’s rule)
2tan xsec” x
_ lim —tanx _ lim 1 _ b
=20 S anxseciy *70 “ogec?y 2
y= e 12,
lim ayl*
Example 2 : Evaluate , 5, |1+ Ma
. lim al* o
Solution: Let y= , o |1+ e [form 1°°]
logy= xh_r)noo {xlog(l + i)} [form e x 0]

_lim  log(1+ a/x)
= x> 1y [form 0/0]
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L.
_lim 1+ a/x (- a )_ lim a__,
e -1/ X gy oa/x
Therefore, y=e%

6.8 Compound Forms

Suppose a function is the product of two or more factors the limit of each of which
can be easily found. Then the limit of the entire function will be equal to the product
of the limits of the factors provided that the product is not in itself an indeterminate
form. A similar rule is applicable in the case of a sum, difference, quotient or power.

I!!ustrative Examlales

Example 1: Evaluate xlT:O [)lc_ 1 log(1+ x)} .

)
i i — log(l
Solution : We have, xlglo [i— élog(l + x)}: xlf)lo %(er)[form 0/0]

1
1-—
lim 1+

= x>0 Tx > by L’Hospital’s rule [The form is again 0/0]

lim (1+ 02 1
=10 5 =5

1/x2
x ] " (Meerut 2000; Garhwal 01; Kumaun 02;
Agra 03; Kashi 14; Purvanchal 14)

Solution: Lety= ,
lim 1 tanx) _ lim 1 1 © 2
logy= + 0 leog( ): x—0 leog[x[x+ EN T5x5+ H

= Jimo g [1+ é+lx4+ }

x*2+lx4+ 1 £+lx4+ 2+
lim 3 15 23 15
= x>0 xz
. —-+ terms containing higher powersofx
_lim 3
= x>0 xz

lim . .
= x>0 [%+ terms containing powersof x onlyin the numerator}

[SSEEE

1/3

~
I
Q
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10.

@)mprehensive Exercise 4

(1) xli_r)no x*. (Agra 2002; Kanpur 04)
(i) 7T (cosx)x,
(i) xli_r>n0 (cosx) /%", (Garhwal 2003)

(i) 0o (sinxtanx,
(i)xi;?tl/z (sec x)SOt¥,

(i), 0, (tan xtan 2

 lim X tan (T x/2a)
(1) x >a (2_ a]

(ii) xlgnl (1- xZ)l/log(l - x).

(Rohilkhand 2012)

.l _
(l)xinl */a=-xn

... lim _
(i) y 500 (@gx™+ a;x™ Ty o+ am)l/x.

Q) lim (tanx\l/*

x—=0 [ : (Garhwal 2001, 03)
.. lim  (tanx\/¥
(i) x -0 X :

(M) x50

2
lim sinh x /¥
’ (Kumaun 2008)

(Kumaun 2003)

. lim [ sinx)1/%
(i) x -0 .

(i Jim (2 (coshx— 1) 1/
x—0 xz .
... lim log x| /%
(ii) x L300 {—g} :
X
3 1/
(i)xh_ﬂnm (%— tan™ lx) §

... lim
(ii) y 0 (cosecx)!/logx,

xlinl (1-x) tann—zx~
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e Rl

@nswers 4

@) 1. (i) 1. 2.(1) e 172, (i) 1.
() 1. (i) 1/e. 4. (i) e¥'™. (ii) e.
(i) 1/e. (ii) 1. 6.() 1. (ii) oo.
(i) 0. (ii) e~ 170, 8. (i) e!/12, (ii) 1.
(i) 1. (i) 1/e. 10.2/7.

@jective Type @Questions

Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and
correct.

. sinax
lim ——=
0 Sinbx

log (1 + kxz)_
- cosx

lim
x—0

. x2+ 2x
lim 7=
X —>oo 5 - 3.x

lim (secl) logx= ...... .

x—1 2x
. -t
The value of lim xx,,ﬂ = ...... . (Agra 2002)
x—0
X _ X
The value of lim a b = ...... .
x>0 X (Agra 2003)

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

The value of lim w is

x—0 3x2 o)
(a) 0 (®) 3
(©) é (@ 1 (Garhwal 2002)
Which of the following is not an indeterminate form ?
() = (b) 0x oo
(c) 19 (d) o°
The value of the lim log tan x is

x—0 logx

(a) 0 (b) 1

(c) -1 (d) None of these
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10.

11.

12.

13.

14.

15.

Which of the following is an indeterminate form ?

(a) oo+ oo (b) oo x oo
(c) 17 (d) 0=
. Y— 1-xlog,a
lim ¢ g4
The value of 0 2 is
) (log, )
(a) (log,a) —
(log, a)*
(¢) a-log,a (d) T (Garhwal 2001)
The value of lim logx is
x—=>1 x— 1
(a) -1 (b) e (o) 1 (d) 0
. log  x
The value of lim “sa> 1is
X —oo a*
1
1
® g a (b) a © () 0
(Garhwal 2003)
True or False:
Write ‘T’ for true and ‘F’ for false statement.
: : , .t lim f(®) . .0
While applying L’ Hospital’s rule to evaluate xoa 0 () if the form is o We

are to differentiate f(x)/¢ (x) as a fraction.

. . . 0 .
The indeterminate form ; can be easily converted to the form 0 and vice-versa.

lim f® _ lim f &

lim Z lim — .
16. 16 10 f@) = wand 109 (9= o, then 10 700 TN
o (+ 0o e+ & _
17, lim is of the form — (Meerut 2001)
x—a x2 0
@nswers
1. & 2. 2k 3 - L
b ' 3
2 1 a
4. E 5. — § 6. IOgZ .
7. (¢). 8. (o). 9. (b).
10. (o). 11. (d). 12. (o).
13. (d) 14. F. 15. T.
16. T 17. F



Partial Differentiation

7.1 Functions of Several Independent Variables

So far we have considered functions of one independent variable only. However,
in practice, we often come across functions of more than one independent variable. For
example, the area of a rectangle depends upon two independent variables, namely the
length and the breadth. Similarly, the volume of a rectangular parallelopiped depends
upon three independent variables, namely the length, the breadth and the height.

There are a number of differences between the calculus of one and of two
variables. Fortunately the calculus of functions of three or more variables differs only
slightly from that of functions of two variables. The study here will be limited largely
to functions of two variables.

Definition : Lerzbea symbol which has one definite value forevery pair of values
ofxandy. Then zis called a function of the two independent variables x and y, and is usually
written as z= f(x,). A function of x and y is also written as ¢ (x, y) or y(x, y) etc.

(Kanpur 2014)

A similar definition can be given for functions of more than two independent
variables.

If to each point (x, y), of a part of the xy-plane is assigned a unique real number z,
even then z is said to be given as a function, z= f(x,y), of the independent variables
x and y. The locus of all points (x,y,z) satisfying z= f(x,y) is a surface in ordinary
space.
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7.2 Continuity of a Function of Two Variables

A function f (x, y) is said to have a limit A as x —a and y —b if for any arbitrarily
chosen positive number €, however small (but not zero), there exists a corresponding
number & > 0 such that

| feey - Al <e
for all values of x and y satisfying 0 < V{x— a)2+ (y— b)?} < 8.

Here 0< V{(x— @)%+ (y— b)?} < & defines a deleted neighbourhood of (a, b),

namely all points except (a, b) lying within a circle of radius & and centre (a, b).

A function f(x,y) is said to be continuous at (a, b) provided f (a, b) is defined and

x—>clzi,n; b Sy = f(a, b).

7.3  Partial Differential Coefficients

Suppose z= f(x,y) is a function of two independent variables x and y. Since x and
y are independent, we may (i) allow x to vary while y is kept fixed, (ii) allow y to vary
while x is kept fixed, (iii) allow x and y to vary simultaneously. In the first two cases, z
is practically a function of a single variable and we can differentiate it in accordance
with the usual rules.

The partial differential coefficient of z= f(x, y) with respect to x is the ordinary
differential coefficient of f (x, y) with respect to x when yis regarded as a constant. It is
usually written as

9 .92
oy or o or f,.

9 _ lim  flx+ dxy) = f(x y)
a_x - 5x —0 8_x
Similarly, the partial differential coefficient of z= f(x, y) with respect to yis the

ordinary differential coefficient of f (x, y) with respect to y when x is kept as constant. It
is written as

Thus, > provided the limit exists.

of 9z
=~ or 5 or .
dy dy h
In a similar manner,ifz= f(x;, x,, ..., x,) be afunction of nindependent variables
X[s Xy, ..., X, , then the partial differential coefficient of z with respect to x, is the

ordinary differential coefficient of z with respect to x|, when all the variables except x;
are regarded as constants. We shall write it as

a 9

o9z o 9f

ox, ox,

7.4 | Partial Differential Coefficients of Higher Orders

The partial differential coefficient % of z= f(x,y) may again be differentiated

partially with respect to xand to y, thus giving the second partial differential coefficients
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3z d (3 P2z . dfaz
e et (GXJ 4 Gyar= ST ay(ax]’

Similarly, from 9% may be obtained

dy

0%z d (oz Pz d (0z
o= o= 53y and ap T (%)
If z= f(x,y) and its partial derivatives are continuous (as is true in all ordinary
cases), the order of differentiation is immaterial, that is,
?*z Pz
oxdy  Jyox

|!Iustrative Examlales

Example 1: Ifu= a+ 2hxy+ by’ find Pu g L
ple1: u=a Xy , fin Jy ox an 2% dy
Solution : We have, u= ax’+ 2hxy+ by~
%— 2ax+ 2hy. (treating y as constant)
0% u 0 (du
H 2 2
ence ayax ay(ax) ay( ax+ 2hy)
= 2h. (treating x as constant)
Again %’;: 2hx+ 2by (treating x as constant)
0% u 0 (du
dxdy ax(ay) ox (2hx+ 2by)
= 2h. (treating y as constant)
2u  u
H h = =~
ere we note that =—— xdy " dydx
Example 2 : If —fy how th txi+ a*M—O
ples: Ju=7J| pshowinatxy T Yy, (Agra 2003)

Solution : We have, u= f(i) .

du _ 'X}_l. -
o {f (x) ( xz) (treating y as constant)
du Yoo ()
e (x) (D
oodu_ [, X} 1) .
Again oy {f (x) (x] (treating x as constant)
au _ Y (Y
ay xf (x) ..(2)
. du Ju
Adding (1) and (2), we have x =— == 0.
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Example 3: Ifu= log(X>+ Y’ + 22— 3x%), show that

(a+ a, a)zu_ 9
ox dy 0oz (x+ y+ 2)2
(Kanpur 2007; Purvanchal 07; Rohilkhand 12; Avadh 13; Kashi 14)

Solution : We have, u= log (X + Y’ + 23— 3x%).
Differentiating partially with respect to x, we have

ou 1
ax B4 Y+ - 3xyz(3xz_ )
ou 32— )
ot x B+ P+ A- 3xyz’ (D
Similarly, by symmetry, we have
u_ 3(P- )
dy P+ Y+ 22— 30z
ou 3(z2- 1)
and 0z B+ ¥+ A- 3xyz’ 3
Adding (1), (2) and (3), we have
au+ au+ u _ 32+ Y+ 22— yz— zx— xy)
ox dy 0z B+ Y+ 2— 3a
3P+ Y+ 2-yw-w-xn) 3
Sty (@2 P P - mmxy) X+ Y2
Now (2 20 O un (20 20 220, 2, 20
2 0z ox " 9y dz)lax 9y oz
d d 3
- (3 3 ) (vl
d 1 d 1
- [ (x—i— y+ z)+ ay(x—i- y+ z)+ az(x—i- y+ zﬂ
B [ 1 3 1 }_ B 9 )
- (x+ y+ z)2 (x+ y+ 2% (x+ y+ 2)? B (x+ y+ 2)?
Example4: [fx= rcos® y= rsin®0, show that
or Jx Ox 00
ox~ or 00 ox
82 82
and ay2 = 0.
Also find the value of 99 .
ox (Garhwal 2002)
Solution : We have x= rcos®6.
%);: cos 0. (regarding 0 as constant)
Also we have, # = x2+ y2
2rir = 2x (regarding y as constant)

0x
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or x rcos9
or —= = = cos 0.
ox r r
or ox
Thus gx— E’
Again, T)GC: — rsin 0. (regarding r as constant)
lr%: — sin 6.
Also we have, 0= tan~ ! (y/x).
@: 1 AT y :_rsinez_sineo
ox 1+ ﬁ x 2+ Y P r
2
20 .
ra— — sin 6.
X 00
Hence 90" r$~
Finally, we have 6= tan™ ! (y/x).
®_ oy . %8 2y (1)
dx 2+ ) oo 2+ A2
00 1 1 x 0% 0 - 2xy
Al —= L= . S = (2
S [ yZJX Y W (2+ )2 )
1+
2
2 2
Adding (1) and (2), we get%+ aayze: 0
Example5: Ifu= (1- 2xy+ y»)~ 2 prove that
0 ou 0 du
ax{(l - ) ax}+ ay{yz ay}_ 0
Solution : Here u= (1 - 2xy+ y?)~ V2
du_ 1 - 3/2(_ — )3
=~ 2= 2+ )T (= 2=
and ou_

Now

Also

S= = (= 20 P32 20k 2= (m

J J J
gC{(l " a—)“c} gc{(l -2 i}

y(= 20+ y(1- x2) . 3u

2 0u
0x

= — 2yud+ 3y (1 - %) u? yud
= — 2xyud+ 32w (1 - 2.
9 [o0ul _ 9 SO AN S N
ay{yzay}_ oy 17 (= 0= SH0%- P )
Qo= 3w+ (Pa- )32 !

= 2xy- 3 w3+ ¥ (x—y) . 3u?. (x— y) u?

...(1)



D-158 Krishsa’s DIFFERENTIAL CALCULUS

Qxy— 3+ ¥ (x— »?. 3

2xyu3+ 3y2 wd [(x— y)z— u 2

2xyud+ 32w [(x— y)2— (1= 2x9+ )],  [u 2= 1- 2x9+ y]
= 2xyud+ 32w [ — 1]= 2xyu® — 3y2u (1 - 2. (2)

Adding (1) and (2), we have

30D 5 g0

Example 6: [f0=t"¢" /4 \hat value of n will make 10 (rz 86) _ %,

r2 or or) ot
(Garhwal 2003; Lucknow 11)
. 00 2 2 2
Solution: We have oo= (. ¢~ 774 [ = 0= = Dyn—1 0= r¥/4s
or 4t 2
200 131,
r i Zr3t e .
2
9(298)_ _3r VR RS ZVS U DU RS 2T (T
or or 2 2 ' 4¢
I e el N G SV L RS2
2 4 ) )
1 0 00 2 2
I R I I L sl R e SV R B2
r2 ar ar 2 4
0 2 2 r2
Also o=t~ Lem 7744 t”e"/‘”.f2
ot 4¢
2 2
= = Vg r/dr gy %VZtn— 2 = /4
1 d( ,00 a0
Now S| rrs|= 5
r2 ar( ar at
— 3= Ay V2= 2 A = 1 YA L2 im0 A
2 4 4
2 2 .
= - %t‘ n= b= r/dt = pyn= 1= /4 for all possible values of rand ¢
- _3
= n= -
@)mprehensive Exercise 1
.. du ou X2
1. Find =—and =— when u = -+ ﬁ— 1.
ox dy a b
0% u % u . .
2. Prove that xav= 9va in each of the following cases :
x dy y 0x
(1) u=x*+ 2y + Y (i) u= logtan (y/x).

(iii) u= 1og{x2+y2}»~ (iv) u= x.

xX+y
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10.

11.

12.

13.

14.

If u= sin™ ! (x/y) + tan™ ! (y/x), show that xgl % 0.
du du
Ifu= xyf >then write the value of the expression X5y + yo- ay

(Meerut 2001; Kanpur 07)

92 2
Ifz= f(x+ ay) + ¢ (x— ay), prove that ayzz_ a? aaxz
(Bundelkhand 2001; Kanpur 05)
9% u 82
If u= f(r), where r= V(x2 + yz),showthatﬁ+ =)+ f (.
X
(Meerut 2001; Avadh 04)
2 _
If z= x*tan™ ! (y/x) — y? tan™ ! (x/y), prove that aa azy §+ é
. 2 2 2 azu az
(1) fu= 2(ax+ by?— (x2+ y?) and a? + b?= l,provethat7+ ﬁ— 0.
.. . %u  d%u
(ii) If u= e*(xcosy— ysiny), then show that 7+ g— 0. (Garhwal 2003)
B A dz oz
Ifz(x+ y = 2+ y2 show that (ax ay) = 4(1 oy ay)'

(Bundelkhand 2011; Kashi 13; Avadh 14)

R u
= (1+ 3xyz+ 22 y? %) e¥V2.
0x dy 0z ( e yahe
(Kanpur 2011; Kashi 12; Rohilkhand 13)

If u= e*>% show that

. 0%z
" dx dy
(Rohilkhand 2013; Bundelkhand 14; Purvanchal 14)

If x*yYz%= ¢, showthatat x= y= = — (xlogex)~ !

2 2
Show that aJ + L 0 when

ox? 9y
(i) wu= e™Ycosmux. (Agra 2014)
(i) u= log(x®+ ).
(iii)  w= tan™ ' (y/%).
(iv) e¥*(xcosy— ysiny) (Garhwal 2003)
IfV= (x4 y*+ z%)~ /2 show that

oV 8V 8V
(i) x + Y= dy aZ =-V.

a2 V. 02 V. a2
(ii) y2 = 0. (Kumaun 2008)

% u 1
Ifu=1t T S that = .
CCEN 0 2 ) TV T 1y 24 232
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P ¥ 2

5 7 + 5 = 1, prove that
a“+ u b+ u c“+ u (Rohilkhand 2011B, 12B)

du)?  (du)? @ _ 5 au @4_ du
ox y az Tt YT )
16. Ifx= rcosB,y= rsin6, prove that
(1) (0r/9x%+ (0r/9y)%= 1.

(i &5 az L Er {[aj [aj}
y2 ox dy (Lucknow 2007, 11)
ou OJu Odu
: _ 2 ou ou ou_ 2
17. (i) Ifu= x2y+ y*z+ z%x, show that ot ay+ > (x+ y+ 2)2
1 1
() Ifu=|x y Z , show that gl+ gl+?=0.
2 P 2 y % (Rohilkhand 2013B)
@nswers 1
2x 2y
1. ;’ﬁ 4. 2M

7.5 Homogeneous Functions

An expression in x and y in which every term is of the same degree is called a
homogeneous function of x and y. Consider the function defined by
fOy) = agx" + alx”_ly-i- azx”_2y2+ ...... + a,_ | xy -1y a,y". ..(D

In this function everyterm is of degree n. Therefore it is a homogeneous function
of x and y of degree n. Moreover, (1) may be written as

fx,y=x {a0+ al(y)+ az(y)2+ e an(i)n}

or f(x,y) = x"F(/x),

where F ( y/x) is some function of y/x. Thus ahomogeneous function of xand yof degree
n may be put in the form x" F ( y/x). Therefore we give the general definition of a
homogeneous function as follows :

x" F (y/x) is called a homogeneous function of x and y of degree n, whatever the
function F may be. Similarly, y" F (x/y) is also a homogeneous function of x and y of
degree n.

Thus x3 sin (y/x) is a homogeneous function of x and y of degree 3. Similarly,
y% cos (x/y) is a homogeneous function of x and y of degree 2.

In general, if the function f(x;, x,, ...,xp) of the p variables Xps Xy .00, X, CAN be put
in the form
X
i F| L2
X, X, x|’

then f(x;, x,, ...,xp) is called a homogeneous function of x;, x,, e X, of degree n.
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7.6 Euler’s Theorem on Homogeneous Functions

du )
If u be a homogeneous function of x and y of degree n, then x =— + yl = nu.

ox dy
(Meerut 2000; Gorakhpur 06; Kashi 11, 13, 14)
Proof: Sinceuisahomogeneousfunction ofxand yofdegree n,therefore u may
be put in the form
u= x"F(y/x). (D
Differentiating (1) partially with respect to x, we get

o= e (2w (- 2)

x%z nx”F(y)— yx" - 1F'(y)~ ...(2)
ox x x
Again differentiating (1) partially with respect to y, we get

L z} 1

oy~ " {F (XJ [XJ

@_ n-1g-|2Y

yay—yx F x

Adding (2) and (3), we get
du ou "

ax+ ya = nx F(x) nu.

Hence x@+ @—nu
ox yay

..(3)

[<

This proves the theorem.
In general, if u be a homogeneous function of x;, x,, ..., x,, of degree n, then
ou au

u
x + X=—+ .+ X, = = nU.
1 2 m

axl ox 2 ox,,

The proof is similar to that of two variables.

I!!ustrative Examlales

(x1/4+ y1/4)
(x1/5+ y1/5)
(Rohilkhand 2014)

Solution : Here we see that u is a homogeneous function of x and y of degree
1/4— 1/5i.e., 1/20. Therefore in order to verify Euler’s theorem we are to show that

Example 1: Verify Euler’s theorem for the function u =

x@-l‘ y@z Lu
ox dy 20
We have, logu = log (x4 + y1/4) = log (x1° + y1/9). (1)
Differentiating (1) partially with respect to x, we have
1ou_ 1 flx— 3/4) _ 1 fl - 4/5)
uox /44 y1/4 4 IR VA y1/5\5 B
ou 1 ¥4 1 45

G S _ L
x 4 1/ JI/AT 5 ,1/5 (15
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au 1 x4 1 45
4 T s ...(2)
Yox T 4 x4 L JIA 5, 1/5 15
Again differentiating (1) partially with respect to y, we get
Tou_[1 y 34 g s
u dy 4 x4 L JIA 5,15, 15
ou 1 1/4 1 1/5
Yoy~ Ul a 1/4y 174" 5 1/5y /5| -.(3)
Y X+ y X+ y

Adding (2) and (3), we get
du au_u[1x1/4+y 1x1/5+y1/5]_u[1 1}_ 1

— 4 - —
T Yy 4,074, ) 5 x1/5 4 15

This verifies Euler’s theorem.

P2+ 3 du du
H = in~ | - =
Example 2: Ifu= sin *{ oy |’ show that x I +y dy tan u.

(Garhwal 2002; Kumaun 08; Avadh 12)

Solution : We have, sin u = M
x+y
x2 + y2 . .
Let v= ———- Then v is a homogeneous function of x and y of degree 1.
v av
Therefore by Euler’s theorem, we have Xor + yo— ay V. ...(D)
Now v = sin u.
W _ cosu@ and W cosu%~
ox ox dy dy
Putting these values in (1), we get
xcosu o “y ycosu% v
ou du v sin u [ . + yz}
or XS+t Yy |= = oy=sinu= ———
ox dy cosu  cosu X+ y
= tanu.
This proves the result.
@)mprehensive Exercise 2
1. State Euler’s theorem on homogeneous functions. (Bundelkhand 2001)
2. Vrify Euler’s theorem in the following cases :
() u= a+ 2hxy+ by (i) u= (=)
Bty
(iii) u= axy+ byz+ czx. (iv) u = x"sin (y/x).

(V) u= x"log(y/x). (vi) u= 1NGE+ ).
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3. (i) Ifu= tan™ l(xstf), prove thatx%+ y%’;z sin 2u.
(Rohilkhand 2012B)
Vx— Ay ou ou
i) Tfu= P | s i i .
(ii) If u = sin Jxt Vy \/y show that x ax+ dy =0
(Gorakhpur 2005; Garhwal 02)
4. (i) Ifu= sin_lﬁ’ showthatx%+ 3— %tanu
(ii) Ifu = cos‘l[éi f/—] showthatxg + ygl+ lcotu— 0.
(Rohilkhand 2013B)
£+ y ou du
. () Ifu= - —= 2.
5. (i) Ifu= log Tty showthat)ca + ya 2
4, A
3 o x4y du @_
(ii) If u = log o , show that x =— i 8 3.
2+ ou du
iii) Ifu=1 ’ h - 1.
(i) Ifu = log x+ provet atxa * yay (Kanpur 2006; Avadh 13)
6. Use Euler’s theorem on homogeneous functions to show that ifu = tan™ ! ( y/x),
then x@+ y@— 0.
ox dy
7. If ube a homogeneous function of x and y of degree n, show that
Zu 0% u ou
(l)xaszrya = (- Do
. 2 2 u ou
(ii) )Cﬁ‘i‘ yy— (n— l)aiy
0% u 0- u
(111)c2 “i —=nn-1)u
) xz D eyt g = 1= D
92
Xy u
8. Ifu= »showthatxz—+2 ——0
xX+y 0x? +7 0y?
9. Ifu=x¢ (y/x)+ y(yx), provethatxz—x2+ 2xya a yz—yz— 0.
(Kanpur 2008)
7.7 Total Differential Coefficient

If u= f(x,y) where x= ¢ (¢) and y= ¢, (¢), then x and y are not independent

variables. Substituting the values of x and y in u, we can express u as a function of the
single variable r and we can find the ordinary differential coefficient du/dt.

To distinguish du/dt from the partial differential coefficients du/dxand du/dy, we

shall call du/dt as the total differential coefficient. We shall now obtain a formula which
will enable us to find du/dt without first expressing u in terms of ¢ only.

Suppose dx, dy and du are the increments in x, yand u respectively corresponding

to an increment O¢ in t.

Then u+ du= f(x+ Ox,y+ dy).
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du= f(x+ ox,y+ &y) — f(x, ).
Su _ flx+ dx,y+ 8y) — f(xy)
ot ot
_ SO+ B y+ 5y)—f(x,y+§>y)}+ {fy+ 8y = f(x )}
t
[adding and subtracting the term f (x, y+ 8y) in the numerator]
_ SOt Byt ) = [yt 8y) [yt §) = %)

ot ot
_ SOt dxy+ ) = fluy+ 8y) S fluy+ 8- f(xy) Oy
ox ot oy ot
Now du_ lim du
dt ot —0 St
lim f(x+ dx,y+ 0y)— f(x, y+ 5y)’ dx
- 00 ox ot
RN TRV
Now dx and 8y also tend to zero when ¢ tends to zero.
So we have
lim f(x+ 8x,y+ 8y) — f(x,y+ 8y) _ of _ du
x—0 dx T ox  ox

because while x becomes x+ dx,y+ Oyremains unchanged.
Similarly, 5;13 fluy+ 8y = f(xy) _ of _ ou

oy T 9y dy
lim 5x dx lim dy dy
Also§r505,= 4 a4 >0 5= 4

. @_ @ dx au dy
Therefore (1) gives /= = -/ + = dy dt

Similarly, if u= f(x;,x,,...,x,) and x{,x,, ..., x,, are all functions of ¢, we can
prove that
du_ ou 9 ou dv ou dx,
dt  ox, dt ox, dt ax dt

7.8 | First Differential Coefficient of an Implicit Function

Suppose u = f(x,y), where y= ¢ (x). Then supposing ¢ to be the same as x in the
formula of article 7.7, we get

du_du dv du dy  du_du du dy
dx dx dx dy dx dx ox ay dx’
Now suppose we are given an implicit relation between x and y of the form
u= f(x,y) = ¢, where c is a constant and y is a function of x.

Then, we have du/dx= 0

ou  dudy dy _ Ju/dx dy  offox
ot o dy dx 0 or dx  ou/dy ot dx  of/dy
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|!Iustrative Examlales

and

and

Example 1: If (tanx)¥+ (y)°"*= a, find the value of dy/dx.

Solution : Let f(x,y) = (tanx) Y+ ()%= a.

Then, we have a_ af/ax’
dx 3f/dy
Now %: y(tanx) Y~ Tsec?x+ y°¥ logy. (- cosec? x)
%}C: (tanx)Ylogtanx+ (cotx) .yt~ 1,
Therefore (1) gives
dy _ y(tanx)”~ I sec2x— y*°'X logy. cosec? x
dx (tanx) ¥ logtan x+ cotx.y*0t*¥~ 1

Example 2: Ifu= x>y, where x>+ xy+ y> = 1, find du/dx.
du _ al+ du dy

“dx ox  dy dx

du u 2

= — 2 —
Now S Xy a day

Let fny= 2+ xy+ y¥= 1.
dy  df/dx _ 2x+y
Then =~ ay™ " <t 2y
So putting the values in (1), we get
du 2x+ y X2 (2x+ y)
=2 = 2xy— ———— 2.
dx B+ £ ( x+ 2y) x+ 2y

Solution: We have

Example3: If u= f(y—- z,z— x,x— y),prove that -+ 7y+

(Rohilkhand 2014)

...(1)

...(1)

(Kanpur 2009; Avadh 10)

Solution: Wehaveu= f(y— z,z2— x,x— ).
Let y—z=A,z— x= B, and x—y=C.

Then u= f(A,B, C) where A, B and C are functions of x, yand z.

Ju _ du aA ou aB du dC

Now - oA ox T 3B axt ac o
ou ou ou du
—87’(0)‘*‘87;’(— 1)+7 (1)= 873+£
Similarl du_du oA, du OB ou 9JC
y dy~ A oy 9B ay ' ac oy
ou ou ou ou du
=oa Wrop O+ 56 D=5,75¢
@_aiu’aA au’aB du dC
dz  0A az 0B 0z aC 0z
ou ou ou Jdu
—a*A’(— 1)+* (1)+* (0) = 8A+873

..(1)

...(2)

..(3)
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- o, ou ou_
Adding (1), (2) and (3), we have T 8y+ 5= 0.

@)mprehensive Exercise 3

1. Find dy/dxin the following :
(1) x¥+ y*= ab. (ii) ax® + 2hxy+ by* = 1. (Kashi 2013)
dy_ N(1- )
2. IfV(1 - &)+ V(1 - = a(x— y), prove that —= ——5~-
(1= )+ V=)= a@x-y),p = V(= D)
3. Find du/dxifu= sin (x> + y?), where a®> x> + b?y> = 2.
4. Ifu= x*y, where x= r2and y= ¢3, find du/dr.
of 00 dz o 99
5 F&9=10,0(32= 0, showthat dy dz dx OJx Ody (Lucknow 2009)
6. If u=V0o2+ y») and 2+ Y+ 3axy= 542 find the value of du/dx when
xX=a,y= a.
@nswers 3
y—1 X
{(xYlogx+ xy*~ 1} (hx+ Dy)
2
3. 2x{cos(:Z+ )} [1 - ZZJ 4. 23122
6. 0.
@jective Type @Questions
Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and correct.
2 2
1. Ifu= emycosmx,thenLI;+ ng ...... .
ox dy
2 2
X +y
2. Ifu= tan~! ’then@z ...... .
ox
3. An expression in which every term is of the same degree is called a ...... function.
4. Ifu= f(x,y), where x= ¢ (¢) and y= y(7), then %: ...... .
5. Ifu(x,y) isahomogeneous function of x and yof degree n, then

0 0
xax(ux)-i- yay(ux)— ...... s
ou

where u .= =—
X ox
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10.

11.

12.

13.

14.

15.

%u  a%%u
P dy?
du

du
If u= f(y/x), then, x I +y ay ------ . (Agra 2003)

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

Ifu= fly+ ax)+ ¢(y— ax),then — = . (Agra 2002)

— 3/2 9 o7z 2 aZZ
If z= tan (y+ ax)+ (y— ax)’’~, then a is equal to
ox2 dy?

(a) 0 (b) (y— ax
(o) 1 (d) sec(y+ ax)

0x

. . ) u .
If uis a homogeneous function of x and y of degree n, then PR ya*’; is equal to

(a) n (b) nu
(© " @) u
u
Ju Jdu Jdu
1_ 2
If = J(x2 + y?2 +z)thenxa +ya +zaZ1sequa1t0
(a) u (b) —u
() u? (d) 0
y
If xand y are connected by an equation of the form f(x,y) = 0, then i is
of/dx o 9f/0x
(a) 3/ 9y (b) (=1 3/ 9y
df/dy _ df/ox
(c) rf/ax (d) 3/ 9y (Garhwal 2001)
If x= rcos®,y= rsin 6, then the value of% is
sin O r
(@) - (b) sin O
(d) - .1 (Garhwal 2002)
rsin ©

If f(x, y) be a homogeneous function of xand y of degree n, then

o , o _ of , Oof _
(a) xax+yay_f (b) ya -xa f
© y%‘Jr x%: nf (d) x f+ yg—f— nf  (Garhwal 2003)

True or False:
Write ‘T’ for true and ‘F’ for false statement.

If u= f(x,y) and its partial derivatives are continuous, then the order of
differentiation is immaterial.

. . ) )
If uis a homogeneous function of x and y of degree n, then 9 and 2% are also

ox dy

homogeneous functions of x and y each being of degree n.
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16. If f(x,y) = Obe an implicit function of xand y and

_of _of _Pf _ 0 _9f
P=3,97 Jy r= 2 s= ox dy and 7= o2 then
d?y
T 2 3
i (g%r— 2pgs+ p*1/q°.
@HSWCI'S
(> + 2xy- y?)
1. 0. . .
{(x+ 92+ 2+ yH?
ou dx ou A
3. homogeneous. 4. o E+ aiy s
5. (n—Du,. 6. 0.
7. 0. 8. (a).
9. (b). 10. (b).
11. (d). 12. (a).
13. (d). 14. T.
15. F. 16. T.



Jacobians

8.1 Jacobian (Kanpur 2014)
Definition : If u, u,, ... , u, are functions of n independent variables x, x,, ..., x,
then the determinant
du;  du, du
ox; Ox, ox,
du, du, du,
ox; Ox, ox,
du, du, du,,
o R o
is called the Jacobian of u, u,, ..., u, with respect to x;, x,, s X and is denoted either
o (uy,uy, ... u,) o .
m or by J(uq, u,, ..., u,). The second notation is used when there is

no doubt as regards the independent variables.
Thus if u and v are functions of two independent variables x and y, we have

u o
d(u,v) | dx 9y
d(xy |dv ov
ox  dy

= J(u,v).
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Similarly if u, v and w are functions of three independent variables x, yand z, we
have
W o
ox dy 0z
d(u,v,w) | dv dv v

o(x, 20 |ox 9y 0z = J (v, w).
9w dw  dw
ox dy 0z
Note : If the functions u, u,, ..., u, of n independent variables x, x,, ..., x, are
of the following forms,
uy=f1 (), uy= fo (X1, %), s u, = f, (X, %, ..., x,), then
du,
Tx] 0 0
o (uy, uy, ... u,) % % 0 0 Ju; Ou, du,,
d (X, Xy, ..., X,) = |9 0%y - aixlaixz """ axn’
du,, du,, du,, du,,
ox, ox, ox; ox,

i.e., in such cases the Jacobian reduces to the principal diagonal term of the
determinant.

I!!ustrative Examlales

Example1: Ifx= rsin0cos¢,y= rsin0sindp,z= rcos 6, show that

9(x.y.2) = 2 sin 0.

0(r,0,0)
(Meerut 2003; Garhwal 02; Rohilkhand 12; Avadh 07, 12)

Solution : We have

3 (x. . 2) gr 36 aaq) sinBcos¢® rcosBcosd — rsinBOsind
LR _ 1Yoy oy sin@sin¢ rcosOsind rsinOcosd
d(r,6,90) or 90 J0 cos 0 — rsin@ 0

dz 0dz Oz

or 96 d0

= c0s 0 (72 sin B cosBcos? ¢ + 2 sin B cosOsin® ¢)
+ rsin© (rsin2 0 cos? o+ rsin? 0 sin? 0),
expanding the determinant along the third row
= 2sin0cos? 0+ 2 sin® 0= 2 sin 0O (cos? O+ sin?6) = 2 sin 6.

d (x,y,2)
0(r,0,0)
x= rcosOcosd,y= rsin OV (1 - m? sin ¢),

z= rsinq)\/(l— n? sin 0), where m? + n?= 1.

Example 2 : Find the Jacobian being given
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Solution : Here X2+ Y + 72
= 2 cos?Bcos? ¢ + 2 sin20— r2m?sin? O sin ¢
+ 2sin? ¢ — n?sin? ¢ sin® 0
= 2 (cos? 0 cos?d + sin2 @+ sinZp — sinZ Bsin? §) [ m2+ n2=1]
= 2 (cos? 0 cos? ¢ + sin2 @+ sinZ ¢ cos® 0)

= 2 (sin2 0+ cos?0) = 2.

. Ay, dz_  ox Ay & _
Yort Yot g, T ot Yoet 2o9= O 0
%) %) 0
and x£+ yT$+ zﬁzo.
aic Q Q ax ax ax
or 99 00 Xor X339 90
_ |9 9y dy|_1| dy dy 9y
Now J(x,y,2) = 5 98 90|73 5 56 %
k% o %z %k %
or 00 090 or 90 d0
ar 0 0
9y dy 9y .
_1 o 9 9 ,byadd?ng YR, + z{€3toR1
X 3z 0z oz and usingthe relations(1)
or 06 90
dy 9dy
_r|d6 9o _z{ay%_%ﬂ}
T x| 0z 0z | x10000 " 9609
00 do

= ;{rcosem — m2sin20).rcosd V(1 — n?sin® @)

rsin ¢ .n%sin®cos® rsin O .m?2sin ¢ cos O

V(1 - n2sin28) V(1 - m?sin?0) }
_ PcosBeoso [ (1— m2sin?¢) (1 - n?sin?6) - nzmzsinzesinzq)}
- x [ V(1= n?sin?0) (1 — m?sin )]

3 cos 0 cos )
rcos0cos
1— m?2sin% ¢ — n?sin? @+ m2n?sin? ¢ sin? @ — m2n? sin? O sin? ¢
V(1 = n?%sin?0) (1 - m?sin? )]

_ rz(mzcoszq) + n?cos? 0) )
~ N[(1= n%sin?20) (1 — m?sin2 )]
Example 3: Ify = rsin®;sin®,,y,= rsin® cos6,,y;= rcos 0, sin 05,
a()’]»)’g»)’3»}’4)
9(r,0,,6,,6)
Solution : Squaring and adding the given relations, we have

Y4 = rcos 0 cos 0y, find the value of the Jacobian

vt 2+ vt k= P



D-172 Krishama's DIFFERENTIAL CALCULUS
o, B OO
M 9r MY or T T T )
9y, N aYZ+ dy; N 9y, 0 1.2.3
= = = = = r= .
and Y190 ¥ Y200 T Vige T g~ T L2
Also y;2+ y,2= r? cos? B, so that
dy; 9y, .
y38761+ y48761=—r200s61s1n61; 2
dy3 9y,

y3aier+ y4aier= 0, r=2,3.

Now the required Jacobian

M My M
or 00, 06, d6;
B B dm M
; or 00, 06, d6;
I T T WG
or 00, 06, d6;
Dy My Dy Dy
or 00, 06, d6;
Operating yR| + (y,R, + y;R3+ ¥, R,), and using the results (1), we get
o0 oAy
Wy W Wy M, 9B 99, 96
go Lor %8 98 08y oy dyy Oy
vi|9s 9 dy oy |98 08, 96
or 98 96, 06 Dy Wu
Dy My Oy oy 9 98, 9
or 00, 06, 00,
99, 8, 06,
=T —rzcoselsine1 0 o |,
5 gy, o
96, 00, 06,
adding y, R5 to y3 R, and using the results (2)
dy, dy; 9y, Oy
r 2 4 4 2
= - 7%cos0,sin0, | 35 93— A5 A5
s 1 Il 96, d6; 06, 06,
r‘q’cose1 sin 6,
= ———— [(= rsin0;sin 6,) (= rcos 6, sin 63) — 0]
Y3

r sin” 0, cos® O, sin 0, sin 0,

- - - = r3’sir161 cos 0.
r sin 0, cos O, sin 0, sin 6,
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@mprehensive Exercise 1

1. Ifx= rcos6,y= rsin 0, show that
(7)) % = (Kanpur 2005; Meerut 13B; Kashi 13)
(i) 0(rn6) _ 1 (Meerut 2003)
Jd(xy r
2. Ifx=u(l+ v),y= v(l+ u),find the Jacobian of x, y with respect to u, v.
(Meerut 2013)
3. Ifx= ccosucoshv,y= csinu sinh v, prove that
% = % ¢? (cos 2u = cosh2v). (Rohilkhand 2013)
4. Ifu= 2%6"}: xz—;xyz *find aa((’;c:;)) ’ (Meerut 2012)
5. Ifu=x )c3/x1 Uy = X3 X1/%,, Uy = x| xz/x3,pr0ve that J(u,u,, u3) =4.
(Bundelkhand 2014; Purvanchal 14)
6. Ifx=sin® V(1 - ¢?sin? 0),y= cosBOcos¢,then show that
9 (x,y) ) [(1= ¢%)cos? 0+ c?cos? 0]
2(0,0) ~ Sn¢ V(1= 2sin? ) ’
7. Ifyy=1-x,n=x0-x)»3=xx50-x) .., 5=xx%..x,_;0-x),
prove that
J (¥, ¥ ...,yn) = (= D'x"~ le”_ 2 Xy
8. [Ify = cosxy, y,= sinx;cosx,, y;= sinx; sinx, cosxs, ...,
Y, = sinx; sinx, sinx; ... sinx, _ ; cosx,, find the Jacobian of y;, y,, ..., y, with
respect to XXy e s Xy
@nswers 1
1+ u+ v 4. — y/2x.
(— D)"sin”x; sin" = 'x, .. sinx,.
8.2 | Case of Functions of Functions (Chain Rule)

We shall establish the formula for two variables and the result can be easily

extended to any number of variables.

Theorem : [fu,, u, are functions of y, y, and y,, y, are functions of x,, x, , then

a(“]»uz)_ a(“]»uz) a(}’]»)’z)
a(xl»xz) B a(}’pyZ) a(xl»xz)

(Kumaun 2003)
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Proof: We have
du aul ayl aul ayz aul aul ayl aul ayz
aixl dy; ox, * o, axl axz dy; ox, * o, axz

auz auz ayl auz ayz auz du, dy;  du, 9y, (D)
dx; Iy axl 9y axl dx, aTl aTCz " aTz aTCz
du;  du, dy, 9y
a (M], MZ) a (}’1» yz) ayl ayz axl axz
Now . = X
Opy) () | duy Juy || Oy, Iy
dy; Iy, ox; Ox,

aul ayl aul ayz aul ayl aul ayz
dy; ox, * dy, dx;  dy; Ox, * dy, ox,
auz ayl auz ayz auz ayl auz ayz ’
Iy axl dy, dx;  dy, axz dy, ox,

applying row-by-column multiplication rule

Jdu;  du,
oy Oy | |

= auz auz , usingthe relations(1)
o oy

~ 0 (uy, u,)

BEICESE

Note: The above formula resembles very much with the formula
df df dt > for the derivative of the function of a function.
dx dt dx

Generalization of the above formula: If uj, u,,..,u, are functions of
Vs Yos ooes Yy ANd Y1, Y55 .0, Y, are functions of xi, x,, ..., X, , then
o (uy,uy, ...,u,) ~ O (uy,tty,cntty) O (Y1 Ypserdy)
d(x), Xy, ... X,) T 9 (V> Y25 s ) ) (X, X5 o X)) ’

The proof may be easily extended as in the case of two variables and has been left
as an exercise for the students.

8.3 Jacobian of Implicit Functions

Theorem : Suppose uq,u,,...,u, instead of being given explicitly in terms of
X1, Xy 5 -0y X, @Fe connected with them by equations such as

Fy(uy,uy, s Uy 5 X1 Xy ...,xn) =0,

Fy (uy, uy,y ooy tty, X1, X5 .0, X,) = 0,

F, (uy, uy, wees Uy X[ Xo ...,xn) = 0.
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3(F,,Fy,..F,)
0 (up, uy,...,u,) Iy d(x), Xy, e X))
=1 d(F,Fy, . F,)

0 (up,ty,...,u,)

Then, we have ————=
d (X}, %y, o0 X,,)

Proof: Here also we shall establish the result for two variables and the proof
can be extended easily for n variables. The students should themselves write the proof
for n variables on the basis of the proof given below for two variables.

In the case of two variables, the connecting relations are
F] (“1» uz»xl»xz) =0,
Fy (uy, uy, x;, x5) = 0.

..(1)

From relations (1), we have by differentiation
oF, OF, du; OF, du,
a—x]+ aTlanlJr dupy dx;
oF, OF, du; OF, du,
aTCer aTlanzJr duy Ox)
J0F, OF,du; OF, du,
ax " ouy vy  duy 0y
J0F, OF,du; OF, du,
aTCer 871872 duy dxy
oF, OF, du;  du,
d(F, Fy) 9 (uyp,uy) 871 872 aT51 aTCz
NoW S iy G | OF,  OF, | X | u, o,
dup  duy | oy am
OF, du; OF, du, OF, du; OF, du,
duy axy T duy x dwy dx, duy Oy
O0F, du; O0F, duy, OF, du; OF, du, |’
duy ax T duy x duy dx,  duy Oy

i

s ...(2)

applying row-by-column multiplication rule

- oF, - OF,
ox, ox, ) )
=1 aFZ _ aFZ , usingthe relations(2)
ox, ox,
- 1)Za(Fl,FZ)’
d (x, x,)
Accordingly, we have
d(F,F,)
0 (uy, uy) B ) m

9 (x, %) = d(F),Fy)
0 (uy, uy)
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I!!ustrative Examlales

a(u,v)>< d(xy
o(x,y) ~ 9 (u,v)
(Bundelkhand 2011; Kanpur 08; Meerut 12; Avadh 13)

Solution: Letu= f, (x,y),v=f, (xy). ..(1)

Example 1: Prove that

Obviously xand y can also be expressed as functions of # and v. Differentiating
relations (1) partially with respect to u and v, we get
dudx dudy . dudv udy
Oox ou  dy du O0x dv  dy dv
Wax Wy _wax Wy
O0x du  dy du ox dv  dy dv
u du| |
d (u, 1Y Jd(x,y) | ox 9y du v
d(xy) " d(uv) | dv  Iv)" | dy Iy

ox dy ou dv

dudx  oudy udx udy
Oxou dyodu Odxdv dydv
W dwdy wor W
Oxdu dyodu Odxdv dyadv

applying row-by-column multiplication

1=
..(2)
0=

Now

= (1) (1) , usingthe relations(2)

= 1.
Example2: If u’+ v+ w=x+ Y+ 22, u+ v+ w= 22+ y+ 2%,
u+ v+ wr= 22+ 2+ z, prove that
d(u,v,w) _ 1— 4(xy+ yz+ zx) + 16xy7
05,2 2- 3w+ v+ w)+ 27222
Solution : The given relations can be written as

F,= Wt v+ w— x— y2_ 2=0,

Fr=u+ Ve w— 22— y— 2= 0,

Fi=u+ v+ w3 — x2— yz— z= 0.

0(F,Fy,Fy) [0(F|,F,,F)
Now o(u,v,w) _ 13 112,13 2.3 (D)
d (x,2) d(x,y,2) d (u, v, w)
o (F,,F,,Fy -1 -2 -2
Here S C | 2x -1 -2z
(x, Y 2) - 2x _ 2y -1
=—-1(1-4y2)+ 2x(2y— 4yz) — 2x (4yz— 22)
=— 1+ 4(yz+ zx+ xy) — 16xyz.
d (Fy, F,, F3) 3u? 1 1
And — "= 31
0 (u, v, w)

1 1 3w?
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3u (w2 — 1) = 1 (Bw? = D+ 1.(1- 3?)
2— 3+ v+ wd) + 27u2vinl,
d(u,v,w) 11— 4(yz+ zx+ x) + 162z

0y 2— 3w+ v+ w4+ 2722 w2

@)mprehensive Exercise 2

. From (1)

1. Ifud+ 3= x+ Y, W+ vi= B+ y3,sh0wthat

d(u,v) 1 V- x2
d(x,y) 2uv(u—v)

a(X,y,Z) )
a(u,v,w)_u v

(Rohilkhand 2005; Kashi 14)

2. Ifx+ y+ z= u,y+ z= uv,z= uvw, show that

3. Ifu’= xyz,%z l+ i+ %’wzz ¥+ y*+ Z2 prove that

X
o, v,w) _ _ v(y— 2 (=0 (=) &+ y+ 2
d(x,y,2) 3ulw (yz+ zx+ xy) (Rohilkhand 2012B)

2

4. Ifu+v3+w3—x+y+z,u+v+w x3+y3+z,u+v+w x2+y2+z,

o, v,w) _ (y= 2 (=0 (x-y
d(xyz) (u=v)(v—w) (w- u)
(Purvanchal 2007; Kanpur 12)

then prove that

0 (u,v)
d(r, 0)

u= 2xy,v= - yz,xz rcos0,y= rsin0.

where

5. Compute the Jacobian

6. If uj= x4+ x5+ X3+ xq,uquy= X+ X3+ Xy, Ujllyliy = X3+ Xy, UjUyUzUy= X4,
show that
0 (X, Xy, X3, Xy)

— 3,2

= U7 Uy Uy
1 %2 %3

0 (uy, uy, Uz, Uy)

7. Giveny, (x; — x) = 0,y (x,>+ x;x,+ x,°) = 0, show that

I () )
a(xl»xz) RCEE x13— x23
8. Ifu=x(1-2" 2 v=y(1-"A" "2w=z(1- 7" 12
d(u,v,w)

where 2= x>+ y*+ z2, show that = (1- )52,

d (x,y2)
9. (a) Find the Jacobian of y;,y,,y3,...,y,, being given

=x0=-x)n=xx(1-2x),..,
Vo 1= X% X, 1 (1= x),9,= X1 %% ...X,
(b) Ify;= rcos0y,y,= rsin 0, cos6,,y; = rsin0; sin 0, cos 6, ....

Y, 1= rsin0;sin®, ...sin8, _ ,cos6,_ ; and y,= rsinB;sinH,...sin6, _ ;,
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prove that
a(y]»yz» s 5yn)
3(r,0,,...6, )

oV —

— .n—1 n— 2 ion—3 ;
=r sin 0, sin 0,...sinQ, _,.

10. IfA,u,vare the roots of the equation in k,

oy Y + =
a+k b+ k c+k ’
prove that
0yd) | (H=V(V=NHA-p

o(h,u,v) (b—- ¢)(c— a)(a— b)
11. The roots of the equation in A,
(A= 03+ (A= »3+ (A= 23=0
are u,v,w. Prove that

78 (u, v, w) _ -2 (y= 2 (= 0 (x=y) . (Kumaun 2008; Kanpur 10)

d(x% %2 v=w) (W= u) (u—v)
12. Ifx, y,zare connected by a functional relation f(x, y, z) = 0, show that
d(32) _ (ay)
a (x, Z) ax z = const.
0 (u, v, w) 9 d(x,y,72) _
o0(x,y,2) 9 (u,v,w)
(Y Yps ey 0(X, X, .0X,) _
d(x), Xy, .0 X)) ) (V> Y25 s ) o

@nswers 2

5. — 47, 9. (a) x""'x"T2.x, .

n—

13. (i) Prove that (Kanpur 2009, 11)

(ii) Prove that

8.4 Necessary and Sufficient Condition for a Jacobian to Vanish

Theorem : Letuy,u,, ..., u, be functions of n independent variables x, x5, ..., x,, . In

order that these n functions may not be independent, i.e., there may exist between these n
functions a relation

F(up,uy,...,u,) =0, (1)

0(u,,u u)
.. .. . P72 L. .
it is necessary and sufficient that the Jacobian ———=—" Should vanish identically.

d(x), Xy, .., X,)

Proof: The condition is necessary i.e., if there exists between uy, u,, ..., u, a
relation
F(up,uy,...,u,)= 0 (1)
their Jacobian is necessarily zero.
Differentiating (1) partially with respect to x;, x, , ..., x,,, we get
OF Ouy  gF duy  gF du,

aiu]ax]—‘_aiuzaxl—i_ +87unax1: ’
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) = 0.

JACOBIANS
OF duy  gF uy oF ou,
— —t = + o =0,
Ju; ox,  du, ox, du,, Ox,
9F 9u; N OF a“z 9F O,
aul ox,, auz ax du,, ox,
oF OF oF
Eliminating =— au, auz a—un from these equations, we get
duy %y I
ox, ox, ox,
duy %y I
dx,  ox, ox, 0 (uy, uy, ...,
=0 or —————
d(x), Xy, .0 X))
duy %y I
dx,  dx, ox,

The condition is sufficient, i.e., if the Jacobian J (u, u,, ...,
must exist a relation between u, u,, ...

The equations connecting the functions u, u,, ...,

JUy, .

un) is zero, then there

u, and the variables x;,

X, , ..., X, are always capable of being put into the following form :
q)] (.xl,.xz, ...,.xn, ul) = 0
0, (xz,x3, s Xy U u,) =0
¢ (xr Xt 10 Uy, Uy, ’ur):0
q)n( u]»uz» ’ul’l): 0
Then, we have
~ o (uy, ty, ..., uy,) -1y 0 (xl,xz, e Xy)
d(x), Xy, ... X) h (0, 0,,...0,)
o (g, tty, ..., U,)
aq)] aq)z cee aq)n
ox; ox, ox,
= (- D" m : [See note after article 8.1]
du, du, du,
Now, if J= 0, we have
99, 9, 00, 99, _
ox; Ox, ox.  ox,
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a0
ie., —"= 0 for some value of rbetween 1 and n.

0x

.
Hence, for that particular value of r the function ¢, must not contain x,; and

accordingly the corresponding equation is of the form
O, (X p 150Xy, Uy Uy, eu) = 0.

Consequently between this and the remaining equations¢,., ;= 0,¢,, ,= 0, ..,
¢, = 0,the variablesx,.,_ |,x., ,,...,x, can be eliminated so as to give a final equation
between uy, u,, ..., u, alone.

Hence the theorem is established.

I!!ustrative Examlales

Example 1: Show that the functions
u=x+ y— z,
v=x— y+ z,
w= 2+ Y+ 72— 2y

are not independent of one another. Also find the relation between them.
(Garhwal 2000)

Solution : Here
1 1 -1

d (u,v,w) _ 1 )
xR oy 2(y-2 2G- )
1 1 0
= 1 -1 0] , adding C, to Cy

2x 2(y-2 O

= 0.
Since the Jacobian is zero, the functions are not independent.
Nowu+ v=2xandu— v=2(y— 2).
Therefore (u+ v)2+ (u— v)2= 42+ ¥+ 22— 2y2) = 4w.
This is the required relation between u, v, w.
Example 2: Show that ax* + 2hxy+ by* and Ax*>+ 2Hxy+ By* are independent
unless

=
|

a _

i
Solution : Let wu= ax*+ 2hxy+ by’ ,v= Ax>+ 2Hxy+ By~
If the functions u, v are not independent, then

0 (u,v)
=0
d (x,)
o
ox dy| _
or v o] 0
ox dy

or 2 (ax+ hy) 2 (hx+ by) | _ 0
2(Ax+ Hy) 2(Hx+ By)|
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or

or

(ax+ hy) (Hx+ By) — (hx+ by) (Ax+ Hy)= 0
(aH— Ah) ¥+ (aB— Ab) xy+ (Bh— bH) y*= 0.

Since the variables x, y are independent, the coefficients of xZ and y* in the above

equation must be separately zero. Hence, we have

aH— Ah=0 and Bh— bH= 0
whence £=£=2~
A H B
d(xy.d) _ _ (M- V(- (A= p)
J (AW, V) (b= ¢c)(c—a)(a— D)

@)mprehensive Exercise 3

fu= 2+ y2+ zz,v: x+ y+ z,w= xy+ yz+ zx,
0 (u, v, w)

d (x,,2)
between u, v and w. (Avadh 2014)

0 (u,v) ’
d (x,)

Are u and v functionally related ? If so, find the relationship.

show that the Jacobian vanishes identically. Also find the relation

Ifu= (x+ y)/(1 - xy)and v= tan” ' x+ tan™ 'y, find

If the functions u, v, w of three independent variables x, y, z are not independent,
prove that the Jacobian of u, v, w with respect to x, y, z vanishes.

Show that the functionsu = 3x+ 2y— z,v= x— 2y+ zandw= x(x+ 2y— 7) are
not independent and find the relation between them.

Show that the functions

u=x+ y+ z,

v=xy+ yz+ zx,

w= X+ Y+ 25— 3xyz
are not independent. Find the relation between them. (Meerut 2013B)
Ifu= x+ 2y+ z,v= x— 2y+ 3zandw= 2xy— xz+ 4yz— 2z2 showthat theyare
not independent. Find the relation between u, v and w.

x+ + x+ y+

Y, oYtz Y+ y+ o)
X Xz

not independent and find the relation between them.

Ifu=

> show that u, v, w are

If u=x+y+z+t,v=x+y—z—t, w=xy— zt, r= 2+ yz— 22— tz, show

that M = 0 and hence find a relation between u, v, w and r.
d(x,y21)

Iff(0)= Oandf’ (x) = | L 2 > prove without using the method of integration,
+
that

_ xX+y .
JF+fy)=f (1 - xy] (Meerut 20128, 13)
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CB;swen;3

1. V2= u+ 2w. 2. u= tanv. 4. u?— V2= 8w.
w=3uv+ w. 6. uz— v2= 4w. 7. uv=w+ 1.
8. uv=r+ 2w.

@jective Type @Questions

Fill in the Blanks:

Fill in the blanks “...... 7 so that the following statements are complete and correct.

1. Ifu and v are functions of two independent variables x and y, then

du
d(u,v) |ox )
d(xy |dv v
ox dy
2., Ifx= rcos6,y= rsin G,theng%,giz
Jd(u,v)  d(xy)
3. 3 (x.y) X v~
d(x,) _

4. Ifx= 1 = v(l h
x=u(l+v),y=v(l+ u),t ena(u,v)

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

5. Ifx= rcos0,y= rsin 6, then
d (x,)
@ 50"
Jd(xy 1
0(r,0) r

a (-x» Y) — 2
d(r, 0)
Jd(xy _ 1

(d) o(r,0) 2

(b)

(©)
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10.

11.

12.

13.

tru= 2 v then
@ G5

(b) aa((%:;)ﬁ—%c

© San >

True or False:

Write ‘T’ for true and ‘F’ for false statement.

Xy X3 X3 x| X, 0 (uy, uy, Us)
Ifu = YUy = YUz = »then =
x| X, X3 d (x, X5, x3)

- 4.

If uy, u, are functions of y, y, and y,, y, are functions of x;, x,, then
a(xl»xz) B a(}’]»}’z) a(xl»xz)

a (-x» Y Z) 2 o
2(r.0,0) r<sin 6.
If u, v and w are functions of three independent variables x, yand z, then
o(u,v,w) 9(xy2) _ 0
d(x, 32 0 v,w)

If x= rsin@cosd,y= rsinOsin ¢, z= rcos6, then

Ifu,,u,and usare functions of three independent variables x;, x, and X3 connected
by the equations
Fi(uy, uy, ug, xq, %, x3) = 0,
Fy (g, uy, u3,x1,x2,x3) =0,
and Fy (uy, uy, u3,x1,x2,x3) =0,
J(F|,F,, F3)
0 (uy, uy, Uus) ~ 9 (x}, %y, X3)
d (x, X, x3) ~ 9 (FI,FZ,F3)’
0 (uy, uy, Us)

then

The functions u= x>+ Y+ z%, v=x+ y+ z, w= xy+ yz+ zx are not
independent of each other.

Ifx+ y+ z= u,y+ z= v, 2= uvw,
d(x,y2)

R RN
0 (u, v, w)

then u=v.
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14. If u, v, w are functions of three independent variables x, y, z, then u, v, w are not

independent of each other ifM + 0.
d (x,y,2)
@HSWCFS

1 % 2. 1 3. 1L 4. 1+ u+ v

dy r
5. (a). 6. (b). 7. F. 8. T
9. T. 10. F 11. F. 12. T.
13. T. 14. F



Maxima and Minima of
Functions of Two Variables

9.1 Maximum or Minimum

Definition : Let f(x,y) be any function of two independent variables xandy
supposed to be continuous for all values of these variables in the neighbourhood of
their values a and b respectively. Then f(a, b) is said to be a maximum or a minimum
value of f(x,y) according as f(a+ h,b+ k) is less or greater than f(a,b) for all
sufficiently small independent values of 4 and k, positive or negative, provided both of
them are not equal to zero.

9.2 Necessary Conditions for the Existence of a Maximum
or a Minimum of f(x,y) at x=a,y=>b

From the definition it is obvious that we shall have a maximum or a minimum of
f(x,y) at x= a,y= bifthe expression f(a+ h,b+ k)— f(a,b) is of invariable sign for
all sufficiently small independent values of 4 and k provided both of them are not equal
to zero. If the sign of f(a+ h,b+ k) — f(a, D) is negative, we shall have a maximum of
f(x,y) at x= a,y= b.Ifitis positive, f(x, y) has a minimum at x= a,y= b.

By Taylor’s theorem for two variables, we have

fla+ h,b+ k)= f(a,b)+ (haer kaf)
ox dy
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2
;[hzaerzhkaf kzafJ .

ox? 0y |x= a,
=b
d )
fla+ h,b+ k)— f(a,b)= h(aﬁ)x: at k(ajyc)x: a
y=b y=b
+ terms of the second and higher orders in A and k. ..(1)

Bytaking & and &, sufficiently small, the first degree terms in 4 and k can be made
to govern the sign of the right hand side and therefore of the left hand side of (1).
Thus the sign of [f(a+ h,b+ k) — f(a,D)]

_ - of of
= thes1gnof[h(ax)x a+ k(ay)x_ a} ..(2)

y=0>b y=0>b
Takingk = 0, we find that if(gﬁ] # 0,theright hand side of (2) changes sign
xX=a
y=b
when & changes sign. Therefore f(x,y) cannot have a maximum or minimum at x= a,
y= bif (af] = 0.
X )x= g4
y=b
Similarly taking 2= 0, we can see that f(x,y) cannot have a maximum or a

of

minimum at x= a, y= bif() + 0.
N )x=a

y=1b
Thus a set of necessary conditions that f (x, y) should have a maximum ora minimum
atx= a,y= b isthat

of _ of _
(ax)x: a_ 0 and (ay )xz a_ 0

y=1b y=1b
The above conditions are necessary but not sufficient for the existence of maxima
or minima.

9.3 Stationary, Extreme and Saddle Points (Kashi 2014)

A point (a, b) is called a stationary point, if both the first order partial derivatives
ofthe function f(x, y) vanish at that point. A stationarypoint which is either a maximum
or a minimum is called an extreme point and the value of the function at the point is
called an extreme value. A stationary point is not necessarily an extreme point. Thus a
stationary point may be a maximum or a minimum or neither of these two. To decide
whether a point is really an exreme point, a further investigation is necessary.

Saddle Point : A stationary point which is neither a maximum nor a minimum is
called a saddle point.
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9.4 | Sufficient Condition for Maxima or Minima

_ [ _(azf) _ (2%
Let r= [aszx:a,S_ 2xdy x:aandt— 8y2

x=a
y=>b y=0>b y= b.

(Lucknow 2008)

If (af) = Oand (af) = 0,i.e. if the necessary conditions for the
ax X=a ay X=a

existence of maxima or minima are satisfied, we have

fla+ h,b+ k)— f(a,b)= %(rthr 2shk+ k) + Ry,

where R; consists of terms of third and higher ordersin A and k.

For sufficiently small values of 4 and k, the sign of
3 (2 + 2shk+ k%) + Ry

is the same as that of rh%+ 2shk + tk>.

Now the following three different cases arise :

CaseI:rt— s2> 0. In this case obviously neither rnor ¢ can be zero. Therefore
we write

rh2+ 2shk+ th:= 1r[r2h2+ 2srhk+ rtk?]

= lr[(rh—l- sk)2+ (1= s2) k2]

Since rt— s? is positive, therefore (rh+ s+ (rt— s2) k2% is positive for all

valuesofh and k except whenrh+ sk= 0,k= Oie.whenh= 0,k = 0whichisobviously
not possible.

Thus in this case the expression rh? + 2shk + tk? will have the same sign for all
values of h and k. This sign is determined by the sign of r.

Thus f(x,y) will have a maximum or a minimum at x= a, y= b if rt> s. Further
f(x,y) is a maximum or a minimum according as r is negative or positive.

CaseIl: ri— s2< 0. In thiscase if r# 0, we can write

rh®+ 2shk+ tk*= lr[(rh+ sk)2+ (rt— s?) k1.

If k= 0,h# 0, the sign of this expression will be the same as that of r. But if
k# 0,rh+ sk= 0, the sign of this expression will be opposite to that of rsince rt— s2
is negative. Thus in this case the expression 42 + 2shk + tk?is not of invariable sign.
A similar argument can be given if r # 0.

In case r= 0 as well asr= 0, we have
rh® + 2shk+ tk*= 2shk,

which obviously does not keep the same sign for all values of 4 and k.

Thus f(x,y) will have neither a maximum nor a minimum at x= a, y= b, if

rt< s2.
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CaseIll: ri— s2= 0. Ifr# 0, we can write

rh®+ 2shk+ tk>= lr[(rh+ sk)2+ (rt— s k?]

= 1r(rh+ sk)?. [ ri— s*= 0]

This expression becomes zero when rh + sk = 0. Therefore the nature of the sign
of

fla+ h,b+ k)— f(a,b)
depends upon the consideration of R5. The case is, therefore, doubtful.
In case r= 0, we must have s= 0, because of the condition rf— s2= 0.
rh? + 2shk + tk*= tk?,
which is zero when k = 0 whatever 7 may be. The case is again doubtful.

Thus, if rt— s>= 0, the case is doubtful and further investigation is needed to
determine whether f (x,y) is a maximum or a minimum atx= a, y= b, or not.

9.5 Working Rule for Maxima and Minima

Suppose f(x,y) is a given function of xand y. Find df/dx and df/dy and solve the
simultaneous equations df/dx= 0 and df/dy= 0.In order to solve these equations we
may either eliminate one of the variables, or factorise the equations. In the latter case
each factor of the first equation must be solved in conjunction with each factor of the
second equation. Suppose solving these equations we get the pairs of values of xand y
as (ay, by), (a,,b,) etc. Then all these pairs of roots will give stationary values of

fxy.

To discuss the maximum or minimum at x= a, y= b, we should find

= 2 |x= al’s_ oxdy)x= a;’ h 0y |x= a

Then calculate rt — s2.

If rt— s*> 0and ris negative, f (x, y) is maximum at x = a;,y= by
Ifrt— s*> 0 and ris positive, f (x,y) is minimum at x= a;,y=b,.
Ifrt— s*< 0,f(x,y) is neither maximum nor minimum at x= a;,y= by .In this case the
function z= f(x,y) is stationary at x= a,y= b but the stationary value f(a,b) is
neither maximum nor minimum. Hence, (x= a,y= b,z= (a,b)) is a saddle point of
the surface z= f(x,y).

Ifrt— s2= 0, the case is doubtful and further investigation will be required to decide
it. We shall leave this case.

I!lustrative Examlales

Example 1: Discuss the maximum or minimum values of u where
u=2a’xy— 3axy— ay + ©y+ x7. (Avadh 2013)
Solution : We have du/dx= 2a%y— 6axy+ 3x2y+ y,
and du/dy= 2a%x— 3ax’ — 3ay* + X+ 3x7
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Also r= 0%u/0x* = 6ay+ 6xy,
s= 0%2u/0xdy= 2a*— 6ax+ 3x2+ 3y,
and t= 0%u/dy* = — 6ay+ 6xy.
For a maximum or minimum of u, we have
ou/dx= 0 and Jdu/dy= 0.
Thus, we have

y(2a?- 6ax+ 32+ Y¥) =0 }

and 2a%x— 3ax® - 3ay*+ X+ 3x2=0
Therefore we have to consider the pairs of equations, viz.,
y=20
2a%x— 3ax® - 3ay*+ X+ 3x7= 0 } ~(D)
and 2a2— 6ax+ 32+ =0 } )
2a%x— 3ax® - 3ay*+ X+ 3x7= 0

Putting y= 0Oin the second equation of the pair (1), we get
2a%2x— 3ax%+ 3=0 ie, x(x2- 3ax+ 2a®) =0
ie., x(x—a)(x—2a)=0 ie, x=0,x= a,x= 2a.
Thus the pair (1) gives the following values of xand y:
x=0,y= 0;x=a,y= 0;x= 2a,y= 0.
Multiplying the first equation of the pair (2) by x and subtracting it from the
second equation of the pair, we get

3ax2 = 3ay? - 23+ 2x?=0 or (- y») (3a— 2x)= 0.

xX= %a and x= * y.

N [ =

When x= %a,the first equation of the pair (2) gives y= *
When x= y, we have 2a% — 6ay+ 4y*= 0 ie., y= a,%a.

Also when x= — y, we have 2a%+ 6ay+ 4= 0 ie, y=— a,— %a.
Thus in all we get the following pairs of values of x and y which make the function

u stationary :

3 1 3 1
(0,0), (a. 0). (2a, 0), f} »aa}’(ga»— ga}
(a, a),(2 ,1 ](a—a),(%a,—%a}.

For (0, 0),
r=0,s= 2a? t= 0so that rt— s is negative.
Therefore we have neither a maximum nor a minimum of « at (0, 0).

Similarly, we can show that u has neither a maximum nor a minimum at (a, 0),
(261, 0)» (a» a)» (a» - a)°

For 3a/2,a/2),
r= %az,sz %az, t= %az so that rt— s2is positive. Since ris positive, therefore

u has minimum at this point.

Similarly, we can show that # has a maximum at (

N\'—‘
N\'—‘
\_
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For 3a/2,— a/2),

r= — %az,sz - %az,tz - %az so that rr— s% is positive. Since r is negative,
therefore u has a maximum at this point.

Similarly, we can show that # has a maximum at (a/2,a/2).

Example 2 (a) : Find the extreme values of xy(a— x— ).

Solution: Letu= xy(a— x— y).

Then a—uz ay— 2xy— y?

0x
ou
and ——= ax— x*— 2xy.
dy
u u
Also r= axz——2y,S— ayax—a—2x— 2y,
2
and t= ou - 2x.

N

For a maximum or minimum of u, we have
ou/dx= 0 and Jdu/dy= 0.
Thus, we have
ay— 2xy— y*=0
ax— x> — 2xy=0 }
These equations can be written as
yia—2x—y=0,x(a— x—2y=0,
so that we have to consider the four pairs of equations, viz.,
y=0,x=0;a— 2x— y= 0,x= 0;y= 0,a— x— 2y= 0;
a—2x—y=0,a— x— 2y= 0.
Solving these, we get the following pairs of values of xandy which make the
function stationary:
(

1 1
[fada)

(0,0), (0,a), (a,0) j

For (0, 0),

r=0,s= a,t= 0so that rt— s2

is negative.
Therefore we have neither a maximum nor a minimum of « at (0, 0).
For (0, a),

r=— 2a,s= — a,t= 0so that rt— §2

is negative.
Therefore u has not an extreme value at (0, a).
Similarly, we may show that # has not an extreme value at (a, 0) .

(1,1
For u’a,3a),

W N

r=—>a,s= — %a,tz - %a so that r— s is positive.

1 1 .. .
Therefore u has an extreme value at (ga,ga} and it will be a maximum or
minimum according as, r is negative or positive i.e., according as, a is positive or

negative.
the extreme value of u is (1/27) a.
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Example 3: Show that the distance | of any point (x,y,z2) on the plane
2x+ 3y— z= 12 from the origin is given by
I= VP2 + ¥+ (2x+ 3y— 12)2].
Hence find the point on the plane that is nearest to the origin.
Solution : If / is the distance from (0,0,0) of any point (x,y,z), then
1= N2+ Y+ z2). If the point (x,yz) lies on the plane 2x+ 3y— z= 12,
then = V[ + Y+ (2x+ 3y— 12)2].

["z= 2x+ 3y— 12, from the equation of the plane].
P= 2+ y+ 2x+ 3y- 12)?
= 52+ 10y>+ 12xy— 48x— 72y+ 144 = u, say.

Now / is maximum or minimum according as /2 i.e., u is maximum or minimum.
For a maximum or minimum of u, we have

ou
——= 10x+ 12y— 48= 0,
O Ox y
and du_ 20y+ 12x— 72=0
dy i o
Solving these equations, we get
x=12/7,and y= 18/7.
0% u 0% u
Al =—=1 = =12
SO r 3 0,s 2x dy ,
2
and = 1 g,
9y?

rt— s2= 10x 20— 12%2= +ive. Since rt— s2> 0 and r> 0, therefore u is

minimum and hence /is minimum when x= 12/7 and y= 18/7.Putting these values of
xand yin the equation of the plane, we get

z=2.(12/7)+ 3.(18/7)— 12= - 6/7.

Therefore the required point is (12/7, 18/7,— 6/7).

Example 4 : Locate the stationary points of x*+ y*— 2x2+ 4xy— 2y* and
determine their nature.

Solution: Let u= x*+ y*— 222+ 4xy— 2y%

Then %: 43— 4x+ 4y
and du_ 4y’ + 4x— 4
dy Y
The stationary points are given by
du_ Oie,4x3— 4x+ 4y= 0, (1)
0x
ou )
and Y Oie,4y + 4x— 4y= 0. (2

Now we shall find the points (x, y) satisfying the simultaneous equations (1) and
(2).
Adding (1) and (2), we get

43+ 4= 0 e, 2+ Y =0
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ie., x+y (2 - xy+ y2)= 0.
either x+ y= 0, ..(3)
or - xy+ = 0. (D)
First we solve the simultaneous equations (1) and (3).
From (3), we have y= — x.

Puttingy= — xin (1), we get
433 - 8x= 0ie, >~ 2x= 0 ie, x(x*~ 2)= 0
ie. x=0,V2o0r— V2.
The corresponding values of yare y= 0, - V2,V2.
Thus the points (0,0), (N2, — V2) and (- V2, V2) satisfy (1) and (2).
If we solve the equations (1) and (4), we get (0, 0) as the only real solution.
Hence the function u is stationary at the points

0,0), (N2, = V2), (- V2,V2).

0% u 0% u Zu

We have r= 2 1222 4, 5= axay" 4,1= 22" 12y - 4.

At (0,0),r= — 4,5= 4,t= — 4,s0 that rt— s*= 16— 16= 0.

Thus at the point (0, 0), the case is doubtful and further investigation is needed.

At (N2,- V2),r= 20,5s= 4,1= 20,50 that rt— s>= 400— 16= + ive.

Therefore u has an extreme value at this point.

Since ris positive, therefore u has a minimum at this point.

At (- V2,V2),r= 20, 5= 4,t= 20, so that rr— s% is positive. Since ris positive,
therefore u has a minimum at this point also.

Note: We may tackle the doubtful case at the point (0,0) by the following
consideration :

We have u= x*+ y*— 2 (x— y)2.

At the point (0,0), we have u= 0.

At the points in the neighbourhood of the point (0, 0) where x# y, the value of
u is approximately given by

u=—2x- y)z,

[Neglecting the terms x* + y* because the numerical values of x and y are small].

Thus at such points u is —ive.

Again at the pointsin the neighbourhood of the point (0, 0) , where x= y, we have
u= x*+ y* which is positive.

Thus in the neighbourhood of the point (0, 0), there are points at which u takes
values less than its value at the point (0, 0) and there are points at which u takes values
greater than its value at the point (0, 0) . Hence u cannot have a maximum or a minimum
value at the point (0, 0) .

Example 5: Find the minimum value of x> + y* + z*> when ax+ by+ cz= p.

(Kashi 2014)

Solution: Let u= x>+ y*+ Z2.

Here uis a function of three variables x, yand z. But we can eliminate one variable
with the help of the given relation, viz.,

ax+ by+ cz=p.
p— ax— by

From this relation, we have z=
c
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Putting this value of zin the value of u, we get

~ e by
u=x2+y2+—(p axz 2

c
where u has been expressed as a function of two independent variables x and y.

We have @: 2x—g(p—ax— by),
ax cz
and %’;: 2y—%(p—ax— by) .
Solving%z Oand%z 0, we get
ap d bp
X= ———————=<’an = - .
a’+ b*+ 2 Y a’+ b*+ 2
Again, we etr—aZJ—2+ 2a2, = azu_2ab’
gatn, we get r= 2 c? °e oxdy 2
2 2
and t:M: 2+%
0y? c
2 2 212 2 2
2 a* b=| _4a°h as  b-
rt— sc= 4|1+ 1+ - =41+ + .
[ CZJ[ ch c 32

Since rt— s%is positive and ris also positive, therefore u is minimum for the values

of x and y found above.

pZ

@2+ B2+ &)

@)mprehensive Exercise 1

The minimum value of u, therefore, is

1. Discuss the maxima and minima of the following functions :
(i) u= xy+ a’ (I/x+ 1/y). (Meerut 2003, 13; Kashi 11; Avadh 11; Purvanchal 14)

(i) u= 2y (1- x— y). (Bundelkhand 2011, 14; Rohilkhand 12; Avadh 12)
(iii) u= ¥+ ¥y — 3axy. (Meerut 2003, 12; Kanpur 07, 08)
(iv)u= 2+ ¥+ 6x+ 12. (Kashi 2013)
(V) u= X2+ Y+ 2/x+ 2/y. (Meerut 2012B)
(Vi) u= y* + 4xy+ 32+ 2.

2. () u= 32—y + 2. (Meerut 2013B)

(i) u= 2x2y+ x2— y¥*+ 2y.
(i) u= 2sinJ (x+ y) cos 2 (x— ) + cos (x+ ).
(iv) u= sinxsinysin (x+ y). (Bundelkhand 2011; Meerut 12B)

[Hint : It is sufficient to consider the values of x and ybetween 0 and 7 since the
function u is periodic with period © both for xand y |

(V) u= x2y*— 522 — 8xy— 5y~ (Avadh 2006)
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10.

11.

(vi)u= x*+ 2x%y— 2+ 3%
Ifu= ax®y*— x*y*— x3y3, prove that x= a/2,y= a/3 make u a maximum.
Investigate the maxima and minima of

2(x— y2— ¥t =),
leaving aside any doubtful case that may arise. (Kanpur 2009)
Examine the following surface for high and low points :

2= X2+ xy+ 3x+ 2y+ 5.
Find the saddle points of the surface if there are any.
Find all the stationary points of the function

X+ 3xy— 1532 — 1502+ 72x,
examining whether they are maxima or minima.
Examine for maximum and minimum values of the function

2= x2— 3xy+ y*+ 2x.
Find the points (x, y) where the function xy (1 — x— y) is maximum or minimum.
What is the maximum value of the function ?
Examine the function z= x2y— y*x— x+ yfor maxima and minima. Find the
saddle points of the given surface.
Let f(x,y)= x2— 2xy+ ¥+ © — y+ x. Show that f(x,y) has neither a
maximum nor a minimum at (0, 0).

Find a point within a triangle such that the sum of the squares of its distances
from the three vertices is a minimum. (Kanpur 2010; Kumaun 08)

A S

@nswers 1

(i) Minimum at x= y= a. (i) Maximum at x= %’y: 3

(iii) x= y= a gives a maximum or a minimum according as a is negative or positive.
(iv) Minimum at (— 3, 0). (v) Minimum at (1, 1).

(vi) Minimum at x = % y= —

W&

(i) Maximum at (— 2,0). (ii) No exreme value.
(iii) Maximum when x= y= nn+ (— 1)" /6
and minimum when x= y= 2nmw— ©/2.
(iv) Maximum at x= y= 7/3 and minimum at x= y= 27/3.
(v) Maximum at x= y= 0.
(vi) Minimum when x= + V3/2,y= — 1/4.
Maximum when x= + V2,y= F 2.
No high and low points. The point (2, 1, 3) is a saddle point.
Maximum at (4, 0) and minimum at (6, 0).
The function zis stationary at the point (4/5, 6/5). But it is neither maximum nor
minimum at this point.

Maximum at the point ( } Max. value = 1/27.

1
3

i

(SR
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9. The function is stationary at the points (1, 1) and (= 1,— 1), but it has no exreme
value. The points (1, 1,0) and (— 1,— 1,0) are the two saddle points of the surface
2= Xy— Yx— x+ y.
11. Centroid of the triangle.
@jective Type @Questions
Fill in the Blanks:
Fill in the blanks “...... 7 so that the following statements are complete and correct.
1. Let f(x,y) be a function of two independent variables x and y. The necessary
conditions for the existence of a maximum or a minimum of f(x,y) at
Xx= a,y= bare
%z 0, and %z ...atx=a,y= b.
2. Let f(x,y) be a function of two independent variables x and y. If at the point
(a, b), we have
U _ o Pf P [ azf)2> .
ox " dy Tox2 9y 0x dy
and aif> 0, then f(x,y) is ... at (a, b).
o | |
3. Letf(x,y) be a function of two independent variables x and y. Let
o f o f o> f
r= axz, s= ox dy and r= y
If at the point (a, b), we have
Qf: 0, Qf— 0, t— 52> O0and r< 0, then f(x,y) is ... at (a, b).
ox dy
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
4. Letf(x,y) be a function of two independent variables x and y. Let
o> f o> f o> f
r= Q, s = m and = ﬁ
. of of . .
If at the point (a, b), we have i = Oand jy: 0, then f(x, y) is maximum at (a, b)
if at (a, b) we have
(a) - s2<0 (b) rt—s?>0and r<0
(c) rnt— 52> 0 and r> 0 (d) rt—s2< 0 and r< 0
5. The function u= x>+ y*+ 6x+ 12is minimum at
(a) (3,0) (b) (0,3)
(o) (=3,0) (d) (3,3)
6. The function u= 3x%— y*+ x> is maximum at
(a) (=2,0) (b) (2,0)

(c) (0,-2) (d) (0,2)
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True or False:
Write ‘T’ for true and ‘F’ for false statement.

7. Let f(x,y) be a function of two independent variables x and y. Let
aZf aZf aZf
r= —> 8= = and t= —-
ox? dx dy 0y?
: of _ o _ _ 2
If at the point (a, b), we have e 0, ay_ 0 and rt— s“< 0, then f(x,y) has an
extreme value at (a, b).
8. Let f(x,y) be afunction of two independent variables x and y. If at (a, b), we have
%z 0 and %z 0, then f(x, y) must have a maximum or a minimum at (a, b).
2
9. The minimum value of x>+ y* + z2 when ax+ by+ cz= pis %
(a“+ b+ ¢°)
10. The function xy(1 — x— y) has a maximum value at the point (% > %}
11. The function x> + y* + 3xyhas a maximum value at the point (- 1, - 1).
12. The minimum value of the function x> + y> — 6xyis — 8.
@DSWCI'S
1. 0. 2. minimum. 3. maximum.
4. (b). 5. (o). 6. (a).
7. F. 8. F. 9. T.
10. F. 11. T. 12. T.



Tangents and Normals

10.1| Tangent and Normal to a Curve

Tangent to a Curve : Let P be any given point on a v
curve and Q any other point on it in the neighbourhood
of P. The point Q may be taken on either side of P. As Q
tends to P, the straight line PQ, in general, tends to a @+ any+8) Yo
definite straight line TP passing through P. This straight
line is called the tangent to the curve at the point P.
(Kanpur 2014)

Normal to a Curve : The normal to a curve at any 0o T
point P of it is the straight line which passes through that
point and is perpendicular to the tangent to the curve at
that point.

10.2| Equation of the Tangent (Cartesian Co-ordinates)

Let y= f(x) be the cartesian equation of a curve. Let P be any given point (x, y)
on this curve. Take a point Q (x+ &x, y+ 8y) on this curve in the neighbourhood of P.
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If (X, Y) are current co-ordinates of any point on the chord PQ, then the equation of

the chord PQ is
O+ d-vy dy
_ — X - Y- = > (X - . 1
Y= e oy xXm M or y= o (X= 9 (1)
Now, as Q tends to P, 8x —0 and chord PQ tends to the tangent at P. Therefore
the equation (1) tends to the equation

[.. lim 8y _ @}

_ Dy
Y-y= dx(X . =0 §x~ dx

Hence the equation of the tangent to the curve y= f(x) at the point (x,y) is

Note 1: If we are to find the equation of the tangent to the curve y= f(x) at the
point (x,y;) on it, we should first find the value of dy/dx of the curve at the point

(x;,¥;). The equation of the tangent at the point (x;, y;) will then be

dy)
y—y= ( (x— x),
Py :

where (x, y) are the current co-ordinates of any point on the tangent.
Note 2 : If the equations of the curve be given in parametric cartesian form say
x=f(t) and y= ¢ (t),then
dy_ dydi_ 0" (1)
dx  dx/dt f(t)
Hence the equation of the tangent at any point ¢’ on the curve is given by

v-o(n= %Xl

10.3 Geometrical Meaning of dy/dx

Let Pbe anygiven point (x, y) on the curve y= f(x). Suppose the positive direction
of the tangent at P is that in which x increases. Let y be the angle which the positive
direction of the tangent at P makes with the positive direction of the axis of x. The
equation of the tangent at P is

d
Y- y= d—)yc(x— x)

_ |y dy
or Y= [dx]X—i- [y xdx] (D v
This equation is of the form Y= mX + ¢, ...(2)
which is the equation of the straight line whose gradient is m p
i.e., the line makes an angle, with the positive direction of
x-axis, whose tangent is m. Therefore comparing (1) and (2), 4 .
we get 0 T X
%: tan .

Thus the differential coefficient dy/dx at any point (x, y) on the curve y= f(x) is equal
to the tangent of the angle which the positive direction of the tangent at P to the curve makes
with the positive direction of the axis of x.
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10.4 Tangents Parallel to the Co-ordinate Axes

If the tangent at any point is parallel to the axis ofx, then y= Oi.e.,tan y= 0and
so we have dy/dx= 0 at that point.
On the other hand if a tangent is parallel to the axis of y or perpendicular to the
axis of x, then
Y= T/2ie,tan Y= tan (T/2) = oo
and so we have dy/dx= oo or dx/dy= 0 at that point.

10.5 Equation of the Normal

Let P be any given point (x, y) on the curve y= f(x). The equation of the tangent

at Pis
= Yx_ I _ W
Y- y= dx(X X) or Y= [dx]X+ [y X

Therefore the gradient of the tangent at P is dy/dx. If m be the gradient of the
normal at P, then
dy 1 dx
L= = 1 = — = — — .
dx Or M= awdxT T dy

Hence the equation of the normal to the curve at P is

m

d d
Y- y= — (T;(X_ 0 or Y-yt X-x=0.

Important : If the equation of a curve is given in the form f(x, y) = 0, then
dy of/ox

dx~  of/dy

I!!ustrative Examlales

Example 1 : Find the equations of the tangent and the normal at any point (x, y) of

xm m
the curve —+ ~—= 1.
am pm
ion : _x" oy
Solution : Let f(x,y) = ot om 1= 0.
Then %:M and Qf: 7mym_1’
0x a™ ay b™m

dy_ of/ox_ bmxm~ !
dx af/ay_ amym_l.
Hence the equation of the tangent at (x, y) is

bmxm—l

Y—y=- amym—l(X_x)
) ym—l xm—l
ie., o Y-y=- e X - x
) me—l Xxm—l_xm ym
le., pm + e _a7+ b7
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But the point (x, y) lies on the given curve.
m m
Therefore oy X 1.
am™ b"

Hence the equation of the tangent at (x, y) is

Also, the equation of the normal at (x,y)isY — y= — Z—;C(X— X)

m . m— 1 X — Y —
ey 7 X=X ie., )_Clz {1.
pm xm pm xm a™ ym

Example 2 : Find the equation of the tangent at the point ‘t’ to the cycloid

ie., Y- y=

x=a(t+ sint), y=a(l— cost). (Agra 2014)
Solution : We have dx/dt= a (1 + cost),dy/dt= asint.

@: dy/dt: asin t _ 2sint/2 cost/2: tan£~

dx dx/dt  a(l+ cost) 2 cos? t/2 2

Hence the equation of the tangent at the point 7’is

y—a(l— cost)= tané[x— a(t+ sint)]

. .ot t . t
ie., — 2asin“ - = (x— at)tan_— asint. tan —
y ) ( ) ) )
. .21 t .21
ie., — 2asin® - = (x— at) tan - — 2a sin“
y ) ( ) ) )
. t
ie., y= (x— at)tan >

2
where (x, y) are the current co-ordinates of any point on the tangent.

Note : If the equations of a curve are given in the parametric form
x= f(t),y= ¢ (t), then by the point + we mean the point whose co-ordinates are

x=f(t)andy= ¢ (1).

10.6| Angle of Intersection

The angle of intersection of two curves is defined as the angle between their tangents
at their point of intersection.
In order to determine the angles of intersection of two given curves

flxy =0, (D
and 0(x,y=0 ...(2)
we should first solve the equations (1) and (2) simultaneously to get the points of

intersection of (1) and (2).
If (x;, y;) is one of the points of intersection, then to find the angle of intersection

at (x;, y;), we should find the slopes m and m, of the tangents of the two curves at the
point (x;, y).

We have, m;= [iyc] at (x;, y;) of the curve (1)

and my= [iyc] at (x;, y,) of the curve (2).



TANGENTS AND NORMALS D-201

If m| = m,, the angle of intersection is 0°.
If m|= oo, m,= 0, the angle of intersection is 90°.

Ifm, my= — 1,again the angle of intersection is 90° and we say that the rwo curves

intersect orthogonally.
In all other cases, the acute angle between the tangents is equal to

my,— m
tan- 1| —— 2
1+ m;m,

10.7| Length of Cartesian Tangent, Normal, Subtangent and
Subnormal

The lentgh of the tangent of a curve at one of
its points is defined as the length of the portion y
of the tangent between its point of contact and
the x-axis. The length of the projection of this
segment on the x-axis is called the length of the
subtangent.

Similarly the length of the normal is defined O
as the length of the portion of the normal
between the point of contact of the tangent and
the x-axis. The length of the projection of this
segment on the x-axis is called the length of the
subnormal.

Let P be any point (x, y) on the curve y= f(x). Suppose tangent and the normal at
P meet the x-axis in T and N respectively. Let PS be the ordinate of the point P.

Then PS = y.

If y be the angle which the tangent at P makes with x-axis, then
Z PTS = Z SPN = yand tan y= dy/dx.

Length of tangent

= PT= ycosecy= W(l+ cot? y) = y\/{l * [@jz}

dy

Length of sub-tangent

dx 'y
dy  dy/dx

=TS= ycoty=y

Length of normal

2
= PN= ysecy= yN (1+ tan? y) = y'\/{1+ (Z;vc] }
Length of subnormal
dy.
dx
Intercepts made by the tangent on the coordinate axes.

= SN= ytany=y

The equation of the tangent at P (x,y)isY — y= % X - x).
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This meets OX, where Y= 0i.e., where

O—yzj—)yC(X—x) or X=x— >

dy/dx’
Hence the length of the intercept OT that the tangent cuts off from the x-axis is
-y
T (dy/dx)
Again the tangent meets y-axis, where X = 0, i.e., where
dy dy
Y- y= 2 (0- Y=y- x>-
Y= (0-x) or yox
Hence the intercept OT’, made by the tangent on y-axisis y— x%~

10.8 Polar Co-ordinates

Besides the cartesian system of co-ordinates, there are other systems also for
representing the position of a point in a plane. Polar system, which is one of them, will
be described here.

In polar system, we start with a fixed half line OX,
called the initial line and a fixed point O on it, called the pole.
If Pis any point in the plane, the distance OP= ris called the

radius vector of the point P and £ XOP = 6 is called the Peo
vectorial angle of P. Also (r, 0) are called polar coordinates , ,\Q%\"“e
of the point P. The line OP is called the revolving line. For Q&QO\Q

any point P (r,0) the angle 0 is taken to be positive when 0 R
measured in the anti-clockwise direction from the initial line X

and negative when measured in the clockwise direction from

the initial line. The radius vector r is considered to be positive when measured away
from O in the direction of the line governing the vectorial angle 0. If for any point
P (r, 0), ris negative, we first draw through O a line making an angle 6 with the initial
line. Producing this line backwards through O, we mark a point P on it such that
oP= | r| ; P is then the required point (7, 0). Thus in polar coordinates both rand 6
are capable of varying in the interval (= oo, o).

To each ordered pair (r, 0) of real numbers there corresponds one and only one
point. But the converse is not true. For example, in the figure the point P whose polar
coordinates are (r, 8) may also be described as (r, 0+ 2n), (- r, 0+ w)etc.In particular,
the polar coordinates of pole may be given as (0, 8) where 0 is perfectly arbitrary.

It is usual to regard O as the independent
variable and the curve whose equation is
r= f(0) or F(r,0) = 0 consists of the totality of
distinct points (r, 8) which satisfy the equation. Py(—1,—9)

Positive and Negative radii vectors :

If we measure the distance r along the

P1 ( 9)
or (—# w+6)

> X
revolving line in the direction in which the line
projects from the pole O then the radius vector Po(r )
. . . . . . . 3\ 5 P 76
r is +ive and if it is measured in the opposite or (7. m+0) 47— 6)

direction then the radius vector ris negative.
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If the distance r is measured along OP in the direction of OP and OP| = r, then
P, will be called (r, 0). But if ris measured in the opposite direction, then the point P
obtained is called (-, ).

Here the line OP; can be said to make an angle T+ 6 with the initial line. In this
case the distance r measured along OP till P; will be called + ive and point P5 will be

said to be the point (r, T+ 0). If now we measure a distance rin the opposite direction
of OP;, then we get the point P; which we shall call (-, ® + 6).

Positive and Negative Vectorial Angles :

Ifthe revolving line makes an angle 6in the anticlockwise direction with the initial
line, then the vectorial angle is said to be positive and if it makes an angle 0 in the
clockwise direction, then the vectorial angle is said to be negative. Thus,if OP, = r, then
the point P, is said to be (r, — 6).

Similarly if OP, = r, then the point P, is said to be (- r, — 0).

Relation between Cartesian and polar coordinates :

Take the pole O as origin, the initial line as the positive direction of x-axis, and

the line through O making angle g with OX in the anti-clockwise direction as the

positive direction of y-axis. Suppose (7, 0) are the polar and (x,y) are the cartesian
coordinates of any point P. Draw PM perpendicular to OX. Then OM = x and
MP=y.
From A OPM, we have
x=rcos6, (D y= rsin®. ...(2)
Squaring and adding (1) and (2), we get 2+ y2 =r2
and dividing (2) by (1), we get

tan6=2 or 0= tan 7.
x x

Exercise : Plot the positions of the points whose polar coordinates are

T T T T 3n
[— 2,2],[2,— 2],(3,7‘5),(1,0),[2,4] ,[2,— 4] ,[1,4], (1,— TE),(],TE) .

10.9 ‘ Angle Between Radius Vector and Tangent

Let P be any point (7, 8) on the curve r= f(0).
The line T PT  is tangent to this curve at P. We
denote by ¢ the angle which the positive direction of
the tangent at P (the direction in which © increases)
makes with the positive direction of the radius vector
OP (the direction in which r increases).

Let Q be any other point (r+ 8,0+ 8 6) on
the curve in the neighbourhood of P. Draw QM
perpendicular to OP. As Q — P, we have 80 —0, the
chord PQ —tangent at P and the angle QPM —¢.

Lim QM  Lim oM
00 pyy ~ 800 oy — OP

Thus tan ¢ = 5161;110 tan £ QPM = §
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Lim (r+ 0r) sin 60
30 =0 (r+ &) cos 56— r

3
(r+ Br)[ﬁe— %-ﬁ- ]
_ Lim ) _ Lim @
= 8600 562 T 000 5,
r+ 6| 1— —+ ...|—-r
2!
neglecting small quantities of the second and higher order
_ 0.
© dr
do
Hence, tan¢ = rE (Meerut 1990, 96)
1dr
or cot = rdo

Note1: The angle ¢ istaken to be positive ifit is measured in the anti-clockwise
direction.

Note 2 : From the figure, we have an important relation y= 0+ ¢.

Note 3: Ifthe equation ofa curve is given in the form r= f(0) and we are to find
the value of ¢, then differentiating with respect to 8 after takinglogarithm of both sides,
we shall at once get cot ¢.

10.10 Angle of Intersection of Two Curves

Let r= f(0) and r= F (0) be the polar equations of two curves and P be one of
their points of intersection. The two curves have a common radius vector at P. Suppose
¢, is the angle which the tangent to the first curve at P makes with the radius vector of

P and 0, is the angle which the tangent to the second curve at P makes with the radius

vector of P. Then the acute angle of intersection of the two curves at P is obviously
:¢1~ ¢2i.e., |¢1_¢2|.

Iftan ¢, = n, and tan ¢, = n,, then the angle of intersection is

. .| tan¢; - tang, U
- ¢,= tan” 'tan - = tan~ =tan” ' ———.
1= 9 (01~ ¢2) 1+ tan ¢, tan ¢, 1+ n n,
np—n . . .
If T+ nne is positive, we shall get acute angle of intersection at P and if
172
np—n . . .
T+ nne is negative we shall get the obtuse angle of intersection at P.
172
In particular, the two curves intersect orthogonally if nyn,= - 1, ie.,

tan¢,.tan¢,= — 1.

I!lustrative Examlales

Example 1: Show that the parabolas r= a/(1+ cos0) and r= b/(1— cos9)
intersect orthogonally. (Meerut 2011; Avadh 13; Rohilkhand 14)
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Solution : The equations of the curves are

r= a/(1+ cos®) ..(1)
and r= b/(1 — cos6). ...(2)
Taking logarithm of both sides of (1), we get logr= loga — log (1 + cos0).
Differentiating with respect to 0, we get
.1 1
1 dr (= sin ) 2s1n§600s§6 .
——= - = = tan= 0.
r de 1+ cos® 2cos2 Lo 2
2
cotq):tanlez cot|1n- 1o or ¢=ln—16
2 2 2 2 2
Hence ¢,= %n— %6.
Again taking logarithm of both sides of (2), we get
logr= logb— log(1l - cos®).
Differentiating with respect to 0, we get
.1 1
ldr sine 2s1n§600s§6_ Cwotle
rdd 1—cos® 2sin2le 2
2
- _ o= _1 —qg_ L
cotd = cotze— cot(n 26] or ¢=7 26.
1
Hence ¢,=7m- 56.
. . 1 1 1 1
Therefore, angle of intersection= ¢, _ ¢, = (n— 26] - (Zn— 26] =,T.
Thus the two curves intersect orthogonally.
Example 2: Find the angle of intersection of the curves r*= 16sin20 and
P sin20= 4.
Solution : The given curves are
= 16sin286, (D)
and Zsin20= 4. ...(2)
From (1), 2logr= log 16+ logsin20.
2 dr cos 20
=== = (1/ /dB) = 26.Th = 20.
Therefore - 49 sin 20 or cot ¢, = (1/7) (dr/dB) = cot26 us ¢, 0

From (2), 2logr+ logsin2 6= log4.

Therefore —
,

Thus

2 dr 2cos20 1 dr
- = = ——— = — = — 2 .
d6+ sin 20 0 or cotd, - o cot20= cot(m 0)

0,=T— 286,

Now the angle of intersection of (1) and (2)

=0, ~ 0y= (T— 20)— 20= - 46,

where 01is to be found at the point where (1) and (2) intersect.

Eliminating r between (1) and (2), we get sin? 20 = f Therefore

sin20= + %
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Butsin20= — % is inadmissible because it gives imaginary values of r from (1)

and (2). Now sin 2 0= gives 2 6= %norez n/12.

Hence, the angle of intersection of (1) and (2) at the point 6= ©/12 is

n— 4(n/12) ie., 2n/3.

@mprehensive Exercise 1

1. Show that in the equiangular spiral r= ae®°t%® the tangent is inclined at a
constant angle a to the radius vector. (Avadh 2014)
2. Find the angle at which the radius vector cuts the curve I/r= 1+ ecos®.
3. Find the angle ¢ for the curve af= (P - a®)V2- acos (a/n.
(Rohilkhand 2013)
4. If ¢ be the angle between tangent to a curve and the radius vector drawn from the
origin of coordinates to the point of contact, prove that
dy dy
= — — + — .
tan ¢ X y]/x Y i
. _ _ dy Y
Hint. We havey= 0+ ¢,tan y= andtan 6= —|.
dx X
1 5 (du)? 1 . .
5. Prove = Ut 0] where u = o, and p is the lenght of perpendicular form
p
pole to the tangent of the curve at any point p (r, 0). (Bundelkhand 2001)
6. Show that the spirals 7" = a" cos n0 and r"* = b" sin n@ intersect orthogonally.
(Kumaun 2008)
7. Show that the cardioids r= a(l + cos®) and r= b (1 — cos 0) intersect at right
angles. (Meerut 2000; Kanpur 07, 11)
8. Show that the curves r= a (1 + sin0) and r= a (1 — sin 0) cut orthogonally.
9. Find the angle of intersection of the curves r= sin @+ cos®and r= 2 sin 6.
10. Show that the curves r= 2sin©and r= 2 cos 0 intersect at right angles.
11. Find the angle between the tangent and the radius vector in the case of the curve
r"= a" sec(n®+ o), and prove that this curve is intersected by the curve
r'"= b"sec(n©+ P) at an angle which is independent of a and b.
12. Find the angle of intersection between the pair of curves
r= 6cosOand r= 2(1+ cos0).
@nswers 1
2. tan” ' {(1+ ecos8)/(esin6)}. 3. cos !(a/n.
9. w/4. 11. (n/2) - (n6+ o).
12. (m/6).
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10.11 Lengths of Polar Sub-tangent and Polar Sub-normal

(Kashi 2013)
Let P be any point (r, 0) on a given curve. Suppose the
tangent and normal at P meet the straight line through the N
pole O perpendicular to the radius vector OP in T and N
respectively. Then OT and ON are respectively called the
polar subtangent and the polar sub-normal at P.
We have Z OPT = ¢ and £ ONP= ¢ .

From A PTO,0T = OPtan¢ = r.ro= 249
di’ dr
do
Hence Polar sub-tangent = r? o
1 dr _ dr

Again from A PON, ON = OPcot¢ = r- rdo- 48

Hence Polar sub-normal = %

Example : Show that in the curve r= a0 the polar sub-normal is constant and in
the curve rO@= a the polar sub-tangent is constant.

Solution : From the curve r= a0, we have dr/d0= a.

. Polar sub-normal = dr/d0 = a, which is a constant
i.e.,, independent of rand 6.

Again, from the curve r0= a or r= a/6, we have

dr de 02
2= a/0? —=_ =
- " YvE oor a
aZ _ 92
Polar sub-tangent = r—= — - = — a, which is constant.
dr= @ a

10.12 Length of the Perpendicular from Pole to the Tangent

From the pole O draw OT perpendicular to the tangent at any point P (r, 6) on
the curve r= f(0).

Let O T = p. Thus, p is the length of the perpendicular from pole to the tangent.
We have Z OPT = ¢ .
From the right angle triangle OTP, we have
OT = OPsind or p=rsin¢. ..(1)
Often we require the value of p in terms of r and ©
only.
For this we shall substitute the value of ¢ in (1) from the

equation cot ¢ = 1 %

Thus from (1), we have 1 =

1
2N — 2
cosec (|D = 1+ cot (|D

ol —

S sl (w)
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2
1 1| dr
Hence 2 r2+ r“[d@] . .(2)
(Meerut 2003)

2
du 1 dr 1 1 du
Then %——;%’ S P_;—i_ [d@]
2
1 _ 5 |du)
or p2_ u-+ [de] ...(3)

Note : The results (1), (2) and (3) are very important and should be committed
to memory.

10.13 Pedal Equation (Meerut 2009)

The relation between p and rfor a given curve is called its pedal equation where r is
the radius vector of any point on the curve and p is the length of the perpendicular from
pole to the tangent at that point.

Casel: Toform the pedal equation of a curve whose cartesian equation is given.

Let flx,y =0, (1)
be the cartesian equation of the given curve.
The equation of the tangent at (x, y) to the curve (1) is

e Dy oy dy dy | _
Y- y= dx(X X), or Y de-i-[xdx y|l= 0.

If p be the length of perpendicular from (0, 0) to this tangent, we have

dy
B
= dx . (2
RE
dx
Also 2= 2+ . ..(3)

Eliminating x and ybetween (1), (2) and (3), we get a relation between p and ri.e.,
the required pedal equation of the given curve.
Case II: To form the pedal equation of a curve whose polar equation is given.

Let f(r,®)=0 ..(1)
be the polar equation of the given curve.
We have p= rsino, ...(2)
1 dr
and cot = e ...(3)

Eliminating 6 and ¢ between (1), (2) and (3), we obtain the required pedal
equation of the given curve.

Important : Sometimes we do not get the value of ¢ from equation (3) in a
convenient form. In that case instead of using the relations (2) and (3), we can use the
single relation
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2
1 1 1| dr
i ...(4
() .
Eliminating 6 between (1) and (4), we obtain the required pedal equation of the
curve.

I!!ustrative Examlales

2
Example 1: Show that the pedal equation of the ellipse % + # = 1,is
a
111 12
pz = ; + ﬁ - 2b2 . (Meerut 2010B; Avadh 13)
. : N
Solution : The equation of the curve is -+ ﬁ = 1. ...(1)
a

The co-ordinates (x,y) of any point P on (1) may be taken as x= acost,
y= bsint.

dx . dy . dy  bcost
= asint, dt_bCOSt' N asint
Hence the equation of the tangent to the ellipse at the point %’ is
Y- bsint= — bc?“(X— acost)
asint
or ab— bcost.X— asint.Y= 0. ...(2)
Therefore p = the length of perpendicular from (0, 0) to (2)
_ ab
\/(az sin? 7+ b2 cos? t)
2 qin2 2 a2
+ t
ie., Lo afsintry brcostr, ..(3)
)4 ab
Also P=x2+ y*= a’cos?t+ b2sin®r= a?(1 - sin®r)+ b*(1 - cos®t)
= a’+ b*— a’sin’t— b>cos’t. (4

Eliminatingbetween (3) and (4), we obtain the pedal equation of the given curve.
From (4), we get a’sin®t+ b*cos?t= (a2 + bz) -~
. 1 (@®+ b)) - P2 11
Hence (3) gives 1?: T or pz = 2
which is the required pedal equation of the ellipse.

1 P2

2 a2

+

Example 2: Show that the pedal equation of the parabola y* = 4a (x+ a) is

p2 = ar. (Meerut 2010)
Solution : Differentiating the equation of the curve, we get
dy dy 2a
2y~ =4 =
Yax~ T dx y

Therefore the equation of the tangent at (x, y) is
Y—y= (2a/y) (X - x) or Ra/MX—-Y+ y— (2a/y)x= 0.
_y= Qaxy)y ¥ — 2ax
P20+ 42D " N2+ 4ad)




D-210 Krislwa’s DIFFERENTIAL CALCULUS

_ da (x+ a) — 2ax _ 2ax+ 4a*
V[4a (x+ a) + 4a2] N [4a (x+ 2a)]
2a (x+ 2a)

= mZ \/[a (x+ 2a)]

Also 2= 2+ y2=x2+ 4a (x+ a)= (x+ 2a)%
r= (x+ 2a). p2= a(x+ 2a) 0rp2= ar,
which is the required pedal equation of the given curve.
Example 3 : Form the pedal equation of the sine spiral r = a" sinn 0.
Solution: The curve is r'"= a" sinn 6. ...(1)
Taking logarithm of both sides, we get nlogr= nloga+ logsinn 0.
Differentiating with respect to 0, we obtain
ndr_ cosnd
rde” "sinn®
Therefore ¢ = no.
Now p= rsin 0. s p= rsinnb. ...(2)
Eliminating 0 between (1) and (2), we obtain the required pedal equation of the
given curve.
From (2), we have sinn 0= p/r.
Putting this value in (i), we obtain

n cot no. socotd = lr % = cotnb.

M=a"(p/r) or pa'= "t

which is the required pedal equation.

@)mprehensive Exercise 2

1. Find the polar subtangent of the ellipse [/r= 1+ ecos®.
For the parabola 2a/r= 1 - cos, prove that

() ¢o=m- 6, (i) p= acosec 6,

(iii) p%= ar,

(iv) the polar subtangent = 2a cosec9. (Purvanchal 2014)
3. For the cardioid r= a (1 — cos0), prove that

i ¢= %9» (Meerut 2001)

(ii) p= 2asin’ % 0,

(iii) the pedal equation is 2ap? = r3, (Meerut 2001; Rohilkhand 12B)

(iv) the polar subtangent = 2a sin? (6/2) tan (6/2).
4. Show that the pedal equation

(i) of the lemniscate r2=a%cos20isr3= a2 D,

(ii) of the hyperbola r2cos2 0= a?is pr= a2,

(iii) of the cosine spiral r*= a" cosn 0is pa” = r"* 1,

(iv) of the curve r= a @is p>= r4/(P + d?).
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5. Showthat the pedal equation of the conic éz 1+ ecosHis

L2 a).
pe AT

6. Show that the pedal equation of the spiral r= a sechn 01is of the form
1 A
=5+ B
pr
Show that the pedal equation of the cardioid r= a (1 + cos6) is P = 2ap?.
8. Show that the pedal equation of the astroid x/3 + 3= 4?3 is 2= a? - 3p2

9. Show that the locus of the extremity of the polar subnormal of the curve
. , 1
r=f@)isr=f"10-Sm|- (Gorakhpur 2006)

Hence show that the locus of the extremity of the polar subnormal of the

mo ;

equiangular spiral r= ae”® is another equiangular spiral.

10. Prove that the normal at any point (7, 8) to the curve r* = " cosn 8 makes an
angle (n+ 1) 6 with the initial line.

@nswers 2

10.14 | Differential Coefficient of Arc Length (Cartesian Formula)

1. [/esin®.

Let s denote the length of the arc AP of the curve y= f(x) measured from some
fixed point A on it to any other point P(x,y). Then s is ¥ Q
obviously some function of x and we want to find ds/dx. &
Take a point Q (x+ dx,y+ &y) on the curve in the P
neighbourhood of P such that arc AQ = s+ &s. A o S
Then arc PQ = Js.
Also 6x —0as Q —P.
From the right angled triangle PSQ, we have chord 0 M N X

(PQ)?= PS*+ SQ?= (8% + (82 (1)
Dividing (1) throughout by (8x)2, we get

chord PQ 2_ {4 dy ? op | chord PO g arc PQ 2_ |+ dy ?
Sx B Sx arcPQ ) | &x B Sx

or chord PQ ? ds 2_ L+ dy ?
arcPQ | | &x) ox |

Taking limit of both sides as Q — P, we get

lim | chord PQ > lim [ 8s 2 lim dy)\2
OQ—>P| arcpg | 8520 5| T &x—0| 1+ |5,

2
o as\_ L (o) .. lim_chordPQ _ |
dx) dx "O0-P acpo T
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ds dy\?
as_ 4 L
Thus dx _'\/{1+(dx)}

where plus or minus sign is to be taken before the radical sign according as s increases
as x increases or decreases.
Hence if s increases as x increases, we have

+ Vi

Corollary 1: If x= f(y) be the equation of the curve, then ‘s’ is obviously a
function of y. In this case dividing (1) throughout by (8y)? and proceeding to limits, we

get
2

)

dy dy
where plus or minus sign is to be taken before the radical sign according as s increases
as yincreases or decreases.

Corollary 2 : If the equations of the curve be given in the parametric form

x= f;(t)and y= f, (), then ‘s’ is evidently a function of 7. In this case dividing (1)

throughout by (8¢ )% and proceeding to limits, we have

ds ,\/ {(dx)Z (dy)Z} .
— + — e
gt dt + ar) (Parametric formula)

where plus or minus sign is to be taken before the radical sign according as s increases
as t increases or decreases.

i cos Y = @and siny = dy
V= s V= s

We know that tan y= dy/dx.
If s increases as x increases, we have

ds _ dy\l _ 2 ) =
i '\/{1+ (dx)}—\/(l+tan Y) = sec .

Y- cos
as = OV

Again if s increases as yincreases, we have

ds _ dx 2}_ 2 ) =
dy~ '\/{1+ (dy) = V(1 + cot Y) = cosec V.

dy _ sin y.
ds 8
Important : We can remember these results very easily dy

with the help of the adjoining hypothetical figure.
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10.16 Differential Coefficient of Arc Length (Polar Formula)

To prove that 36 ’\/ {rz + (Z@) }farthe curve r= f(0).

Let s denote the length of the arc AP measured from
some fixed point A on the curve r= f(0) to any other point
P (r,0). Then s is a function of 6.

Take a point Q (r+ 6r,0+ 80) on the curve in the
neighbourhood of P such that arc AQ = s+ ds.

Then arc PQ = Js.

Also 60 —0 and 6r—0as Q —P.

From the triangle OPQ, we have

(chord PQ)2= OP?+ 0Q?- 20P.0Q cos Z QOP

or (chord PO)2= P+ (r+ 02— 2r(r+ &1 cosd6
or (chord PO)2= (812 + 2rdr (1 — cosd0) + 2/2 (1 — cos d6)
or (chord PQ)2= (802 + 2rdr (1 — cosd0) + 22 (1 — cos 86).

Dividing by (86)2, we get
0)° 86)*

s

2 Sin — sin —

chord PQ ds or 2 2
[ arc PQ ] '[59] [59] trlse | 0T s
2

Taking limits of both sides as Q — P, we get

2 2 .
[ge] _ [ge] b rl0x rz.l.[-.-gglgo[smﬁe/ﬁe]: L

lim or dr d lim chord PQ _ 1
30080~ 40" Q=P arcpPQ

2
Thus % == '\/ {,2 + (%) }, where plus or minus sign is to be taken before the

radical sign according as s increases or decreases as 0 increases. Hence if s increases as
0 increases, we have

-Vl (4
a0 N1+ (de '
Corollary : If0= f(r) be the equation of the curve, then ‘s’ is a function of rand
we have
ds ds d® _ db 2 dr\?
_ + _—
dr~ d®dr dr do

o el
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10.17 dr . do
cos ¢ = ds and sin ¢ = I s

We know that tan ¢ = r(d0/dr).
1 1 1

OS0= Jsec0) ~ V(1 + tan?o) \/{H ﬂ(de)z}
dr

1 dr/d® _ dr

JENIC .

s being measured in such a way that s increases as 0 increases.

dr
Th = T
us  cos¢ ds
. de dr do
Also s1n¢—tan¢cos¢—ra~$_ T
&
Hence sin¢ = r@~ rde

ds
Important : We can remember these results very easily
with the help of the adjoining hypothetical figure.

P
dr

I!!ustrative Examlales

Example 1: Forthe curve y= alogsec (x/a), prove that % = sec [2]

Solution : We have y= alogsec (x/a).
Differentiating with respect to x, we get

CAN N N
dx sec (x/a) a al a

ds dy |2
“9 1+ | =2
Now dx \/ { [ dx] }
= '\/{1 + tan? (x)} = sec[x] :
a a
Example 2 :  For the ellipse x= a cost, y= b sint, prove that

ds/dt= a (1 - € cos? )12

Solution : Here dfxz — asin tand iy: b cost.
dt dt

ds _ dx . (dy 2}
Now ¢ = \/ {(dt) - (dr)
= \/(azsinzﬂr b2 cos? 1)

= V{aZsin2r+ a2 (1 - €?) cos?t} [ b2= a?(1- €2)]
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2coszt)

a\/(sin2t+ costt— e
a\/(l— e? cos?t).

m
Example 3 : Show that for the curve ¥ = a™ cos m6, ds =4 .
do rm- 1
Solution : We have r"" = a™ cos m®6.
Differentiating logarithmically, we obtain

mdr _ msinm0

rdo cosm8 ’

dr
8- rtan mo.

ds dr\?
vow =2 ()]
= N2+ Ptan2m0) = rsecm0

r ra™ ra™  a™

cosm®  gMmcosmO rm pm— 1

@)mprehensive Exercise 3

Calculate ds/dx for the following curves:
(D) Y= dax;

(ii) y= acosh (x/a);

(i) 23+ 3= a3,

Calculate ds/dt for the following curves :
(i) y=a(l— cost),x= a(t+ sint).

3

(i) x= acos’ t,y= asin’t.

(iii) x= 2sint, y= cos2t.

Calculate ds/d 0 for the following curves :
(i) r= logsin 36;
(ii) r= a (1 — cos0).

For the curve r= aedcot ® prove that s/r= constant, s being measured from the
pole.

In any curve, prove that

W B,
ae p
ds r

2
2nd

r _
For the curve r"* = a@" cos nb, prove that a + nr2n- 1=,
p 2

S
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7. For the cycloid x= a (1 - cost),y= a (t+ sint), find
.. ds
(i) dt
... ds
(ii) dx

(iii) Z—;

@nswers 3

1. () (1+ a/0'?
(ii) cosh (x/a),
(iii) (a/x)13.
2. (i) 2acos(t/2),
(ii) 3acostsint,
(iii) 2 coszV (1+ 4sint).

3. (1) V(P+ 9cot?30),
(ii) 2asin (6/2).

t
. i) 2 —>
7. (1) acos2

(ii) cosec—

(iii) sec— -

@jective Type @Questions

Fill in the Blanks:

Fill in the blanks “...... ”, so that the following statements are complete and correct.

1. If ¢ is the angle between the radius vector and the tangent of a curve then
tano = ...... .

ds
2. Forth = = ... .
or the curve r= f(0), 40

3. For the parabola 27a: 1—cosB, 6= ...... .

@:

4. Forthe cycloid x= a (1 - cost), y= a (t+ sint), we have dr

5. For the curve r2 = a? cos 20, the value of % is...... .
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6.

10.

11.

12.

13.

14.

If% = % > at a point on the curve r= f(0), then at that point polar subnormal

is ...... . (Meerut 2001)

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

For the cardioid r= a (1 — cos0), the value of ¢ is

0
() 6 ®
0
(© - (d) - 6
Two curves cut orthogonally if tan ¢, . tan ¢, is equal to
(a) 1 (b) O
(c) -1 (d) None of these
For the curve r= f(0), the value of cos ¢ is
de ds
(a) s (b) T
ds dr
© dr (@ ds
ds .
For any curve r= f(0), the value of 70 is
2 p
() (b)
)4 r
p
© ! (@ -
P r

True or False:
Write ‘T’ for true and ‘F’ for false statement.

If p be the length of perpendicular drawn from the pole O to tangent at any point
P (r,0) on the curve r= f(0), then

1 1 1(ar\
2= 2% alge)
p r r

The relation between p and rfor a given curve is called its polar equation.

2 2
dr do
For the curve r= f(0), we have (ds) + (rds) = 1.

p = rsin Ois the pedal equation of some curve.
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@nswers

4. 2acos%t. 5. “7 6. %
7. (b). 8. (c). 9. (d).
10. (a). 11. T. 12. F.

13. T. 14. F.
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( Chapter
Curvature

11.1| Meaning of Curvature

In the adjoining figure we see that the curve bends more
sharply at the point P than at the point Q. We express this feeling Q
by saying that the curve has a greater curvature at P than at Q.
However, in order to get a quantitative estimate of curvature, we
should give a mathematical definition of curvature which should be p
in agreement with our intuitive notion of curvature.

11.2 Definition of Curvature (Purvanchal 2010)

Let Pand Q be two neighbouring pointson a curve, yand y+ dythe angles which
the tangents at P and Q make with the x-axis. Y

Let A be any fixed point on the curve.

Let arc AP= s,arc AQ = s+ 0s, so that arc PQ = Js.

The symbol, dy denotes the angle through which the
tangent turns as a point moves along the curve from P to Q
through a distance &s. The angle Sy is called the contingence
of the arc PQ. Obviously, dy will be large or small, as
compared with 8s, depending on the degree of sharpness of
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the bend of the arc PQ. This suggests us to make the following definitions :
(i) OV is defined to be total curvature of the arc PQ ;
dy

(i) the ratio - is defined to be the average curvature of the arc PQ ;

os

(iii) the curvature of the curve at P is defined to be QIZT)P % ie., % .

dvy . . .
Thus av is a mathematical measure for the curvature of curve at any point P.

ds

11.3 Radius of Curvature (Meerut 2010)

Let P be a given point on a given curve, and Q any
other point on it in the neighbourhood of P. Let N be the C
point of intersection of the normals at P and Q. Suppose N
tends to definite position C as Q tends to P, whether from
the right or from the left.

Then C is called the centre of curvature of the curve fi
at P.

The distance CP is called the radius of curvature of
the curve at P and is usually denoted by the Greek letter p. X

The circle with its centre at C and radius CP is called
the circle of curvature at P. Any chord drawn through P, of the circle of curvature at P,
is called a chord of curvature at P.

11.4 Intrinsic Formula for the Radius of Curvature (Kashi 2011)

The relation between s and y for any curve is y
called its intrinsic equation. Let P be a given point on
the curve s= f(y), and Q a point on it in the
neighbourhood of P. Let y and W+ 3y be the angles
which tangents at P and Q make with the x-axis. Let A
be any fixed point on the curve. Let

arc AP= s,arc AQ = s+ 0s, so that arc PQ = Js.

Let R be the point of intersection of the tangents
at P and Q and N be the point of intersection of the
normals at these two points. Suppose N —-C as O T T’ X
Q0 —P.

Then the radius of curvature at P= p= lém_>p PN.

We have £ PNQ= £ TRT = dy.
Now from the triangle PNQ, we have

PN chordPQ _ chord PQ
sinNQP sinPNQ  sindy
_ chord PQ chordPQ &8s Oy

sin NQP = - sin NQP.

sin Oy & OV sindy
Nowas Q —P, we have 0y —0, ds —0, chord PQ —tangent at P,

ON —normal at P and consequently Z NQP —>%~
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Therefore p= QLi_r)nP PN
_ | Lim_ chord PQ Lim 0s Lim dy
T 2=P arcpg || W20 Sy | V=0 sy

: [QLi_Tp sinNQP]

_ds
= dy
Corollary: The curvature of the curve at any point P is by definition, equal to

Hence, p

d o . .
dl!' Hence the curvature of the curve at any point is equal to the reciprocal of the radius
s
o 1
of curvature at that point i.e., curvature = o

Example : Find the radius of curvature for the curve whose intrinsic equation is

- T,V
s= alogtan 4+ )
ion _ ds _ 1 of T,y L
Solution: We have p= d\l!_at A [4+ 2] )
an| —+
4 2
= { = 2 =1 = asecV.
PR TV (T ©cosy :
2s1nL4+ 2Jcos[4+ 2J sm[z—i- WJ

11.5| Cartesian Formula for Radius of Curvature (Gorakhpur 2005)

Let the equation of the curve be y= f(x).

We know that Z—)yc = tan y.
Differentiating with respect to x, we get
dzy_ 2 d\l!_ 2 d\l! ds
dxz—sec Vo TV
d*y ds
= 7 1 2 hied
dy gy e
= . O 5 .
ds seczwé ay 4y
dx x>

ds _ dy\?
But we have o ’\/{1+ (dx) }

e (o}
ds dx ~ 1+ y12)3/2

Hence p= ﬂ! = d2y = ¥ (Bundelkhand 2008)

ax

Note 1: The radius of curvature p can come out to be positive or negative. If in

the relation
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- 2]

we take the positive sign before the radical, the value of p is positive or negative
, dy. . , , , ,
according as d—xg is positive or negative. However, if we define the radius of curvature
in such a way that it is to be always positive, then we should ignore the sign whenever
we get a negative value for p.
Note 2: Since the radius of curvature is a length therefore its value is

independent of the choice of x-axis and y-axis. Hence interchanging x and y, we obtain

32

dx\?

{H (dy) }
P

dy?
This formula is specially useful when (dy/dx) is infinite i.e., when the tangent is
perpendicular to x-axis.

p:

|!Iustrative Examlales

Example 1: Find the curvature at the point (3a/2,3a/2) of the curve
X+ Y= 3axy. (Meerut 2010; Agra 05; Kashi 14; Avadh 14)

Solution : The curve is x> + Y = 3axy. ..(1)
Differentiating with respect to x, we get

32+ 3y2%= 3ay+ 3ax@)

dx
dy _ @
or 2+ yzdx_ ay+ ax— . ...(2)
dy _ 2 ay. . [dy} =1
A axe 2 o .

Again, differentiating (2), with respect to x, we get

2 2 2
2x+ 2y[dy} + yZMZ a@+ a@+ axﬂ

dx 2 de dx dx?
2
d*y _ dy dy
or (ax— yz) e 2x+ 2y[dx - 2a e ...(3)
Putting x= 37a,y= ?and[jy} = — 1lin (3), we get
Y Gar2,3ar2)

{dzy} 21
dxz (3a/2,3a/2) 3 a

Hence the radius of curvature p at 32a ’ 3;]
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dy)z} 3/2
1+ (
{ dx )3/2

o _(1+1 __ 3a
) dy S 1 82
3 °a
dxz (3a/2 ,3a/2)
3a 3a) 1 82
Curvatureat[z,zj—p—— E
If we ignore the negative sign, the value of curvature at 3761 ’ 3761 = 831/12 .

Example 2 : If a curve is defined by the equations x= f(t) and y= ¢ (t), prove
()C’Z + y'2)3/2
that the radius of curvature p is equal to x'y"——'x" >where accents (i.e., dashes) denote

differentiation with respect to t.
dy _ dy/dt _ o' (1) _y’

lution : h = = R
Solution: We avedx dvdi™ £ (1) x'

Py_dfy |_ld(y\l da
Also a2 dx[x']_ {dt(x' dx

_y”.x’_.x”y’.i ._ix_ , g_ 1
R R [ i anddx— x'
_ y”x’_ x”y’ )
x3
213/2 ’213/2
e (2 e
H B X B X ~ (x"2+ y72)3/2
ence p_ 2 - ’r ’ ’r ’r - ’r ’ ’r 7"
dazy y x —x 'y y x —Xxy
a2 x’3
Example 3: In the cycloid x= a(t+ sint), y= a(l— cost), prove that
_ 1
p=dacos,t. (Bundelkhand 2007; 12, 14)
Solution : Here %: a(l+ cost) and%z a sin t.
dy dy/dr asint _ 2sint/2cost/2 an ©
dx~ dx/dt a(l+ cost)  2cos2t/2 2
&y ddy) d t 1 ot dt
Al — = | = | = — — = —- — . —
042 dx[dx ax| M2 )T 2 i
_lge2t, 1 1ot 1 1 a4t
2 2 a(l+ cost) 2 2 2acos?t/2  4a 2
, 3/2
2 L
{l—i- tan 2} 4a sec3§
Hence p= = =4acos%t~

L4l 4t
sec sec
2
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Example 4: [If CP, CD be a pair of conjugate semi-diameters of an ellipse, prove

that the radius of curvature at P is CD3/ab, a and b being the lengths of the semi-axes of
the ellipse. (Meerut 2001, 05B; Rohilkhand 11)
Solution : (Note. Two perpendicular diameters are called conjugate diameters)

»

Let CP and CD be a pair of conjugate semi-diameters of the ellipse % + ﬁ =
a

the centre C is origin.
Let ‘#’ be the eccentric angle of the point P. Then the co-ordinates of P are

X= acost,y= bsint.

The eccentric angle of D will be ¢+ %n, so that the co-ordinates of D are

1 . (1 . .
[acos[szr t),bsm(2n+ tﬂ i.e., (— asint,bcost).

Now for the point P we have x= acostand y= bsint.

¢ b1
i[lx —asint,?z bcost. t+y Y
t t D P(t)
Hence ?: - écott.
o4 N
Ly _ddy)_df_ b
Also de dx[dx] e [— acott]
dt
B { (_ €0 ”)} d
= (bcoseczt) (— lcosect]z - %cosec”r
a a a
Radius of curvature of the point ‘#
3/2
{ b2 cos? t}
1+ = ..
o a- sin“ t . (a2 sin2 1+ bzcoszt)3/2’
- P= b - ab
- 7coseét
a

(a2 sint+ b? coszt)3/2’
ab

Now CD= 1 {(- asint— 0)2+ (bcost— 0)2} = (a®sin®t+ b2cos2nl/2.
cD3 _ (a2 sin?t+ b? coszt)3/2
ab ab

Neglecting the negative sign, we have p =

:p.

ax .. . . .
Example 5: For the curve y= oy if p is the radius of curvature at any point
a+ x

(x, ), show that (2p/a)?3 = (y/x)%+ (x/y)%
(Kumaun 2008; Rohilkhand 10B, 13, 14; Avadh 10, 13)

...(1)

Solution: We have y=
a+ x

_ 2
@:a(a+x) x_ a P2+ 92
dx (a+ x)? (a+ x)?




CURVATURE D-225

2 _ 2 _ 2
and 4y d[dy]:—zaz(a+x)—3 2a 2 __ 2

dx? T dx| dx - (a+ x)3: (ax/y)3_ ad ’
2 4 4 4 4, 4
Now 1+ | D] c1e 9 4 @ g LT
dx (a+ x4 (ax/y)* ¥ ¥

~ [1 + (dy/dx)2]3/2_ [()C4+ y4)/x4]3/2

Lyde  (23/ad)
(negative sign being neglected)
_ a ()C4+ y4)3/2: a ()C4+ y4)3/2 ’
2X0(/8) 2 By

2/3
) 44 4 4 4
Hence [;] A AN AR A

11.6 | Radius of Curvature at the Origin (Another Method)

Radius of curvature at the origin can be found by substituting x= 0, y= 0in the
value of p obtained from the formula of §11.5. Here we shall give an alternative method.

Since the curve passes through the origin, therefore (y)y= 0 i.e., the value of y at
x= 0is0.

d d*
Let [d){] = (wo=pand |* 5| = (=4
(0,0) (0,0)

o 1 23/2
Then p (at origin) = % ...(1)
To get the values of p and ¢, we know by Maclaurin’s theorem that
(}’2)0
y= o+ Gox+ —5,~ 2+ (2

Since the curve passes through origin, therefore (2) becomes

Thus to get the values of p and g, we should get from the equation of the curve an
expansion for y in ascending powers of x by algebraic or trigonometric methods. The
coefficient of x in this expansion will be equal to p and the coefficient of x* will be equal

to % g. Putting the values of p and ¢ in (1), we shall get p at origin.

11.7 Newton’s Method for Radius of Curvature at the Origin

Suppose a curve passes through the origin and the x-axis is tangent to the curve
at origin.

Then (y)g= 0and [fbyc] i.e, (y)o= 0.
(0,0)

Therefore in this case by Maclaurin’s expansion, we have
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(y3)
y= 0+ 0.x+%.x2+ %xﬂ (D)
where (Mo= g
L 2 2 2
Multiplying (1) by; > we get ;y: q+ 30 (¥3)gx+ ... ..(2)
. . . Lim 2y
Taking limit as x —0 of both sides of (2), we get , 5 ; =gq
o . (1+0%2 1 Lim
Also in this case p at origin = ~————= — = —-
P g q q x—0 2y
Therefore when x-axis is tangent to the curve at the origin,
Lim | x*

p(arorigin = £ 50| 5, |-
Similarly it can be shown that if y-axis is tangent to the curve at the origin, then
... Lim y*
t = — .
p (atorigin) = x5 >

These two formulae are known as Newton’s formulae.

I!!ustrative Examlales

Example 1: Find the radius of curvature at origin for the curve
B+ - 22+ 6y= 0.
Solution : The curve passes through origin. Equating to zero the lowest degree
terms we get y= 0, i.e., x-axis as tangent to the curve at origin

. By Newton’s method p (at origin) = }CHE)O ;i

Dividing by 2y, the equation of the curve can be written as
£ 1 2
4+ oy - 2.+ 3=0.
Y 2y2 % 3=0
o lim
Taking limit as x -0, y—0and , 2—y= p, we get

Op+ 0—2p+ 3=0 ie, p= 3/2.
Example 2 :  Show that the radii of curvature of the curve y* = x* (a + x)/(a — x)
at the origin are + a V2. (Gorakhpur 2006)
Solution : The curve passes through the origin and the tangents at origin are
y*= x> i, y= * x. Thus neither of the coordinate axes is tangent at the origin.
Therefore we cannot apply Newton’s method. But the equation of the curve can be

written as
4 172 172 - 172
:7_x(a+x) or y=ix(1+x) (l—x)
(a_ x)l/Z a a
1 x 1 x
= + — - T
or y _x{1+ 2a+ ........ } {1-1— 2a+ }
expanding by Binomial Theorem
X
== I+ =+ ......
or y x[ p }
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Comparing this equation with the equation

= px+ £+ we get p= 1 -2 or =-1 -2
y_p qz ceey g p_ »q_a P_ »q_ a
1+ p2)372
Butpatorigin:%~
. 1+ 1)3?
Whenp=1,g= %’ p at origin = %: av2.
a
3 2 L (+ ¥
Also whenp= - 1,g= p patorigin=———"— e = aN2.

Example 3 : Find the radii of curvature at the origin for the curve
Y= 3xy— 42+ 2+ Hy+ y=0.
Solution : The curve passes through the origin and the tangents at origin are
y* — 3xy— 4x2= 0. Thus neither of the co-ordinate axes is tangent at the origin.
Therefore Newton’s method cannot be applied. Also we cannot put the equation of the

curve in the form y= px+ % + ...

2
Hence substituting px+ L+ ... for y in the equation of the curve, we get the

identity,

—4x2+x3+x4[px+ %+ ...... ]+...:0.

Equating to zero the coefficients of x> and x>, we get

p>—3p—4=0 and pq—3—2q+1=0.

Solving these we get p= 4,— 1.
Whenp=4,9g= — 2/5and whenp= - 1,g= 2/5.
(1+ p2)3/2

Now p (at origin) = p

(1+ 1632 85V17
-2/5 2

3/2
Ul s

When p= 4,9g= 2/5, patorigin=

and whenp= — 1,¢g= 2/5, p at origin =

@)mprehensive Exercise 1

1. Find the radius of curvature at the point (s, y) on the following curves :
(i) s= ctanwy (Catenary)
(i) s= 8a sinzéw(Cardioid)
(iii) s= 4a sin y (Cycloid) (Bundelkhand 2001; Rohilkhand 08; Kashi 11)
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10.

11.

12.

(iv) s= clogsecy ( Tractrix). (Kashi 2012)
Find the radius of curvature at the point (x, y) on the following curves :
(i) a?y=x-ad° (i) y* = dax
(iii) xy= ¢? (iv) ay*=x
_ 1 x/a — x/a
V) y=ja(e?+ e 7 (Agra 2007)

(vi) y= clogsec(x/c) (Kanpur 2007; Purvanchal 09)
(vii) ¥172 4 y1/2: al’?.

(viii) x23 4+ 3= 423 (Rohilkhand 2009B; Kashi 12)
(ix) x™+ y"=1.

(i) Find the radius of curvature of the curve y= e*, at the point where it crosses

the y-axis. (Agra 2014)

(ii) Find the radius of curvature of the curve Vx + \/yz 1 at the point % »% .
. , 1 , : sVs
(i) Prove that at the point x= ST of the curve y= 4 sin x— sin 2x, p= e
(ii) Prove that for the curve s= a logcot [Z - ‘;] + asinysec?y, p= 2asecy;
2
1

and hence that % =5

In the curve y= ae™?, prove that

p=a sec? 0 cosecB, where 8= tan™ ! (y/a).

Show that the radius of curvature at a point (a cos’ 0, a sin> 0) on the curve

X234+ 23 = 4273 is3asin 6 cos 6. (Meerut 2000, 05; Kashi 13)
Prove that for the ellipse x2/a% + y*/b*= 1,
a? b?

p= —5 ’pbeingthe perpendicular from the centre upon the tangent at (x, y).
p (Meerut 2002, 04B, 07; Avadh 05, 09)

In the ellipse x2/a® + y*/b>= 1, show that the radius of curvature at an end of the

major axis is equal to the semi-latus rectum of the ellipse.

If p and p’ be the radii of curvature at the extremities of two conjugate diameters

of an ellipse, prove that (p%3+ p’2/3) (ab)?3 = a®+ b%

(Meerut 2001, 03, 04, 06, 11; Bundelkhand 06; Kanpur 11;
Rohilkhand 13B; Kashi 14)

Prove that if p be the radius of curvature at any point P on the parabola
y* = 4ax and S be its focus, then p? varies as (SP)3.
If the co-ordinates of a point on a curve be given by the equations
x=c¢sin20(1+ cos20),y= ccos20(1l— cos20),
show that the radius of curvature at the point is 4c cos 3 6.
If the co-ordinates of a point on a curve be given by the equations
x= asint— bsin (at/b),y= acost— bcos(at/b),

dab sina_ bt
a+ b 2b

show that the radius of curvature at the point is
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13. Prove that for the curve s= ae™

Show that for the curve s*> = 8ay, p= 4a '\/ 1- 2};] : (Kanpur 2009)

a, ap= S(SZ— aZ)l/Z.

14. Find the radius of curvature at the origin of the following curves :
(1) y= x*— 43 — 18x% (i) y= B+ 5% + 6.
15. Show that the radii of curvature of the curve a (> — x2) = x° at the origin are

+ 2av2.
@nswers 1
L () esec?y (i) Jasingy (iii) 4acosy (iv) ctanw.
. (a*+ 9xh32 y (2) 32 (R P2
2. (1) 76a4x (ii) Va (x+ a) (ii1) T
(iv) 6—161(4a+ w32 x2 (v) ya (vi) csec(x/c)
3/2 2m— 2 2m— 2\3/2
(vii) 2(x+ y7” (viii) 3a!/3 x173 173 (ix) (x + y_ )
(1= m)x™ Zym— 2
3. (i) V8. (ii) % 14. (i) 1736, (i) 37V(37)/10.

11.8 Pedal Formula for Radius of Curvature

We have the relation y= 0+ 0, (D Y
as is obvious from the adjoining figure. o
Differentiating (1) w.r.t. s, we get >
dy_ do_ do dy_ do_ do dr
ds_ds+ ds or ds_ds+ dr ds 5 i
1_1. o 0 T X
or 0= rs1n¢+ cos ¢ ar
dr
[ 4 sin ¢ r and cos ¢ = d}
1_1pg o | _1d . . _1ldp e o
or 0= r[smq)—i- rcos ¢ dr]_ rdr(rsmq))— Cdr [ p= rsind]
dr
Hence p= rdip. (Meerut 2003, 07B)

11.9| Polar Formula for Radius of Curvature

2
1 1 1| dr
We knowthat;— ;+ r“[d@] . (D
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Differentiating (1) with respect to r, we get

_g@__g_igﬂf 2
p3 dr B A de
__2_4far 2+L 2| ao
TR Sl a8 A dr
__2_afar) 1 [ar) dr do
T B3 Slae A do | g0 dr
__2_afar), 2y
P P do 4d6
Ldp_ 1), ar2  d*r
= 2 - -
pPd P{ (de] o
1
dr : p3
Therefore p=r——= Y
@ 1 r2+z(dr]2_rdr
P 0 ae?
3

. 1 1 1| dr
But from (i), 1?— {rz+ #[d@]

Hence p= N :
dr dr

P+ 2[6[9] — rd62
dr 2|32

{’2 ' (de]}

dzro
I’2 Z[de] —rﬁ

Corollary : If we put u = lr or r= i, then

Therefore, p=

2
dr_ Ldu o Pr_2(du) 1 &
do u2 do 462 43| a8

Putting these values in the polar formula for p, we get

,n)3/2
2 4
B u u B (u2+ u'2)3/2
1 2?2 22w?r W B+ u)’
a2t Tt 5
u u u u

where dashes denote differentiation with respect to 6.

Note : We see that the pedal formula for p is simpler than the polar formula.
Therefore in case the equation of the curve is given in polar form, it is often convenient
to change it first to pedal equation and then to find p with the help of the pedal formula.
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I!!ustrative Examlales

Example 1: Show that for the cardioid r= a (1 + cos0), p= %\/(2ar).

(Purvanchal 2006, 11; Rohilkhand 09B, 10; Agra 14)
Solution : The curveis r= a (1 + cos0).
d . 2

4 _ 4sin® and ar

de ae?

{2+ (dr/de)?}3/2

= — acos®.

Now =
P 2 2 (A de)— r (& r/ded)
B {a’ (1+ cos0)%+ a?sin?0}3/2
a?(1+ cos0)2+ 2 (- asin®)2— a(l+ cosB) (— acosH)
. . L \32
(4a2 cos* = 0+ 442 coszesinze)
2 2 2
a2+ 242 (cos? 0+ sinZ0) + 3aZcosO
2 121 32 21 .21 493/2 3,31
(4a“ cos 26) [cos 26+ sin 26] 8a” cos 26 4a
_ 5 = L= | 7| cosy 0.
3a% (1 + cos®) 6a2c032§e 3
But r=a(l+ cosB) = 2acos216.

2

cos% 0= \(r/24q).

Hence p= 43“\/{22} = (2/3) V(2an).

Note : We could have solved this problem more easily by changing the equation

of the curve to pedal form.

or

Example 2 :  Show that in the rectangular hyperbola * cos2 0= a®,p= r/a>.

Solution : The curve is 2 cos2 0= a2 (D

Taking logarithm of both sides of (1), we get 2logr+ logcos20= 2loga.
Differentiating with respect to 0, we get

2 dr 1 .
rd6+ 00326(_ 2sin20) = 0
1 dr T
P cotdp = tan20= cot[z— 26]
L
=_——-286.
0=75-26
. | = a?
Now p=rsin® = rsm[z— 26} = rcos?260. But cos20= R
Hence the pedal equation of the curve is
a? a?
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Hence p= r;i; ;;
Neglecting the negative sign, we have p = 3
a
Example 3 : Find the radius of curvature at the point ( p, r) on the ellipse
111 P
= —4 —— —
pZ aZ bZ aZ bZ
Solution : Differentiating the given equation with respect to r, we get
_24dp_ 2 . odp_
p3 dr_ aZbZ o dr_ aZbZ
dr _ a’b? a2 b?
Hence p=r——=r- 3= 3
dP rp p

11.10 Tangential Polar Formula for Radius of Curvature

A relation between p and ¥ holding for every point of a curve, is called tangential
polar equation of the curve. Thus the tangential polar equation of the curve is of the
form p= £ ().
dp _dp dr ds _dp

h -
We have dy~ dr a5 d‘l’ ar cosd .p
_dp dr . dr ds _ dr
= cos o . rdp [ s cos¢ andp= dy- dp}
= rcos¢
Also p= rsin .
dp )’ dp )
P>+ [d{;] = 2 (sin®> ¢ + cos?>¢) or p*+ [dﬁ!] = ...(1)
Differentiating (1) with respect to p, we get
dp| d*p dy dr dr d*p
2p+ 2 = 2r— or r—=p+ —--
P [d\v] dy* dp dp dp~ "7y
2
Hence p=p+ LI;
dy

I!!ustrative Examlales

Example 1: Show that for the epi-cycloid p = a sin by, p varies as p.

2
Solution : We have ap _ abcosby and —I;: — ab?sin by= — b?p.
dy dy
dZ
p=p+ L= p-p2p=(1-1Hp.
dy

Hence p varies as p.
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@)mprehensive Exercise 2

1. Find the radius of curvature at the point (p, ) on the following curves :
(i) p*= ar (parabola). (ii) 2ap*= P (cardioid).
4
2 _ '3 L . t ) ( ) 2 _ r .
iii) a emniscate). iv —
(iii) a“p ( p )
r . do . .
2. Prove that for any curve p = sin o 1+ 1 where p is the radius of curvature
de
and tan ¢ = rd—~ (Gorakhpur 2005)
r
3. In the curve p=r"t l/a" show that the radius of curvature varies inversely as
the (n— 1) power of the radius vector.
4. Find the radius of curvature at the point (r, ) on each of the following curves :
(i) r= acos®6. (Kanpur 2006) (i) r(1+ cosB) = 2a.
(iii) "= a" cosn 6. (Rohilkhand 2005)
(iv) r"= a"sinn 6 (Agra 2006; Rohilkhand 12; Avadh 12)
(v) r=a(l- cos®). (Avadh2010) (vi) # = a?cos?20.
5. Forming the pedal equation of the curve
0=a 1 (P- aH)V2- cos ! (gr], show that p= V(2 — a?).
(Meerut 2006B, 08; Rohilkhand 06; Kashi 11)
6. For the rectangular hyperbola xy= ¢2, prove that p= % r/c2, rbeing the central
radius vector of the point considered.
7. Show that at any point on the equiangular spiral r= aedcota p= rcosecaq,
and that it subtends a right angle at the pole.
8. If p;, p, be radii of curvature at the extremities of any chord of the cardioid
r= a (1+ cos0), which passes through the pole, then show that
P>+ py° = 16a%/9. (Kanpur 2008)
9. Showthat the radius of curvature at anypoint on the curve r= a (1 £ cos 0) varies
as square root of the radius vector.
10. Find the radius of curvature of the cardioid r= a (1 — cos 0) at the pole (origin).
@nswe rs 2
3
1. () 2% (i)  2(2an (iil) a2/3r
a 3
a® b?
(iv) (P + a®)¥?/ (P + 24%). 2. 3
p
al’l
4. (i) a2 (i) 2V(FP/a) (iii)
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n 2

. a 2 . a
(IV) m (V) g \/(207’) (Vl) 5 .
10. 0.
11.11 Co-ordinates of Centre of Curvature (Meerut 2008)

Let the equation of the curve be y= f(x).

Let P be the given point (x, y) on this curve and Q the point (x+ 0x, y+ dy) in the
neighbourhood of P. (See the fig. of article 11.3). Let N be the point of intersection of
the normals at P and Q. As Q =P, suppose N —C. Then C is the centre of curvature of
P.

Suppose co-ordinates of C are (a, ).

From the equation of the curve, we have a = f"(x) = 0 (x), say.

dx
The equation of normal at P is
Y-y»o(x+ X-x=0. (D)
The equation of normal at Q is
(Y= (y+ )0 (x+ o)+ {X— (x+ dx)}= 0. ...(2)

Subtracting (1) from (2), we get
Y- »{d(x+x)— 6 (x)}— 06 (x+ 0x) dy— dx= 0.
Dividing by dx, we get

O (x+ ) — ¢ (%) 8y
(Y- y){ o }— o (x+ 8x) Sx 1= 0. ...(3)

The value of Y obtained from this equation will give us the y co-ordinate of the
point of intersection of (1) and (2).

Now as Q =P, dx —0 and Y obtained from (3)—p.

Therefore taking limit of (3) as dx —0, we get
lim {q) (x+ 81— 0 (x)}

(B- ox —0 Sx

- 30000 G 8. 51 B g - 1= 0
o B-D0@-0@ L-1=0
dfdy) _dy dy_,_ L dy
or (B- y)dx[dx] dx dx =0 [ ¢(x)_dx}
2y [(ayy }_
or (B_y)de_{(dx)+l_0'
aly]2
1-i_((/lx
b=y gy

dx?
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Also (@, B) lies on (1). Therefore, we get

oY oo
(B y)dx+(oc =0

TN
Le., ((X_ -x)_ (B Y) d.x_ d.x @
dx?
dy (dy]z
dx{1+ dx
o= — .
¥ &y
dx?

11.12 | Evolute of a Curve

The locus of the centre of curvature of a curve is called its evolute.

11.13 Equation of the Circle of Curvature

If (o, B) be the co-ordinates of the centre of curvature and p the radius of curvature
at any point (x, y) on a curve, then the equation of the circle of curvature at that point

is (X - )2+ (Y- B)2= p%

|!Iustrative Examlales

Example 1: Find the co-ordinates of the centre of curvature for the point (x,y) on
the parabola y* = 4ax.
Also find the equation of the evolute of the parabola.

Solution : Here 2y@= da, i.e., @: 2—a= a2y V2= ,\/(a}
dx dx y X

&y L2302
dx? 2

If (o, B) be the centre of curvature for the point (x, y), then

s (@ N

o= x— 5 = Xx— =x+ 2x(1+ a/x)-
&y . 11\/[a)
dx> 2 x X
o= 3x+ 2a, (1)
dy 2
1 - 1
" (dx] "

and B=y+
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= 2a"2xV2— 24 V232 (1+ a/x)
— 2a1/2x1/2_ 2a 1/2x3/2_ 2a1/2x1/.2

B — 2)‘\/[2] (2)
R

Evolute of the parabola: Let us eliminate x between (1) and (2). From (2),
we get

Therefore the required centre of curvature is

4x° ap?
2 = = —
B? = Lor x A
. o- 2a
From (i), we get x= 3

3
[0‘_ 2"] _a 27ap? = 4 (0— 2a)’.
3 4
Hence the locus of (a, B) is 27 ay2 = 4 (x— 2a)3, which is the evolute of parabola.
Example2 : Provethat the co-ordinates (o, ) of the centre of curvature at any point
(x,y) can be expressed in the form
dy dx
dy d\p’
Solution: Let C (o, ) be the centre of
curvature of the point P (x,y) on the curve y= f(x).
The line TP is tangent to the curve at P and obviously
PC is normal at P to the curve, since the centre of
curvature is a point on the normal.
p = radius of curvature at P= PC and CN is the
ordinate of C. Draw PM perpendicular to CN.
Obviously

o= x— and = y+

£ CPM = %n— V.

Then o=x— PM=x— psiny

D ds
ds ady
dy

= x— ﬂ!

Also B=y+ CM= y+ pcosy

dx ds dx

= y+ $ﬂ! [ cosy= ds}
dx

= y-‘,— ﬂ!.

11.14 | Chord of Curvature through the Origin (Pole)

Let C be the centre of curvature at the point P on any given curve.
Then CP = p = radius of curvature at P. O is the pole. Join OP to meet the circle
of curvature in E. Then PE is the chord of curvature through the origin.
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PD is the diameter of the circle of curvature.
We have PD = 2p

and Z PED = 90° being an angle in a semi-circle.
Also PD is normal to the curve at P.

ZEPD= Jm— 9.

Hence from the right-angled triangle PED, we
have

PE = PDcos(;n— ¢] = 2psin .
chord of curvature through pole = 2p sin .
Corollary : Chord of curvature perpendicular to the Radius Vector :
Suppose a line through P, perpendicular to the radius vector OP, meets the circle

of curvature in F.
Then PF is the chord of curvature perpendicular to the radius vector.

We have PF= ED = 2p sin %n— 0| = 2pcoso.

Chord of curvature perpendicular to the radius vector = 2p cos ¢.

11.15 Chord of Curvature Parallel to the Axes

(i) Chord of Curvature Parallel to the x-axis :

Let C be the centre of curvature at the point Pon ¥
any given curve. Suppose a line through P, drawn
parallel to the axis of x, meets the circle of curvature in
E. Then PE is the chord of curvature parallel to x-axis.

PD is the diameter of the circle of curvature. We

have PC = 2p and £ PED = 90°.
Obviously £ EPD= [ - .

Hence from the right angled triangle PED, we
have

PE = 2p cos %n— Y| = 2psiny.

. Chord of curvature parallel to x-axis = 2p sin y.

(ii) Chord of Curvature Parallel to y-axis :

Draw a line through P, parallel to y-axis, to meet the circle of curvature in F.
Then PF = chord of curvature parallel to y-axis

= ED= 2psin[72t— q!] = 2pcos .

Iltustrative Examlales

Example 1: Show that the chord of curvature through the pole of the curve

r'"=a"cosn®is2r/(n+ 1). (Purvanchal 2014)
Solution : The curve is " = a" cosn 6. (D
Taking logarithm of both sides, we get nlogr= nloga+ logcosn 6.
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n dr n .
Differentiating with respect to 0, we get ——-= — sinn 6
& p & r do cosnb
ie., cotdp=—tann 0= COt(lTC-i- n6]~

(2 )

0= %n-ﬁ- no.

Now p= rsin¢ = rsin(%n+ ne} = rcosn 0.

Therefore the pedal equation of the given curve isp= r*+ 1/4".

dp _ (n+ 1"
dr_ an
n
Also p dr _ a

= r— —
dp (n+ 1)r"= 1
Hence the chord of curvature through the pole

= 2psin¢ = 2psin(;n+ n@]z 2pcosn®

_ a" ot 2r
B ’(n+1)r”_1 " (n+ 1)
Example 2 : In the curve y= alogsec(x/a), prove that the chord of curvature
parallel to the axis of y is of constant length. (Rohilkhand 2009)
Solution : Differentiating the equation of the curve with respect to x, we get
dy 1

=a.——.sec(x/a) tan (x/a) (1/a) = tan (x/a).
dx sec (x/a)

d’y 2
= (1/ /a).
I (1/a) sec” (x/a)

Chord of curvature parallel to y-axis
2 2
2p cosy= P _ P
sec \/ { [dy] 2 }
I+ |+
dx
3/2
e (8]
I+ |+
dx 1

=2. .
&y dy|?
2 N e(ef)
dy |2
{H[dx]}
=2. iy
dx?
(1+ tanZE
a

= 2. ———— = 2a, which is constant.
X
~ sec? (]

a a
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@)mprehensive Exercise 3

1. In the parabola x*> = 4ay, prove that the co-ordinates of the centre of curvature
are | — > 2a + Ela :
4q? 4a
2. In the catenary y= c cosh (x/c), show that the centre of curvature (a, ) is given
by a=x— y{(?/c) - D} B= 2y
3. Forthe curve a® y= x, show that the centre of curvature (o, B) is given by
o= x{l_ 9954},, B= E_,_ ‘LZ.
2 a* 2q2  6x
4. Showthat the centre of curvature (o, B) at the point determined by on the ellipse
a’?— b? a’?— b?
X= acost,y= bsint,is given by o= cos’t,B= — sin3 t.
Also show that the evolute of the ellipse is (ax)%3 + (by)?3 = (a® - bH)?3.
5. Prove that the centre of curvature (a, ) for the curve x= 37, y= t2- 6
is o= - %t3,B= 32— %
6. Show that in any curve the chord of curvature perpendicular to the radius vector
is2p V(2 - pH)/r.
7. Show that the chord of curvature through the pole of the equiangular spiral
r= ae™®is2r.
8. Show that the chord of curvature, through the pole, for the cardioid
r=a(l+ cos0) is%r.
9. Show that the circle of curvature at the point (amz, 2am) of the parabola
y? = 4axhas for its equation
2+ ¥ — 6am? x— 4ax+ 4am3y— 3a*m*= 0.
10. IfC and Cybe the chords of curvature parallel to the axes at any point of the curve
= ae™% prove that L+ L: ! .
y p sz Cyz 2aC,
(Agra 2007; Rohilkhand 07; Purvanchal 07)
@jective Type @Questions
Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and correct.
1. The relation between s and y for any curve is called its ...... equation.
2. By definition the curvature of the curve at any point P is equal to ...... .
3. Foracurvey= f(x), wehavep= ...... .
4. Intrinsic formula for the radius of curvature is ...... .
5. The radius of curvature at any point of the cycloid

x=a(t+ sint),y= a(l— cost)is...... .



D-240 Krisbna’s DIFFERENTIAL CALCULUS

6. Foracurve defined bythe equationsx= f(#) and y= ¢ (¢) the radius of curvature
is ...... .
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
7. Ify-axisisthe tangent to the given curve at the origin, then radius of curvature at
the origin is equal to
2 2 2 2
(a) Lim > (b) Lim 2 (¢) Lim (d) Lim >
x—0 2y x—0 2x x—0 x>0 X
8. Pedal formula for radius of curvature is
1dr dr 14dp dp
= = - [ d R
(@) rdp (b) rdp © rdr (@ Tdr
9. Chord of curvature parallel to y-axis is
(a) 2psin¢ (b) 2pcos¢ (c) 2psiny (d) 2pcoswy
True or False:
Write ‘T’ for true and ‘F’ for false statement.
10. There is no difference between curvature of the circle and circle of curvature.
(Meerut 2003)
11. The curvature of the curve at any point is equal to the reciprocal of the radius of
curvature at that point.
21372
et
12. The polar formula for radius of curvature is : p = PRE P .
2 ar a-r
+ 2 [ ) -
" de rdQZ
d*p
13. The tangential polar formula for radius of curvatureisp= p + ﬁ
s
14. Pedal formula for radius of curvature is p = r;l—; (Agra 2006)
@DSWC Irs
27372
(4]
1+ | —
dx
1. intrinsic. 2. iy 3. —— . ds
ds d?y dvy
dx?
2 12y3/2
5. da coslt. 6. %,wherex'y”— y'x7# 0.
2 x'y'=y'x
7. (b). 8. (b). 9. (d). 10. F.
11. T. 12. T. 13. T. 14. T.



Envelopes, Evolutes
and Involutes

12.1| One Parameter Family of Curves

An equation of the form
F(x,y)=0 (1)

in which atis a constant, represents a curve. If a.is a parameter i.e., if o can take all real
values, then (1) is the equation of a one parameter family of curves with parameter o.. If
we give different values to oo we get different members of this family. On any particular
curve belonging to this family the value of o is constant but it changes from one curve
to another.

An equation of the type F (x, y, &, B) = 0 also defines a family of curves but in this
case we have two parameters o and [3.

Illustrations :

(i) The equation xcos o+ ysin o= a determines a family of straight lines, and
o is the parameter of this family.

(ii) The equation y= mx— 2am — am> determines a family of straight lines
which are normals to the parabola y> = 4ax. Here m is the parameter.

12.2| Envelope of a One Parameter Family of Curves (Kashi 2011)

Definition : Let F(x,y,a) = 0 be a family of curves, the parameter being «.
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Suppose P is a point of intersection of two members F(x,y,a) = 0 and
F(x,y,a+ 0a) = 0 of this family corresponding to the parameter values o and
o+ da. As dau—0, let P tend to a definite point Q on the member o. The locus of Q
(for varying values of ) is called the envelope of the family.

The above definition can be given in concise form as below :

The envelope of a one parameter family of curves is the locus of the limiting positions
of the points of intersection of any two members of the family when one of them tends to
coincide with the other which is kept fixed.

Thus the envelope of a family of curves is the locus of the points of intersection
of consecutive members of the family.

12.3 Method of Finding the Envelope

Suppose F(x,y,0)=0 (1)
is the equation of a family of curves with parameter o.

Consider the two members

F(x,y,a)= 0and F(x,y,00+ da)= 0 ..(2)
of this family corresponding to the parameter values ocand ot + d0t.

The co-ordinates of the points of intersection of the curves (2) satisfy the
equations

F,yoa)=0,F(xyd+ 0)— F(x,y,o) = 0
and therefore the equations
F(x,y,0+ 00) — F(x,y,00
dal a

Taking limits as ot —0, we see that the co-ordinates of the limiting positions of
the points of intersection of the curves (2) satisfy the equations
JF (x,y, 0) (3)

90 = 0.

Thus, for all values of «, the co-ordinates of the points on the envelope satisfy
the equations (3). Therefore eliminating o between the equations (3), we shall get the
envelope of the family of curves (1).

Working Rule: The equation of the envelope of the family of curves
F (x,y,®) = Owhere aLis the parameter, is obtained by eliminating o between the equations

F (x,y,0)= 0

IF (x,y,0) _

Jo -

0F (x,y, Q)
o

F(x,y,0)= 0, 0.

F(x,y,0)= 0 and

and 0.

Here isthe partial derivative of F' (x, y, o) with respect to the parameter

o while x and y have been regarded as constants.
Note : The equationsx= ¢ (), y= y () obtained on solving F (x,y, &) = 0 and

oF (x,y, O . . .
% = 0 are the parametric equations of the envelope, o being the parameter.

I!lustrative Examlales

Example 1: Find the envelope of the family of straight lines y= mx+ (a/m), the
parameter being m . (Kanpur 2005)
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Solution : The equation of the given family of straight lines is

y= mx+ (a/m), the parameter being m . (1)
Differentiating (1) partially with respect to m , we get

0= x— (a/m?) or m= (a/x)"2. (2)
Eliminating m between (1) and (2), we get the required envelope.
Putting m = (a/x)"/2in (1), we get

a1/2 1/2

_ .. a " B SENRE Vo N V)
y=Xx x1/2+a a1/2—2a Xl

Squaring, we get y* = 4ax, which is the required envelope.
Example 2 : Find the envelope of the family of straight lines
ax by
cos® sin®

where the parameteris 0. (Kashi 2013; Avadh 13)
Solution : The equation of the given family of straight lines is

— aZ_ bZ’

ax by
cos® sinB

= a?— b2 @being the parameter. (1)

Differentiating (1) partially with respect to 0, we get
axsin®  bycos9
cos? 0 sin2
Eliminating 6 between (1) and (2), we get the required envelope.
From (2), we get tan® 8= — (by/ax).
tan 0= — (by)13/(ax)1/3.

...(2)

: by (ax)'3
0= > 0= —
T a3+ oy VI(an)¥3 + (by)?3]
1/3 1/3
or sin@= — (by) cos 0 (ax)

i@+ @21 Vi@ + on?)
Substituting these values in (1), we get
+ [(ax)2/3+ (by)2/3] [(ax)2/3+ (by)2/3]1/2: aZ_ bZ
or + [(ax)2/3+ (by)2/3]3/2: aZ_ bZ
i.e., (ax)2/3+ (by)2/3: (aZ_ b2)2/3,
which is the equation of the required envelope.

12.4| Envelope in Case the Equation of the Family of Curves is a Quadratic
in the Parameter

(Garhwal 2002)
Let the equation of the family of curves be F (x,y, ®) = 0, the parameter being
o. Suppose this equation can be arranged as a quadratic in o. Let this quadratic be
Ao?+ Ba+ C= 0, (1)
where A, B and C are some functions of xand y.
Differentiating (1) partially with respect to o, we get
2A0+ B= 0. ..(2)
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Eliminating oo between (1) and (2), we get the envelope.
From (2), we have a= (— B/2A).
Substituting this value of avin (1), we get
A(— B)2+ B(— B]+ C=0 or B?>-4AC=0
2A 2A ’
which is the required equation of the envelope.
Remember : The envelope of the family of curves

Ao?+ Boa+ C= 0,
where A, B, C are functions of x and y, is
B?- 4AC= 0.

I!lustrative Examlales

Example 1: Find the envelope of the family of straight lines

y= mx+ \/(az m? + bz) , the parameter being m . (Garhwal 2002;
Rohilkhand 14; Purvanchal 14)

Solution : The equation of the given family of straight lines is
y= mx+ \/(azm2+ b?) or y— mx= \/(azm2+ b?)
or (y— mx0?= a’?m?+ b? or V= 2mxy+ m2x2— a?m? - b2=0
or m? (- a®) - 2xym+ y*— b%= 0. (1)
The equation (1) is a quadratic in the parameter m . So the required envelope is
obtained by equating to zero the discriminant of (1). Hence the required envelope is

(- 20)* = 4P = a) (- b)) =0

or Y- (2-ad®) (P-bH=0
or Py — 2y + 2+ a’y - a’b*= 0
or b2+ a?y = a®b?
B “—~= 1, which i i
or a2+ bz_ , which 1S an ellipse.

Example 2 :  Find the envelope of the family of straight lines x/a + y/b= 1, where

the two parameters a, b are connected by the relation ab= ¢2, ¢ being a constant.
(Kumaun 2002; Meerut 12)

Solution : The equation of the given family of straight lines is

x/a+ y/b=1, ..(1)
where the parameters a, b are connected by the relation
ab= 2. (2)

We shall eliminate one parameter, say b.

From (2), we have b = cz/a.Putting the value of b in (1), we get
X y X a
=y =1 =4 L= 1, ..(3
a %a or a (2 )
which is the equation of the given family and it contains only one parameter a.
We can arrange (3) as a quadratic in a. Thus (3) can be written as
Ax+ a?y=ac? or a’y- ac*+ x=0. .(4)

The equation (4) is a quadratic in the parameter a. So the required envelope is
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(= AD?=4y?x=0 or - 4dn?=0

or xy= c2/4.

12.5 Geometrical Significance of the Envelope

In general the envelope of a family of curves touches each member of the family.
Let the equation of the family of curves be
F(xy0)=0, (1)
abeing the parameter.
The envelope of (1) is obtained by eliminating o between (1) and
W = 0. (2)

Obviously we can take (1) as the equation of the envelope provided we regard o
as a function of x and y given by (2).
Let (x, y) be a point common to the member ‘o’ of the family and the envelope. If

i oF oF . .
at the point (x, y) we donot have =—= 0= ——then at this point the slope of the tangent

ox dy
to the member ‘o’ of the family is
JF/dx
~ OF/dy ~(3)

[Refer the chapter on partial differentiation]

Also the slope of the tangent to the envelope at the point (x, y) is

OF | OF da

ox = 00 gy 4
- oF . a a£~ . (4)

dy = 00 9y

Note that F (x,y, @) = 0 is also the equation of the envelope provided a is not a
constant but is a function of xand y given by dF/da= 0.

Since at every point of the envelope we have dF/da = 0, therefore the two slopes
given by (3) and (4) are the same.

Hence the slopes of the tangents to the member of the family and the envelope at
the common points are equal. This means that the curves of the family and the envelope
have the same tangent at the pointsin common i.e.,theytouch each other at these points.

Each point on the envelope is a point on some curve of the family and each curve
of the family has some point which is on the envelope. At these common points both
touch each other. Hence, in general, the envelope of a family of curves touches each curve
of the family and at each point is touched by some member of the family.

Note : If dF/dxand dF/dyare both zero for any point on the curve, the slopes of
the tangents cannot be found from (3) and (4). In this case the above argument breaks
down and the envelope may not touch a curve at the points where dF/dx= 0= JdF/dy
i.e., at the singular points.

If the given family of curves is a family of straight lines or a family of conics we
have no singular points. Hence the envelope of a family of straight lines or of conics
touches each member of the family at all their common points without exception.
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Illustrative Examlales

Example 1: Find the envelope of the family of straight lines
xcoso+ ysino= a,
the parameter being o., and interpret the result geometrically.
Solution : The equation of the given family of straight lines is
xcoso+ ysino= a, (1)
the parameter being .
Differentiating (1) partially with respect to o, we get
— xsino+ ycosa= 0. ..(2)

Eliminating aubetween (1) and (2), we get the

envelope. So squaring and adding (1) and (2), we u=1/2 ¥ w=n/A

get
(xcoso+ ysinoc)2+ (— xsin o+ ycosoc)zz a? S a=0
or x2(cos?a+ sin?o) + y2 (sin2 o+ cos? o) = a?
or  x2+ y*= 42 which is the required envelope. Pz 0 i
Geometrical interpretation : x> + y*= a? is

the equation of a circle whose centre is origin and
radius is a. This circle is the envelope of the family
of straight lines xcosa+ ysin a= a. So for each
value of a, the straight line xcosa+ ysino= a
touches the circle X2+ y*= a2 Also the circle
x4+ y>= 42 is touched at each point by some straight line belonging to the family
xcoso+ ysino= a.
Example 2 : Find the envelope of the family of circles

YN

X2+ Y2 — 2axcos - 2aysin o= c2,
where Q. is the parameter, and interpret the result. (Bundelkhand 2014)
Solution : The equation of the given family of circles can be written as
2axcos o+ 2aysino= 2+ y*— 2. (1)

[Note that we have brought the terms containing cos o and sin o to one side and
the rest of the terms to the other side].
Differentiating (1) partially with respect to o, we get

— 2axsin o+ 2aycosa= 0. ..(2)
Squaring and adding (1) and (2), we get
402 + 4a’ Y = (P + Y- cH)?

or (2 + ¥ = )= da® (P + ), ~(3)

which is the required envelope.
Interpretation : The equation (3) can be written as

2+ P)2- 2022+ A2+ A+ H=0.
Solving it as a quadratic in (x2 + %), we get

24 P= 22ad%*+ A+ \/{42(2a2+ )2 = achy
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and

202+ %+ 2a \/(cz + az)
(a2+ A+ 2a \/(az + A+ a2
= W@+ A+ a)?
Therefore the required envelope consists of the two circles
2+ y¥= N(a?+ &)+ al?
2+ Y= N(a?+ ¢ - al?.
These are the circles with centre at origin and radii

\/(a2+ At a.

@mprehensive Exercise 1

Find the envelope of the straight lines (x/a) cos®+ (y/b)sin®= 1, the
parameter being 0 and interpret the result geometrically. (Kashi 2012)
Find the envelope of the following families of straight lines :
(i) y= m?x+ (1/m?), the parameter being m .
(ii) y= mx+ aV(1+ m?),the parameter being m . (Kumaun 2000)
(iii) y= m x+ am?3, the parameter being m .
(iv) y= mx+ amP, the parameter being m .
(v) xcosecB— ycot®= c,the parameter being 0.
(vi) xcos® a+ ysin® o= a, the parameter being .
Find the envelope of the family of circles
X+ y*— 2axcosa— 2aysino+ 2= 0, (a2> ¢2)
where o is the parameter, and interpret the result.
Find the envelope of the following families of circles :
(i) (x— )2+ y?>= 40, abeing the parameter.
(i) (x— w2+ (y— )= 20, a being the parameter. (Rohilkhand 2013)
(iii) (x— ¢)2+ y*= R? where cis the parameter.
(iv) y*= m? (x— m), m being the parameter.
(v) tx3+ 2y= a, the parameter being¢.

»

X2 .
(vi) SR 7= 1, where o is the parameter.
o ke— o (Kanpur 2008)

Find the envelope of the family of curves

(a/x) cos 0 — (b%/y) sin®= c2/a, ® being the parameter.
Find the envelope of the family of straight lines

xcos" B+ ysin” 0= q, for different values of 6.
Find the envelope of the ellipse x= asin (06— o), y= bcos0, where o is the
parameter. (Kanpur 2009)
Projectiles are fired from a gun with a constant initial velocity v,. Supposing the

gun can be given any elevation and is kept always in the same vertical plane, what
is the envelope of all possible trajectories, assuming their equation to be
1 3
y= xtano.— - % ?
2 yy? cos® o
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9. Find the envelope of the straight lines xcosa+ ysin o= [sin cosa, where o
is the parameter. Give the geometrical interpretation.
(Rohilkhand 2012; Avadh 07, 12)
10. Find the envelope of the family of straight lines
xcosma+ ysinmo.= a (cos noy™’n,
where o is the parameter. [Hint. Change the equation to polar co-ordinates by
substituting x= rcos 0, y= rsin 0.]
11. Show that the radius of curvature of the envelope of the line
xcoso+ ysina= f(a)isf(o) + 7 (o).
12. Ifx¥3+ 23 = k?/3is the envelope of the lines i + %z 1, then find the
necessary relation between a, b and k.
13. Find the envelope of the family of curves x sin .+ y* cos o= a2,
where o is the parameter.
14. Find the envelope of the family of curves (y- 0)?— %(x— ¢)3= 0, where c is
the parameter.
@nswers 1
1. xX%/a*+ y/b*= 1.
Each line of the given family is a tangent to the ellipse x2/a? + y2/b*= 1.
2. (i) ¥*= 4x. (ii) 2+ y?* = a2.
(iii) 4% + 27ay* = 0. (iv) (p— NP~ xP4 pPayP~ 1= 0.
(v) ¥— =% (vi) a® (@ + y) = 2y
3. 2+ ¥+ A)P=da (P + D).
Circles with centre at origin and radiia £ \/(az - ).
4. (i) y*- 4x— 4= 0. () (x+ y+ DZ= 22+ ).
(iii) y= + R. (iv) 423 = 27y%.
(V) X0+ day= 0. (vi) x+ y=+ k.
5. (@%/x)%+ (b2/y)?%= (/a)2
6. x/C-my 2CQ-m) - G2/C-n) 7. x=ta.
v+ G ed)/vgt= v/ (29). 9. 234+ 23=123
10, p/m—n) = gn/(m—n) cog {n®/(m — n)}, where r, 0 are the polar coordinates of
(x,y).
12. a?+ b%= k2 13. ¥+ y*= ah
14. x— y=0,x— y= %

12.6 Envelope of a Family of Curves whose Equation is not given in

a Direct Form

Sometimes, we are to find the envelope of a family of curves whose equation is

not given in a direct form, but we are given a lawin accordance with which the equation
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of any member of the family can be obtained. In such cases we should first find the
equation of the family of curvesin a proper form and then we should find the envelope.

I!lustrative Examlales

Example 1: Find the envelope of the circles which pass through the origin and
whose centres lie on the ellipse x2/a*> + y*/b%>= 1.
Solution : Any point on the ellipse xX2/a% + y*/b*= 11is (a cos®, b sin 6).
Its distance from the origin is \/(az cos2 0+ b2sin?0).
Therefore the equation of the given family of circles is
(x— acos®)2+ (y— bsin0)2= a%cos’? 0+ b*sin’0
or X2+ y>— 2axcos®— 2bysin®= 0. (1)

We are to find the envelope of the family of circles (1), where 0 is the parameter.
The equation (1) may be written as

2axcos O+ 2bysin 0= xZ+ 2. (2)
Differentiating (2) partially with respect to 0, we get
— 2axsin 0+ 2bycos0= 0. ...(3)

Squaring and adding (2) and (3), we get
4a’ P+ 4b2y = (P + P2
or (P + )2 = 4(a®2 + b2y,
which is the required envelope.
Example 2 : Find the envelope of the circles drawn on the radii vectors of the
parabola y* = 4ax as diameter.
Solution : Anypoint on the parabola y?> = 4axis (af?, 2af) . Equation of the circle
drawn on the line joining the origin (0, 0) to the point (af?, 2at) as diameter is
(x=0) (x— a®) + (y— 0) (y— 2af)= 0
or 2+ ¥ — ax? - 2aty= 0. (1)
We are to find the envelope of the family of circles (1), where 7 is the parameter.
Differentiating (1) partially with respect to ¢, we get
0— 2axt— 2ay= 0. ..(2)
Eliminating ¢ between (1) and (2), we get the required envelope. From (2), we get
t=— y/x.
Putting this value of #in (1), we get
2+ - ax (/2 + 2ay.(y/x)= 0
or 2+ Y- (@*0+ Qay’/x)=0 or ¥+ ¥+ (a*/x)= 0
or ay*+ x(x2+ y») = 0, which is the required envelope.
Example 3: Find the envelope of the circles drawn on the radii-vectors of the
curve r'* = a" cos n® as diameter.
Solution : Let P be any point on the curve r" = a” cosnb. If ais the vectorial
angle of P, then the radius vector OP is given by
(OP)" = a" cosna.

OP= a (cosno)l’”.
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Let O be any point (7, ©) on the circle drawn
on OP as diameter. From the right angled triangle
OQP, we have

0Q= OPcos £ POQ.

r=a(cosno) " cos(0— o), ..(1)
is the equation of the circle drawn on OP as
diameter.

We are to find the envelope of the family of
circles (1), where atis the parameter.

Takinglogarithm ofboth sides of (1), we get

logr= loga+ (1/n)logcosno+ logcos(0— o). ..(2)
Differentiating (2) partially with respect to o, we get
1 . sin (06— o)
= + — — + -~ 7
0=0 n cosnoc( sin na) cos(0— o)
or tanno= tan (60— «).

no= 06— o (taking principal value only)
or a=0/(n+ 1).
Substituting this value of avin (1), we get the required envelope.
Thus from (1),

r= a (cosno)’" cosno [0— a= no]
or r=a(cosno)!* " or r= a(cosna)nt D/n
or p/nt 1) = gn/(n+ 1) co5{n0/(n+ 1)},

which is the required envelope.

Example 4 : Find the envelope of the straight lines drawn at right angles to the radii
vectors of the cardioid r= a(l + cos 0) through their extremities.

Solution : Let Pbe anypoint on the cardioid
r= a(l+ cos0).Ifaisthe vectorial angle of P, then
the radius vector OP is given by

OP= a(l+ cosn).

Let Q be any point on the straight line drawn
through P and at right angles to OP. From the right
angled triangle OPQ, we have

OP= 0Qcos £ POQ.
a(l+ cosa)= rcos(6— o)

or rcos(0— o) = 2a coszéoc, (1)

is the equation of the straight line drawn through
P and at right angles to OP.
We are to find the envelope of the family of straight lines (1), where « is the
parameter.
Taking logarithm of both sides of (1), we get
logr+ logcos(0— o) = log 2a+ 2logcos(a/2). ..(2)
Differentiating (2) partially with respect to o, we get

1 . . 1
+ cos (0— ) sin(0— o) = 0— cosloc(smza) )
2
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or tan (6 — a)z—tan%az tan(—%oc).
00— a=nm—- %Oc,wherenis any integer.
o= 20- 2nm.

Substituting this value of acin (1), we get
rcos{0— (20— 2nm)} = 2a cos? (60— nm)
or rcos(2nm— 0) = 2acos’ O

or rcos®= 2acos?® or r= 2acos.
Therefore the required envelope is = 2a cos 0. It is a circle passing through the
pole.

12.7 Two Parameters Connected by a Relation

Suppose the equation of the family of curves contains two parameters which are
connected by a relation. We can find the envelope of this family by eliminating one
parameter as we have done in one earlier example. But if the elimination of one
parameter makes the subsequent process of finding the envelope difficult, we can
proceed as in the following example.

I!!ustrative Examlales

m m
Example 1: Find the envelope of the family of curves xfm + 27 = 1, where the
a
parameters a and b are connected by the relation a’? + bP = cP.
Solution : The equation of the given family of curves is
xm ym
ai’” + b7 =1, (1)
where the parameters a and b are connected by the relation
aP+ bP= cP. .(2)

Since there is a relation between a and b, therefore we shall regard b as a function
of a. Now we shall differentiate (1) and (2) with respect to a regarding x and y as
constants and b as a function of a.

From (1), we get

mx™ my™ db . db x™/qm+ 1
Togmt 1T pmtldg Le, %:—W' -(3)
Again from (2), we get
pal?~ '+ pbP~ 1 (db/da) = 0 ie, db/da= — aP~ 1/bP~ 1 _(4)
Equating the two values of (db/da) , we get
xm/gmt o gp- 1 x™M/a™m  qP (5)
ym/bm+1: bp—l or ym/bm:ﬁ’

Eliminating a and b between (1), (2) and (5), we get the required envelope. From
(5), we have
x"/am oy b _x"/a y"/b _ 1 [Note]
aP b? al+ bP cP
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or

or

or

or

or

x"M/aPt M= 1/cP
abt M= xmcp
a= (x™ cp)l/(p+ m)
al = (x™cPyP/(p+ m) = xmp/(p+ m) .p*/(p+ m)
Similarly b? = y™mp/ (p+ m) PV (P m),
Substituting these values of a” and b? in (2), we get
P/ P+ m) (ymp/(p+ m) 4 ymp/(p+ m)y = P
xmp/(p+m) o ymp/(p+m) = op- P/ (p+ m)

mp/(p+ m) mp/(p+ m) — ~mp/(p+ m)
X +y c )

which is the required envelope.

@)mprehensive Exercise 2

Find the envelope of the circles drawn upon the radii vectors of the ellipse
x2/a®+ y*/b?= 1 as diameter.

Show that the envelope of the circles whose centres lie on the parabola y* = 4ax
and which pass through its vertex is the cissoid y* (2a + x) + x> = 0.

Show that the envelope of the circles whose centres lie on the rectangular
hyperbola x2— y?>= 4% and which pass through the origin is the lemniscate
? = 4a? cos 26.

Show that the envelope of the circles described on the central radii of a
rectangular hyperbola as diameters is a lemniscate

= a?cos26.
. R o .
Show that the envelope of the polars of points on the ellipse ﬁ+ ?: 1 with
2 2
respect to the ellipse ﬁ + ﬁ = lis M + M = 1. (Bundelkhand 2011)

a’?  b? at b*
Show that the envelope of the straight line joining the extremities of a pair of
conjugate diameters of the ellipse
1

2/ + P/P= is the ellipse 2/a> + /b2 = -

Find the envelopes of circles described on the radii vectors of the following curves
as diameters

(i) U/r= 1+ ecos®, (i) P = @ cos 36, (iii) rcos" (8/n) = a.

Find the envelopes of the straight lines drawn at right angles to the radii vectors

of the following curves through their extremities :
(i) r= aeecotoc,

(ii)) r"= a" cosnb,

(iii) r= a+ bcos®.

Find the envelope of the straight line x/a+ y/b= 1, where the parameters
a and b are connected by the following relations
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(i) "+ b" = ", cbeing a constant.
(Garhwal 2003; Gorakhpur 06; Kashi 11; Meerut 13B)

(ii) a™b*= ¢™™* " cbeing a constant.
(iii)a+ b= c, (Garhwal 2001, 03)
(iv) a® + b*= 2,

(v) ab= ¢?, ¢is a constant

10. Prove that the envelope of the ellipses x2/a% + y>/b%>= 1 having the sum of their
semi-axes constant and equal to ¢, is the astroid x*/3 + y*/3 = ¢¥/3,
11. Findtheenvelope ofthe system of concentric and coaxial ellipses of constant area.
(Gorakhpur 2005; Kanpur 10)
[Hint : Taking the common centre as origin and the common axes as coordinate
axes, let the equation of the family of ellipses be x2/a® + y*/b%>= 1. The area of
an ellipse is mwab. Since the ellipses are of constant area, so let ab = c2, where cis
a constant. Now find the envelope.]
12. Show that the envelope of the family of parabolas
/a)2+ (yb)12= 1,
under the condition ab= ¢2, is a hyperbola whose asymptotes coincide with the
axes. (Garhwal 2000)
13. A straight line of given length slides with its extremities on two fixed straight lines
at right angles. Find the envelope of the circle drawn on the sliding line as
diameter.
@nswe rs 2
1. 2+ )= d?2+ b*y.
7. (1) (- 1)— 2lercos®+ >= 0.
(i) r¥4= a¥*cos(306/4).
(iii) rcos"~ ' {8/(n— D} = a.
8. (i) rsino= ae(oc— T/2) cot o eecot o
(i) /(== gn/ (=1 cos (n6/(1- n)}.
(iii) r2— 2brcos0+ (b*>— a?) = 0.
9. (1) xn/(n+ 1)+ yn/(n+ 1) - Cn/(n+ 1).
(il) {(m + n)" T M xMyny /Mgt = Mt
(i) X2+ y2= 20 (iv) 2B+ 5= (v xy= A
11. 42y =~ 13. A circle.
12.8| Evolute of a Curve (Meerut 2012B)
We define the evolute of a curve as the locus of the centre of curvature for that
curve.

Evolute as the envelope of the normals : The centre of curvature of a curve for

a given point P on it is the limiting position of the intersection of the normal at P with
the normal at any other consecutive point Q as Q —P. Therefore by the definition of
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envelope, the envelope of the normals to a curve is the evolute of that curve. Hence,
the evolute of a curve is the envelope of the normals to that curve.

Theorem : The normal at any point of a curve is a tangent to its evolute touching
at the corresponding centre of curvature.

Proof : The co-ordinates (o, B) of the centre of curvature for any point P (x, y)
on the given curve are given bya= x— psiny;B= y+ pcosy.

Differentiating these with respect to x, we get

do dy
e 1 pcosq!d s1n\|!d
_ ds dx dy dp _
=1- d‘l—‘ ds dx sm\|!d sm\|!d ..(1)
ap_ & dy
and e de psmqld + cosq!d

dy gs dy dy dp
= — - — —_— _— — 2
dx ~ dy ds dx T cosy 4 d SV @
From (1) and (2), we have

dp _ 3
do= coty ...(3)

dap .
But £ is the slope of the tangent at

Q to the evolute and — cot y is the slope of
the normal PQ at P to the given curve. These
two slopes are equal, and Q is a common
point on both the lines. Hence the tangent
at Q to the evolute and the normal at Pto the
given curve coincide i.e., the normal at P to
the given curve touches its evolute at the
corresponding point.

12.9 Length of Arc of an Evolute

The difference between the radii of curvature at any two points of a curve is equal to
the length of the arc of the evolute between the two corresponding points.

Let C (o, B) be the centre of curvature of the point P (x,y) on the given curve.
Then CP= p.

Also o= x— psiny, ..(1) v 4

and B=y+ pcosy. .(2)

Let s be the arc length of the given curve
measured from some fixed point A on it to the
point (x,y) and s” the length of the evolute
measured from some fixed point B on it to the
point (o, ).

Differentiating both sides of (1) w.r.t. s’
we have

do_ dx_dp ;. cosy¥ O
ds ~ ds  ds YT PCOSVe
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= cos —@sin — pcos L [ dx_ cos dv_ l}
B v ds v=r v p Cods v ds P
= — (dp/ds) sin y. ...(3)
Differentiating both sides of (2), w.r.t. ’s’, we have
dap_ dy dp a4V
ds ds+ dscos\p psmqlds
= sin +@os — psin l ["@—sin}
TSIV gy oSV psImYE Cds v
dp
= — . ..(4
s COSV (4)

Squaring and adding (3) and (4), we get

& (3[4
Ve -2

Now s” denotes the arc length of the locus of the point (a, B). Regarding a, B as
the functions of the parameter s, we have

’ 2 2
& \/ dog ™ (dB (6)
ds ds ds
From (5) and (6), we have ds’/ds= dp/ds.
: ds’ = dp . (7)
Let Q,and Q, be the points on the evolute corresponding to the points

P, and P, on the given curve. Then integrating (7) between these points, we get

]2 [T

ie., (s"atQ,)— (s"atQ,)= (patP,) — (patP)
i.e., thearclength of the evolute from Q; to Q, = the difference between the radii of
curvature of the given curve at the points P; and P,.

I!!ustrative Examlales

Example 1 : Find the evolute of the parabola y* = 4ax.
(Kanpur 2006; Avadh 08; Meerut 12B; Purvanchal 14)
Solution : We know that the evolute of a curve is the envelope of the normals
to that curve.

Equation of any normal to the parabola y2 = 4daxis
y= mx— 2am — am?, (1)
where m is the parameter.
So the envelope of (1) is the evolute of y? = 4ax.
Differentiating (1) partially with respect to m , we get
0= x— 2a— 3am?

ie., m= {(x— 2a)/3a}'2.
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Substituting this value of m in (1), we get

_(x— 2a 1/2[x_ ra— a- X° 2a}
Y= 3a 3a

x— 2a)172 2 2(x- 2a)’?
- ( 3a ] (= 2a) 3= " 33e
Squaring, we get 27ay* = 4 (x— 2a)3, which is the required evolute.
Example 2 : Find the evolute of the hyperbola

x2/a®— y/b*= 1.
Soution : The given hyperbola is
x2/a® - /b2 = 1. (1)
The evolute of the hyperbola (1) is the envelope of the family of normals to the

hyperbola (1). The coordinates (x, y) of any point P on the hyperbola (1) may be taken
as

x= asecH,y= btan 0, where 0is the parameter.

We have dx/d0= asecOtan 0, dy/d0= bsec?9.
slope of the normal to the hyperbola (1) at the point (a sec 6, b tan 6)

_ _dx_  dx/d®
T dy dy/de
__asecbtan®  atan6
B b SCCZ 0 B bsecO
.. Equation of the normal to the hyperbola (1) at the point (a sec 0, b tan 0) is
atan©
y— btan6= — b sec B (x— asecH)
or axtan 0+ bysecO= (a2 + b%) secBtan O
or axcosO+ bycot®= a%+ b2 ..(2)

Now the evolute of the hyperbola (1) is the envelope of the family of straight lines
(2), where 0 is the parameter.

Differentiating (2) partially with respect to 0, we get

— axsin®— bycosec?20= 0

or axsin®= — bycosec? 8
1/3
or sinf0= - 2 or sing= - V.
ax (ax)1/3
) by)2/3
cos®= V(1 - sin?20) = ’\/{1— (
(ax)2/3
[(ax)2/3_ (by)2/3]1/2
- (ax)1/3
2/3 _ 2/311/2
and cotO= Cf)se: - [(a) (112) ! .
sin © (by)

Substituting the values of cos® and cot© in (2), the envelope of the family of
straight lines (2) is
- [(ax)2/3 _ (by)2/3]1/2 0 [(ax)2/3 _ (by)2/3]1/2 B

2, 32
a+ b
(a3 y (by) /3
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or (ax)2/3 [(ax)2/3_ (by)2/3]1/2_ (by)2/3 [(ax)2/3_ (by)2/3]1/2: a2+ bZ
or [(ax)2/3_ (by)2/3] [(ax)2/3_ (by)2/3]1/2: a2+ bZ

or [(ax)2/3_ (by)2/3]3/2: (a2+ bZ)

or (ax)2/3_ (by)2/3: (a2+ b2)2/3,

which is the required evolute of the hyperbola (1).

Example 3: Show that the whole length of the evolute of the ellipse
x2/a?+ /b2 = 1is4 (a®>/b- b%/a). (Lucknow 2009, 10; Meerut 13)
Solution : The given equation of the ellipse is x>/a® + y*/b*= 1. (1)

Now p at the point (a cost, bsin¢) of (1) = (a®sin2t+ b2 cos?t)32/ab.
[Refer the chapter on curvature]

But at the ends of major and minor axes ¢ is equal to 0 and Ly respectively.
2
p; = p at the end of major axis = (b®32/ab= b*/a
and P, = p at the end of minor axis = (@®3%/ab= a%/b.

Since the given ellipse is symmetrical about both the axes, therefore its evolute
must also be symmetrical about both the axes. Hence the whole length of the evolute
of the ellipse

= 4(p,— p)) = 4(a*>/b- b*/a).

12.10 | Evolute of Polar Curves

In the case of polar curves there is no standard method of finding the evolute of
a curve. However, if a curve is given in pedal form, we can easily find the pedal equation
of its evolute by the method given below.

Let the pedal equation of the given curve be

p=f(. (1)

Let C be the centre of curvature
corresponding to the point P on the
given curve.

Then PC= pand PCisnormal to
the given curve at the point P.
Corresponding to the point P on the
given curve the point on the evolute is
C. Since the evolute of a curve is the
envelope of the normals of that curve,
therefore the normal PC of the given
curve is tangent to the evolute at the
point C.

If OT is the perpendicular from
the pole O to the tangent to the given curve at the point P, then OT = p and OP= r.

Draw OM perpendicular from the pole O to the tangent PC to the evolute at the
point C.IfOC= r’ and OM = p’, then the relation between p” and r” will be the pedal
equation of the evolute.

From the A OPC, we have

0C?= OP?+ PC%- 20P.PCcosZ OPC
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ie., r’2= 1+ p?— 2rpsin ¢

ie., r'2=r+ p2- 2pp. [p=rsing]...(2)
Now OTPM is a rectangle and so MP= OT = p. From the right angled triangle
OMP, we have

OM?*= OP*- MP?

ie., pi=r2- pi ..(3)
Also p= r;i;. (%)

Eliminating r, p and p between the equations (1), (2), (3) and (4) , we get the pedal
equation of the evolute.

I!lustrative Examlales

Example1: Show thatthe evolute of an equiangular spiralis an equiangular spiral.
(Rohilkhand 2012B)

Solution : Let the pedal equation of the given equiangular spiral be

p= rsind. ..(1)
We have dp/dr= sin .
dr 1
=r,-=r: = . (2
p rdp r sin o rcosec ol 2)

Corresponding to the point ( p,r) on the given curve (1), let the point on the
evolute be (p’, r’), the co-ordinates in each case being expressed in pedal form.

Then r’2= 2+ p2— 2pp

= 2+ P cosec?ou— 2rcoseca. rsina,
[from (1) and (2)]

= P cosecla— = Fcot?a. ...(3)
Also  p2= - p’= P2 - Psin2a= Pcosfa ()

Dividing (4) by (3), we get

P'Z 7 cos? o .

27 Peta
. p’2= r’%sin?
Hence the locus of the point (p’, r’) is p= rsin . This is the pedal equation of

the evolute and is an equiangular spiral.

2q.

sin“oe or p'=r’sina.

Example 2 : Prove that the evolute of the cardioid r= a (1 + cos 0) is the cardioid
r= % a (1 — cos0), the pole of the latter equation being at the point (% a,0).
Solution : The given cardioid is
r=a(l+ cos9). (1)

Let O be the pole and OX the initial line. The cardioid (1) has been drawn in the
figure.
Take any point P (r, ) on the given cardioid (1). Also let O’ be the given point

(% a, 0) [this will be on the initial line because 6= 0].
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Let C be the centre of curvature of the curve (1) corresponding to the point P.
Then CP= p= radius of carvature of (1) at the point P.

We have to find the locus of the point C w.r.t. O as pole. Let O’C= r; and
Z CO’X = 0,.Draw CM and O’N perpendiculars from C and O’ respectively to OP.
Let us first find the value of p. Taking logarithm of both sides of (1), we get
logr= loga+ log(1+ cos0).

Differentiating w.r.t. ‘0’, we get

.1 1
— 2sin - =
S 2Gcosze

cotq)—ld—r— — sin©
~ rdd 1+ cos® 2cos2l g
2

_ _ I1g_ 1 1
= tanze— cot(2n+26).

1 1
0= ST+ 26.

Now p= rsin¢ = rsin(%n+ %6)= rcos%@.
From (1), r=2a 0032%62 2a(p/n2

the pedal equation of the curve (1) is
P = 2ap?. (2)
Differentiating (2) w.r.t. p’, we get
372 (dr/dp) = 4ap.

_ dr_dap_4a P [ 2_'3}
p= rdp_ 3r 3r[2a] ’ < from(2), p== 2a

_da( r V2 @{a(1+ cos@)}l/2

T 3 2a T3 2a

51 )12

4a 2a cos 56

T3 2a

_da Lo ..(3)
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Since ¢ = l7t+ l6,
2 2

Z CPM= _0.

1
2
CM—PCsian— sinle—iacoslesinle—zasine

- V=P 277 3 2 2773 ’
Also O'N = 00’ sin 0= %asine.

Thus CM = O’N and consequently O'NMC is a rectangle. Therefore O’C is
parallel to OP,

ie., 6,=6. (4
Now r=0C=NM= OP- ON- PM
= OP- 0O cosb— PCcos%G

2 4 1 1
=r— 3acose— 3acoszecosze

=a(l+ cosB) — zacosO— %a(1+ cos 0)

3
=%a(3+ 3c0s0— 2cosO— 2— 2cosb)
I P
—3a(1 cos 0)
1 .. _
= ya(l- cos®)). [ 6,= 6]

Evolute is the locus of the centre of curvature. Hence generalising
1
3
to O’ as pole.

r = ya(l— cos®),therequired equation of the evolute isr= %a (1 - cos0)referred

12.11 Involutes

Definition : Ifone curveisthe evolute of another, then the latteris called an involute
of the former. Thus a curve C, is an involute of a given curve C, if the curve C is the

evolute of C, .

Theorem : Every curve has an infinite number of involutes.
Let C be the given curve. Take an inextensible thin string and tie one end of this
string to a fixed point, say A, of the curve C and then wrap the string round the convex
side of C, keeping it taut all the while. Then any point on the string will describe an
involute of C, since at each instant the free part of the string is a tangent to C whereas
the direction of motion of the point on the
string is at right angles to this tangent i.e., this P
tangent is along the normal to the locus of that \
point on the string. In the figure the locus of Cz\‘\
the point P; on the string is the curve C; which A \P5
1
/

P

G

1 P
is an involute of C and the locus of the point i )
P," on the stringis the curve C, which is also an c |
involute of C. Similarly by taking some other P3
point on the string we may obtain some other Py
involute of C.

Since P,P,/= P,P, = PyPy' = P,P, Py
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etc., therefore the curves C; and C, are at a constant distance along their common

normal at their corresponding points. We have thus shown that there are an infinite
number of involutes to the given curve C and all of them form a system of parallel curves.

@mprehensive Exercise 3

1. Show that the equation of the normal to the ellipse x2/a? + y>/b%= 1 at the point
(a cos 6, bsin 0) is
ax by -,
cos® sin®
Hence find the evolute of the above ellipse. (Avadh 2006, 10)

- b2,

Find the equation of the evolute of the parabola y> = 2px.
Show that the evolute of the tractrix
x= a(cost+ logtan%t), y= asint,
is the catenary y= a cosh (x/a).
4. Prove that the evolute of the hyperbola 2xy= a? is
(x+ 93— (x— »¥3= 2423,

5. Prove that the evolute of the ellipse xX2/a% + y2/b* = listhe envelope ofthe family
of ellipses given by
a’ 2 sect a+ b2y2 cosect o= (a2 - bz)z,
abeing the variable parameter.
Find the evolute of the curve x2/3 + y*3 = 42/3.
Show that the evolute of the curve whose pedal equation is 2 — a%= mp? is the
curve whose pedal equation is 2 — (1 — m) a®= mp>.

8. Prove that normals to a given curve are always tangent lines to its evolute.

@nswers 3

L (an)?3+ (by?3 = (a®- bH?3. 2. 27py*= 8(x- p)°.

6. (x+ y)2/3+ (x_ y)2/3: 2612/3.

@jective Type @Questions

Fill in the Blanks:
Fill in the blanks “...... 7 so that the following statements are complete and correct.
1. The equation of the envelope of the family of curves F (x,y, &) = 0 where o is the
parameter, is obtained by eliminating abetween the equations F (x,y, ) = Oand
JF (x,y,0) _
a(x T eeeees .
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2. The envelope of the family of curves Ao?+ Ba+ C= 0, where A, B, C are
functions of x and yis ...... .
3. The envelope of the family of curves x2 + t2y= a, the parameter being ¢ is ... .
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
4. The envelope of the family of straight lines y= mx+ a/m, the parameter being
m is
(a) y= 4dax (b) ¥* = 4ax (¢) Y=ax (d) y=2ax
5. The envelope of the family of straight lines (x/a) cos0+ (y/b)sin®= 1, the
parameter being 0 is
(a) %Jr %: 1 (b)%+ fz: 2 ()2 + y¥=a’+ b2 (d) a®+ b1y = 0.
a b a b
6. The envelope of the straight line y= m2x+ 1/m?, the parameter being m is
(a) y*= 4dmx (b) y¥* = 2mx (¢) Y=4x (d) y+ x= m.
7. The envelope of the family of curves Ao?+ Ba+ C= 0, where A,B, C are
functions of x, yand ot is a parameter is (Garhwal 2002)
(a) A%= 4BC (b) B2= 4AC (c)A%2+ 4BC= 0 (d) A>- BC=0
8. The locus of the centres of curvatures of all points of a given plane curve is called
(a) radius of curvature (b) envelope
(c) evolute (d) normal (Kumaun 2008)
True or False:
Write ‘T’ for true and ‘F’ for false statement.
9. In general,the envelope of a family of curves touches each curve of the family and
at each point is touched by some member of the family.
10. The envelope of x2sin a+ y? coso.= a2, the parameter being ot is x2 + y* = a2
11. The evolute of a curve is the envelope of the tangents of that curve.
12. Ifone curve is the evolute of another, then the latter is called an involute of the
former.
13. The evolute of an equiangular spiral is not an equiangular spiral.
@DSWC Irs
1. o. 2. B2=4AcC. 3. X*+4ay=0
4. (b). 5. (a). 6. (c).
7. (b). 8. (o). 9. T.
10. F. 11. F. 12. T.
13. F.




Asymptotes

13.1| Asymptote

Suppose a curve is not limited in extent i.e. it has some branch or branches which
extend to infinity. Parabola and Hyperbola are familiar curves of this type. Take a point
on an infinite branch of such a curve and draw a tangent to the curve at this point. If
the distance of the point of contact from the origin tends to infinity, the tangent itself,
may or may not tend to a definite straight line. In case the tangent tends to a definite
straight line, at a finite distance from the origin, it is called an asymptote of the curve.
Thus we can define the asymptote of a curve as follows.

Definition : A straight line at a finite distance from the origin to which a tangent
to a curve tends, as the distance from the origin of the point of contact tends to infinity, is
called an asymptote of the curve. (Kanpur 2005, 07, 14; Kashi 11)

The curve approaches the asymptote :

Roughlyspeaking an asymptote is a tangent with its point Y
of contact at a great distance from the origin. Therefore, when
apoint Pon a curve tends to infinity, its perpendicular distance
from the corresponding asymptote tends to zero. This property P
of an asymptote enables us to draw more accurately those
curves which have asymptotes. We draw the asymptotes first,
and then the curve, making its branches approach the
corresponding asymptotes. 0 X
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Branch of a Curve : Suppose the equation of the curve is such that y has two or
more values for every value of x. Corresponding to these distinct values of y we shall get
different branches of the curve. It is just possible, that each branch may have its own
separate asymptote. Therefore a curve may have more than one asymptote.

13.2 Determination of Asymptotes

Let the equation of the curve be f(x,y) = 0. (1)

We shall here consider the case of only those asymptotes which are not parallel
to y-axis. We know that the equation of a straight line which is not parallel to y-axis is
of the form

y= mx+ c. ...(2)

The abscissa, x, must tend to infinity as the point P (x, y) on the curve (1) tends to
infinity along the line (2).

The equation of the tangent to the curve (1) at the point P (x, y) is

ol Dy _dy _odyy)

Y- y= dx(X x), or Y= dxX+ (y xdx ...(3)
dy _dy

As  x—oo, e and y X

must both tend to finite limits, in order that an asymptote might exist.
Suppose the tangent (3) tends to the straight line (2) as x »>o. Then (2) is an
asymptote of the curve (1). Also we have

_ Lim dy d _ Lim dy
M=y e s an €= xS | YT X 4]
dy
. y—x
. e d
Since c is finite, therefore xlinolo 7)6: 0
. Lim (y dy)_ . Lim Y  Lim dy_
ie., P i b 0 ie., X [T x—eo g T
Lim y Lim dy
Therefi o T = o =
erefore y 500 1= x oo )
Lim dy Lim . Lim dy
Also €= y 5o (y— xdx]: X —oo (y— mx), since x_yx,gcz m
Hence, if y= mx+ cis an asymptote to the curve f(x,y) = O,
Lim Yy Lim

m= x_>(x,;andc= X —oo (Y= mx).

13.3 The Asymptotes of the General Rational Algebraic Curve

Let the equation to the curve be
{agy™ + a;y"~ !
+ {byy" " 1+ byy"

+ {72+ L+ =0, (D)

X+ a)y"~ 22+ L+ a,_ 1 yx"" Ly a,x"}

2 -2 -1
X+ .o+ b,_qyx"Tc+ b, x"" 7}
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or X0, (W) + x" " Lo, (W) X" 20, 5 (W)t
X0, @+ %(i): 0, ..(2)

where ¢r()yc] is a polynomial in ;yc of degree r.
Dividing (2) by x", we get
1 1
0p (/04 [0, /D 50, z(y)Jr ......

X

xnl_ 0 @Jr xln%@: 0. ..(3)

Excluding at present the case of asymptotes parallel to the y-axis (i.e. excluding

the case in which i“i‘;m (»/x) is equal to ), (3) gives, on taking limits as x —oo, the

equation
0, (m)= 0, (4)
where m= xlin; (}yc) = slope of an asymptote.

The equation (4) is, in general, of degree n in m. Solving this equation, we shall
get the slopes of the asymptotes. This equation will give us n values of m, corresponding
to the n branches of the curve (1). However, some of the values of m may be equal, and
this will be the case of parallel asymptotes. Since we are concerned only with real
asymptotes, therefore we shall reject the imaginary roots of (4) if there are any.

Now if y= mx+ cis an asymptote of (1), then we know that corresponding to a
specified value of m, we have

Lim
€= y 500 (y— mx).

Therefore to determine the value of ¢ corresponding to the value of m, we put
y— mx= pin the equation of the curve, where p is a variable which —>c asx —co.

So putting y= mx+ pi.e.,

Y m + Ein (2), we get
X X

x”q)n(m-i- I;C)-i- xn- 1¢n_ l(m-i- I;C)-i- x"—2¢n_2(m+ p)-i—

X
14 14
ot + — |+ + —{= 0
x0, (m x) oo (m x) 0 (5)
Expanding each term of (5) by Taylor’s theorem, we get

n P, p
X [q)n(m)-i- xq)n (m)+x22!¢" (m) + }

+ XN l[q)n_ L (m) + %q)'n_ L (m) + }

+x”_2[¢n_2(m)+ Lo+ }+ ...... = 0. ..(6)
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Arranging terms in (6) according to descending powers of x, we get
X9, (m) + X"~ L po,” (m)+ ¢,y (m)]
p? p
+ xn7 2 5100 m)+ 0 )+ () [+ =0. ...(7)
Putting ¢, (m) = 0 in (7) and then dividing by x" ~ I we get

[po, (m)+ ¢,_(m)]

2
n l[g' nu (m) + % ’n— l(m)+ ¢n— 2(}fn):| + ...= 0. ...(8)

T . li
Taking limit as x o0 and remembering that xi‘; p= c, we get

co, (m)y+ ¢,_(m)=0, ...(9)

which determines one value of ¢ for each value of m found from (4).

The asymptotes are then given by y= mx+ ¢, where m is a root of (4) and the
corresponding c is obtained from (9).

Important : The polynomial ¢, (m) is easily obtained by putting y= m and

x= 1in x" ¢, (y/x) i.e. the n degree terms in the equation of the curve. Similarly to
obtain ¢, _ | (m), we should put y= m and x= 1 in the (n - 1) degree terms in the
equation of the curve. In general, to obtain ¢, (mm), we should put y= m and x= 1in the

7" degree terms in the equation of the curve.

I!lustrative Examlales

2 bZ
Example 1: Find the asymptotes of the curve a; - ? =1

(Bundelkhand 2006; Agra 07, 08; Kashi 14)
Solution : The equation of the curve can be written as

a2y - b=y or 2y -a’y+ b a2=0.

Since the curve isof degree 4, therefore it cannot have more than four asymptotes.

Equating to zero the coefficient of the highest power of y (i.e. of y?), the
asymptotes parallel to y-axis are given by x> — a2= Qi.e. x= *+ a.

Also equating to zero the coefficient of the highest power of x (i.e. of x2), the
asymptotes parallel to x-axis are given by y*+ b*= 0, which gives two imaginary
asymptotes.

Thus all the four possible asymptotes of the curve have been found and the only
real asymptotes are x= * q.

Example 2 : Find the asymptotes of the curve y* (a> — x%) = x*. (Meerut 2010)

Solution : The equation of the curve is > x2 + x* — aZy*= 0.

Since the curve isof degree 4, therefore it cannot have more than four asymptotes.

Equating to zero the coefficient of the highest power of y (i.e., of y?) the
asymptotes parallel to y-axis are given by x> — a?= Qi.e. x= *+ a.

The coefficient of the highest power x* of x is merely a constant. Hence there is
no asymptote parallel to x-axis.
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To find the remaining oblique asymptotes, we put y= m and x= 1 in the highest

i.e. four degree terms and we get ¢, (m) = m2+ 1.

The roots of the equation ¢, (m)= 0 are imaginary and consequently the

corresponding asymptotes are imaginary.

Hence the onlyreal asymptotes of the curve are x= * a.

@mprehensive Exercise 1

Find all the asymptotes of the following curves:

1. a%/2+ bz/yzz 1. (Meerut 2007B; Purvanchal 14)
2. Y- dd)=nx (Rohilkhand 2014)
3. %= 4d* (2a- x).
4. 2y = a2 (2+ ). (Bundelkhand 2001, 05, 08)
5. Y (2- a2 = 22— 4d). (Meerut 2003, 06; Agra 05; Rohilkhand 05, 06)
6. x2/a%- y/b%= 1. (Gorakhpur 2005; Bundelkhand 11)
7. 2y — x2y— x*+ x+ y+ 1= 0. (Meerut 2007)
8. Find the asymptotes parallel to the axes of the curve

Py —x2—yY—x—y+ 1=0. (Bundelkhand 2001)
9. Find the asymptotes of the curve

xzyz— a? (x2+ yz)— a’ (x+ y+ a*= 0. (Meerut 2001)

Answers 1
1. x==*a,y= 1 b.
2. x==%a,y=0.
3. x=0.
4. x=* a,y=* a.
5. x=tfay=1=x
Y_ 4+ X,

6. b ~a
7. y=0,y=1,x=0,x=1
8. x==%1,y=1%1 9. x=*a,y=*=*a

13.4 Asymptotes Might Not Exist

If one or more values of m obtained from ¢, (m) = 0 are such that they make

¢n' (m) = 0, but do not make ¢, _ | (m) zero, then the equation for determining the

corresponding values of ¢ becomes

0.c+¢,_,0m)=0.

From this equation we get c= + oo or — oo and this corresponds to the case when

the tangent goes farther and farther away from the origin as x —oo. Corresponding to
such values of m, we shall get no asymptotes.
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13.5 Two Parallel Asymptotes

Suppose the equation (iv) ie. ¢, (m) = 0 of § 3 gives us two equal values of m.
This repeated value of m will make ¢n' (m) = 0. In case it does not make ¢, _ | (m)

equal to zero, the asymptotes corresponding to it will not exist. If it also makes
0, _ | (m) equal to zero, the equation from which cis usually determined reduces to the

identity 0.c+0=0,
and we cannot find the value of ¢ in this way. To derermine c in this case, we put

0, (m)=90,_,(m)=0

in equation (vii) of § 3 and we get

2
X" 2[12)!4’"” (m) + % o (m)+ 0, _ z(m)}
3 2
- 3[2’!%"' (m) + Iziy v (m)+ l%q)'n_ S(m)+ 0, 3(m)} + o, = 0.

o _ . o . Li
Dividing by x”~ 2, taking limits as x —co and remembering that x_l>nol<, p=c

we get
cz ’r c ’
a1 , (m) + 119 1(m)+ 0, _,(@m)=0.
This equation is quadratic in c¢. It will give us two values of ¢, say ¢; and ¢,

corresponding to that repeated value of m. The two corresponding asymptotes will be
y= mx+ c;and y= mx+ c,, which are obviously parallel.

13.6 Three Parallel Asymptotes

If the equation ¢, (m) = 0 gives us three equal values of m, then this repeated
value of m will make ¢’, (m) and ¢’’, (m) equal to zero. For the existence of
corresponding asymptotes it must make ¢, _ ; (m) equal to zero. If it also makes
¢’,_ 1 (m) and 0, _ , (m) equal to zero, then the equation to determine ¢ reduces to
the identity

0.2+ 0.c+ 0= 0,
and we shall not be able to find the value of c in this way.

So putting each of ¢,(m),¢’, (m),0”, (m), ¢,_(m), ¢’,_ (m) and
¢, _ o (m) equal to zero in equation (vii) of § 3 and dividing by x" ~ 3 and taking limit
as x —oo, we get

’’

3 2
[4 rr7 4 4 ’
310 (m)+*2! *1!¢,,_2(m)+¢,,_3(m)=0-

This equation will give us three values of ¢ corresponding to that repeated value
of m and accordingly we shall get three parallel asymptotes.

n-— l(m)+

In a similar way we can discuss the case of more than three parallel asymptotes.
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13.7 Asymptotes Parallel to the Co-ordinate Axes

(i) Asymptotes parallel to y-axis :

Letx= kbe an asymptote parallel to y-axis of the curve
f(x,y) = 0. In this case, y, alone tends to infinity as a point |
P (x,y) on the curve tends to infinity along the line x= k. Also M

k= ylL)m(x, x, where (x, y) lies on the curve. i

Therefore to find the asymptotes parallel to y-axis, we :

find the definite value or values k, k, etc. to which x tends as :

0
y tends to infinity.

Then the lines x= k;,x= k,, etc. are the required asymptotes.

Asymptotes parallel to y-axis of a rational algebraic curve. Let the equation of
the curve, when arranged in descending powers of y, be

YO @+ Yo )+ YT 20, (0 + .= 0, (1)
where ¢ (x), ¢ (%), 0, (x) etc. are polynomials in x.

Dividing the equation (1) by y™, we obtain
1 1
o (%) + ;¢1(x)+ -0, () + ...= 0. ..(2)

Ifx= kisan asymptote parallel to y-axisof (1),thenk = ;‘ﬂm x. Therefore taking

limit of (2) as y > and remembering that x >k as y —oo, we get ¢ (k) = 0.
Therefore k is a root of the equation ¢ (x) = O.
Ifky, k, etc., be the roots of ¢ (x) = 0, then the asymptotes of (1) parallel to y-axis

are x= k;,x= k,, etc.
From algebra, we knowthat if k; isaroot of ¢ (x) = 0, then x— k, must be a factor

of ¢ (x). Also ¢ (x) is the coefficient of the highest power of yi.e. y"* in the equation of
the curve. Hence we have the following simple rule :

The asymptotes parallel to the axis of yare obtained by equating to zero the coefficient
of the highest power of y in the equation of the curve. In case the coefficient of the highest
power of y, is a constant or if its linear factors are all imaginary, there will be no
asymptotes parallel to y-axis.

(ii) Asymptotes parallel to x-axis : Proceeding as above, we have the following
rule for finding asymptotes parallel to x-axis of a rational algebraic curve :

The asymptotes parallel to the axis of x are obtained by equating to zero the
co-efficient of the highest power of x, in the equation of the curve. In case the coefficient
of highest power of x, is a constant or if its factors are all imaginary, there will be no
asymptotes parallel to x-axis.

13.8 Total Number of Asymptotes of a Curve

The number of asymptotes, real or imaginary, of an algebraic curve of the n'* degree
cannot exceed n.

The slopes of the asymptotes which are not parallel to y-axis are given as the roots
of the equation ¢, (m) = 0 which is of degree n at the most. If the equation of the curve
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possesses some asymptotes parallel to y-axis, then we can easily see that the degree of
¢, (m) = 0 will be smaller than n by at least the same number. In general one value of

m gives only one value of c¢. In case the equation for determining c is a quadratic, the
equation ¢, (m) = 0 has two equal roots. Similarly if the equation for determining c is

cubic, the equation ¢, (m) = 0 has three equal roots.

Hence a curve of degree n cannot have more than n asymptotes. But the number of
real asymptotes can be less than n. Some roots of the equation ¢, (m) = 0 may come

out to be imaginary or even corresponding to a real value of m the value of c may come
out to be infinite.

13.9 Working Rule for Finding the Asymptotes of Rational
Algebraic Curves

(i) A curve of degree n cannot have more than n asymptotes real or imaginary.

(ii) Equating to zero the coefficient of the highest power of yin the equation of
the curve, we get asymptotes parallel to y-axis. Similarly equating to zero the coefficient
of the highest power of x in the equation of the curve, we get asymptotes parallel to
X-axis.

If y= mx+ cisan asymptote not parallel to y-axis, then the values of m and c are
found as follows :

(iii) Putting y= m and x= 1 in the highest i.e. nth degree terms in the equation
of the curve, we get ¢, (m). Solving the equation ¢, (m) = 0, we get the slopes of the

asymptotes. If some values of m are imaginary, we reject them.
(iv) Corresponding to a value of m, the value of ¢ is given by the equation
cd’, (m)+ ¢,_,(m)=0,
where ¢, _ | (m) is obtained by puttingy= m and x= 1in the (n - 1) degree terms in
the equation of the curve. The asymptotes corresponding to m = 0 are already found in
(ii). So we need not find the value of ¢ corresponding to m = 0.
(v) If corresponding to two equal values of m, the equation for determining c,
given in (iv) reduces to the identity 0.c+ 0= 0, then the values of c are given by
2
’7’ c ’
2107 m)+ 5107, )+ 0, 5 (m)= 0.

(vi) Similarly, if three values of m are equal and the equation for determining c,
given in (v), reduces to the identity0.c2+ 0.c+ 0= 0, then the corresponding values
of ¢ are given by

I
3!

2
r’7’ c 77 C
07, (m) + 5707, (m)+ 7

21 0", 5 (m)+ ¢, _ 5 (m)=0.

Illustrative Examlales

Example 1: Find the asymptotes of the curve y* = 4x.
(Meerut 2010B; Kumaun 08)

Solution : The equation of the curve is y* — 4x= 0.
Putting y= m and x= 1 in the highest i.e. 2nd degree terms, we get ¢, (m) = m2.
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Solving the equation ¢, (m) = O i.e. m?= 0, we get m = 0,0.

Also putting y= m and x= 1 in the first degree terms, we get ¢, (m) = — 4.

Now c is given by the equation ¢¢’, (m) + ¢, (m) = Oi.e. 2mc— 4= 0.

If we put m = 01in this equation, we get ¢ = . Hence no asymptote exists.

Example 2 :  Find the asymptotes of the curve x> + y> — 3axy= 0. (Agra 2005;
Bundelkhand 09; Meerut 12; Kashi 12; Avadh 13; Rohilkhand 14)

Solution : Obviously there are no asymptotes parallel to the co-ordinate axes.

Putting y= m and x= 1 in the highest i.e. third degree terms in the equation of
the curve, we get o5 (m) = 1+ m3.

Solving the equation ¢4 (m) = 0,

i.e. 1+ m¥)=0, ie (m+ 1)(m?>-m+ 1)=0,
we get m = — 1 asthe onlyreal root.

The other two roots are imaginary.
Again putting y= m and x= 1 in the second degree terms in the equation of the
curve, we get ¢, (m) = — 3am.

Now c is given bycq)'3 (m)+ ¢, (m)= 0, ie c (3m2) — 3am = 0.

Puttingm = — 1, we get c= — a.
Hence the onlyreal asymptote of the curve is
y=—x—a or y+ x+a=0.

Example 3 : Find all the asymptotes of the curve
380+ 222 y— T2+ 2y — ldxy+ 7y2 + 4x+ 5y= 0.
Solution : Obviously there are no asymptotes parallel to the coordinate axes.
Putting y= m and x= 1 in the highest i.e. third degree terms in the equation of
the curve, we get

05 (m)= 3+ 2m— Tm?+ 2m>.
The slopes of the asymptotes are given by
05 (m)=2m3— Tm?+ 2m+ 3= 0, or (m— 1)(2m+ 1) (m— 3)= 0.

_ _ 1
m= 1,3, 5

Again putting y= m and x= 1 in the next highest i.e. second degree terms in the
equation of the curve, we get ¢, (m) = — 14m + Tm?.

Now c is given by c 05" (m) + ¢, (m) = 0,
ie., c(6m?— 14m + 2) + (Tm? - 14m) = 0.

Whenm= 1,c= — 7/6; whenm = 3,¢c= — 3/2and when m = — c=— 5/6.

l 9
2
.. The required asymptotes are y= x— 7/6 ;y= 3x— 3/2and y= — %x— 5/6

ie., 6y— 6x+ 7= 0;2y— 6x+ 3= 0Oand2y+ x+ 5/3= 0.
Example 4 : Find all the asymptotes of the curve
PP 2yt B+ 2o P 1= 0.
Solution : Putting y= m and x= 1 in the highest ie. third degree terms of the
equation of the curve, we get ¢4 (m) = m3— m?— m+ 1.
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The slopes of the asymptotes are given by
O3(m)=m3—m?>—=m+ 1=0 or (m- 1)>(m+ 1)=0.
m=1,1,— 1.
Now putting y= m and x= 1 in the next highest i.e. second degree terms, we get
0, (m)=1- m2
To determine ¢, we have c¢’5 (m) + ¢, (m)= 0,
i.e. c(Bm?=2m— 1)+ (1- m?)= 0. (1)
When m = — 1, we have c= 0 and the corresponding asymptote isy= — x+ 0
ie. y+ x= 0.
When m = 1, the equation (1) reduces to the identityc.0+ 0= 0and we cannot
determine c from it. In this case c is to be determined from the equation

CZ ’’ c ’
bYI 3(m)+1j¢2(m)+ ¢, (m)=0.
Putting y= m and x= 1 in the first degree terms in the equation of the curve, we

get ¢, (m) = 0, since there are no first degree terms.
Hence for m = 1, cis to be given by,

2
%(6m—2)+ c(=2m)=0 ie GBm- 1)c2— 2mec= 0.

For m = 1, this becomes 2¢2— 2¢= 0ie c= 0and 1.
Hence y= x+ 1 and y= x+ 0 are two parallel asymptotes corresponding to the

slope m = 1.
.. The required asymptotes are y+ x= 0,y— x= 0,y— x— 1= 0.
Example 5 : Find all the asymptotes of the curve
(x+ y)2 (x+ 2y+ 2)= x+ 9y+ 2. (Meerut 2011)

Solution : The equation of the curve can be written as

(x+ )2 (x+ 20+ 2(x+ »)?— (x+ 9) — 2= 0.
Here  ¢5(m)= (1+ m)?(1+ 2m).
The slopes of the asymptotes are given by

05 (m)= (1+ m)>(1+ 2m) = 0.

m=—1,-1,-
Also ¢, (m)=2(1+ m)>.

To determine ¢, we have c 5 (m) + ¢, (m)= 0,

ie. c{2(0+m)(1+2m)+ 2(1+ m)2}+ 2(1+ m)%= 0. (D
When m = — %»we have c= — 1 and the corresponding asymptote is
y= — %x— 1 ie. 2y+ x+ 2= 0.
Whenm = — 1,the equation (i) reducesto the identityc .0+ 0= Oand we cannot

determine ¢ from it. In this case c is to be determined from the equation

2
271073 (m)+ 507 (m) + ¢y (m) = 0.
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Now ¢, (m)= — (1+ 9m).
Hence for m = — 1, cis given by

2
%{2(1+ 2m)+ 4(1+ m)+ 4(1+ m))

+c{4(l+ m)}— (1+9m)=20
ie. (6m + 5)c2+ 4(1+ m)c— (1+ 9m)= 0.
For m = — 1, this becomes — 2+ 8= 0, ie.c= = 242,
Hence y= — x+ 22 and y=— x— 22 are two parallel asymptotes
corresponding to the slope m = — 1.
. The required asymptotes are 2y+ x+ 2= Oand x+ y=* 2V2= 0.

Example 6 :  Find the asymptotes of the curve x> + 2x2 y+ x> — x> — xy+ 2= 0.
(Meerut 2002; Kashi 12)
Solution : The given curve is of degree 3. So it cannot have more than three
asymptotes.
Equating to zero the coefficient of the highest power of y (i.e., of y?), we get
x= 0 as an asymptote parallel to y-axis. Also there is no asymptote parallel to x-axis

because the coefficient of x2 is merely a constant.

Now we proceed to find the remaining oblique asymptotes.

Putting y= m and x= 1 in the third degree and second degree terms separately,
we get

03 (m)= 1+ 2m+ m% and ¢, (m)= — 1 - m.
The slopes of the asymptotes are given by the equation
05 (m)=0ie, 1+ 2m+ m>= Oie, (1+ m)>= 0.
. m=—1,— 1.
To determine ¢, we have the equation
c¢3' (m)+ ¢0,(m)=0 e, c(2+2m)—1-m=0. (D

Form = — 1,the equation (1) reduces to the identityc.0+ 0= 0and thus it fails
to give c. In this case c is to be determined by the equation

o, c .,
2j¢g (m) + T!q)z (m)+ ¢, (m)=0.

Now¢3”" (m)= 2,0, (m)= — 1,and ¢, (m) = Obecause there are no first degree
terms in the equation of the curve. So for m = — 1, cis to be given by

%cz.(2)+ c.(=1)+0=0 ie, 2—¢c=0 ie, c(c— 1)=0.

c=0,1.
Hence y= — x+ Oand y= — x+ 1 are two parallel asymptotes corresponding to
the slope m = — 1.
the required asymptotes are x= 0,x+ y= Oandx+ y— 1= 0.

@)mprehensive Exercise 2

Find all the asymptotes of the following curves :
1. B+ 22y- 02— 2%+ 42+ 2xy+ y— 1= 0.
2. 28— X2y— 207+ ¥ — 4%+ 8xy— 4x+ 1= 0.
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3. 2+ 22y- x— 2@+ xy— ¥¥— 1= 0. (Bundelkhand 2006)

4. Xy+ 0P+ ay+ ¥+ 3x=0

5. Y- 502+ 8x2y— 4xX0— 3%+ 9xy— 642+ 2y— 2x+ 1= 0.

6. 2x(y— 3)%2=3y(x— 12

7. Y (x- 2a)= X - a’. (Bundelkhand 2008)

8. Y- 2y%x— w2+ 285+ yP— 6xy+ 5x%2— 2y+ 2x+ 1= 0.

9. (22— ¥)2- 4+ y=0. (Kanpur 2007)
10. 2+ 2y-x?— Y- 3x—y-1=0. (Meerut 2001, 04, 06B; Gorakhpur 06)
1. 2y + B3y =5+, (Rohilkhand 2007)
12. 32— 229+ x2+ - xy+ 2= 0. (Kanpur 2014)
13. 32— 529+ 82— 43+ 2= 3xy+ 2 - 1= 0.

14. (2x— 3y+ 12 (x+ y)= 8x— 2y+ 9.
@nswers 2

1. y=x+ l,y= - x+ landx+ 2y= 0.

2. y=—x+ 2,y=x+ 2,y= 2x— 4.

3. 2y+x=1,y=xy+ x+ 1=0.

4, x=-1,y=0,x+ y= 0.

5. y=xy=2x+ 2,y= 2x+ 1.

6. x=0,y=0,2y= 3x+ 6.

7. x=2a,y=x+ a,y=— x— a.

8. y=xy=2x+ l,y=— x— 2.

9. x+y==%landx— y==* 1.

10. y=xy=-x+ 1,y=—-x— L.
11. y==% LLx==% 1,y= - x
12. x=0,y=x,y=x+ 1.
13. y—x=0,2y— x=0,2y— x— 1= 0.
14. y+ x=0,3y— 2x— 3= 0,3y— 2x+ 1= 0.
13.10 Asymptotes by Expansion (Kumaun 2008)

To show that y= mx+ cis an asymptote of the curve

= mx+ c+ é+ £+ Q
g 2t A7
. A C
Let the equation of the curve be y= mx+ c+ *+ ;+ ; (1)
A C . -

where the series *+ ;+ ;+ ...... is convergent for sufficiently large values of x.

Differentiating (1), we have

dy A 2B

- " 2T 87
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.. The equation of the tangent to (1) at (x, y) is

Y- y= (m— ; 2 ) X-x

or Y= (m—jz—zxf—...)X+ y— (m—?z—zxf— )x
or Y= [m—?z—zxf—...)X-i- c+ %4— 3;B+..., ...(2)

substituting the value of yfrom (1). Suppose now x —oo. The equation (2) then tends to

the equation Y= mX + c.
Hence y= mx+ cis the asymptote of the curve

y=mx+ c+ A, B, CL ..
et et

Example : Find the asymptotes of the hyperbola ﬁz - =5=1
a

Solution : The equation of the hyperbola can be written as

2 b*
Zzzzaz—l, or yzzﬁ(xz—az)
b? a? b a2\"?
or == x2|1-|" or =+ —x|1-—
rs e [ 2 T [ 2
b 1> 14
=+ —x{l—- -—&— —-—+ ...p
o mabfiotgore )
Hence by article 13.10, the asymptotes of the curve are y= =+ Sx.

13.11 | Alternative Methods of Finding Asymptotes of Algebraic
Curves

Theorem : The asymptotes of an algebraic curve are parallel to the lines obtained
by equating to zero the linear factors of the highest degree terms in its equation.
Let the equation of the curve be of degree n. Let y— m | x be a factor of the nth

degree terms in the equation of the curve. Then obviously (m — m ) is a factor of
¢, (m). Therefore m, is a root of the equation ¢, (m)= 0 and there is an asymptote
parallel to the line y— m,;x= 0.

Conversely let m; be a root of the equation ¢, (m) = 0, so that there is an
asymptote parallel to the line y— m; x= 0. In this case m — m| must be a factor of
¢, (m). Therefore (y/x— m,) must be a factor of ¢, (y/x). Hence (y— m; x) must be a
factor of x" ¢, (y/x) i.e. the highest degree terms in the equation of the curve.

If the highest degree terms contain, x, as a factor, then after a little consideration
it will be obvious that the curve will possess asymptotes parallel to x= 0 i.e. y-axis.
Hence the theorem.



D-276 Krisdwa’s DIFFERENTIAL CALCULUS

We know that if y= mx+ cis an oblique asymptote of the curve f(x,y) = 0, then
m = E;T;X, Y and c= E;ﬂ‘(x, V/x—m (y— mx). These facts together with the above
x 9
theorem enable us to find the asymptotes of algebraic curves very easily. The first step
for this purpose is that we should collect the highest degree terms in the equation of
the curve and resolve them into real linear factors. Then the following different cases
may arise :
Casel: Lety— m,xbeanon-repeated factor of the highest i.e. n'" degree terms
in the equation of the curve. Then the equation to the curve can be written as
(y—mx)F,_ 1+ P,_ =0, (1)
where F,_, contains only terms of degree n — 1, and P,_ contains terms of various
degrees, none of which is of a degree higher than n— 1.
Obviously y— m,x= c,where cisto be determined, is an asymptote of the curve.
Lim .
Now c= x o0, y/Xx—>m, (y— mx) where (x,y) lies on (1).

P, _
But when (x,y) lieson (1), y— m  x= — n- 1
Fn—l
Li}n - Pn—l
C= x—oo,y/x—>my| |"
Y ! Fn—l
Lim - Pn— 11.
Hence y— m x= x o0, y/Xx—>m, 7 is an asymptote of the curve.
n—1

Thus dividing (1) by F,,_ ; and taking limit as x —e0, y/x —m; we shall get an

asymptote of (1). Similarly we can find asymptotes correspondingto other non-repeated
linear factors.
Example : Find all the asymptotes of the curve

(2= ) (x+ 29+ D)+ x+ y+ 1= 0.
Solution : The equation of the curve can be written as
=P+ 20+ (2= )+ x+ y+ 1=0

or (=) (x+ ) (x+ )= (=) - x=y- L
The slope of the asymptote corresponding to the factor x— yis 1. Hence the
asymptote corresponding to this factor is

Lim (P- ) - x—y-1

X—y= x—>tx>,y/x—>1 ()C+ y)(x+ 2y)

o)1yt
_ Lim 2 xoxx 22

= x>0, y/x—>1
(1 + y)(l + 2y)
X

X

on dividing the numerator and denominator by x*

- a=n _0_,
S+ nH@a+2 6
i.e, x— y= 0isone asymptote of the curve.

Second asymptote corresponding to the factor x+ yis
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Lim (yz—xz)—x— y—1

TEYT xoe yaom 1) ak 2y)

o lotoy 11
Lim o xoxox 2
T X, y/x—— 1
-l
- d=n_ _
1+ 1)((1-2)
i.,e. x4+ y= 0Oisanother asymptote of the curve.
The third asymptote of the curve is
) Lim 1 (* - x%) + termsofdegree lower than 2
+ 2y= oo _ 1
X V= x oo, y/x—>— (= ) (x+ )
Lim 1 (/x> = 1) + termswhich —0
1
I
_ (4 Al
- 1 1\~ 3~ "
o=z 4

Therefore x+ 2y+ 1= 0is the third asymptote of the curve.

Important : It should be noted that while taking limit we should reject all the
terms in the numerator whose degree is lower than the degree of denominator. All such
terms will tend to zero as x —eo.

CaselIl: If(y- m, x)%is a factor of the n'” degree terms but (y— m; x)isnota
factor of the (n — 1)’h degree terms, then ¢n' (m;)= 0and ¢,_ ; (m;) # 0. Therefore
asin § 4, the asymptotes corresponding to the factor (y— m, x)2 will not exist. Therefore
there will be no asymptotes with slope m | if (y— m )c)2 is a factor of the nth degree terms
andy— m xisnota factorofthe (n — 1) degree terms. In case the equation of the curve
does not contain terms of degree n— 1, we can add them with zero coefficient and
obviously y— m xcan be taken as a factor of the (n — 1) degree terms.

Case IIl: Let the equation of the curve be of the form

(y— mlx) F,_,+ (y-mxG,_,+P,_,=0, ...(D)
where F, _ , and G, _ , contain only terms of degree n— 2, and P, _ , contains terms
of various degrees, none of which is of a degree higher than n — 2.

Dividing (1) by F, _ , and taking limit as x —oo and y/x —m, we get an equation
ofthe form ¢+ Ac+ B= 0, giving the values of ¢ corresponding to the slope my. If
c; and ¢, are the roots of this equation, then y— m  x= ¢, and y— m; x= c, will be the
corresponding asymptotes. After a little consideration it will be obvious that the
asymptotes corresponding to the factor (y— m x)% will be obtained by solving the
quadratic

(y— mlx)2+ A(y—mx)+ B=0.
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In a similar way we can discuss the case if the n'" degree terms contain
(y— m, x)3 or a higher power of y— m xas a factor.

Example : Find the asymptotes of the curve

2= ) (x- )+ 28 (x-y) - 4P=0.
Solution : The equation of the curve can be written as

2= N2 (x+ P+ 23 (x—y) - 3= 0.
The asymptotes corresponding to the factor (x— y)? are given by

Lim 2%
(x= D7+ (r= ) x 300 5
Yy x— ,y/x—)lxz(x+ B
Lim
x —oo, y/x—1 2 (x+ v

or (x= )+ (x—y) x—o0,y/x =1 m
4 Lim (y/-x)3 _
- X —oo, y/x—1 (1+ y/x)_
or (x— 2+ 1. (x— y)—%~4=0 or (x— >+ (x—y-2=0
—1£ V(1 + 8

Le. (x=y= x—y=—2and x- y= L.

2

The asymptote corresponding to the factor x+ yis
Lim 4y’ = 20 (x= y)

X+ = 00 _
( y) x =00, y/x —>— 1 xz(x_ y)z
3
o 4
Lim X X X
T X, y/x—— 1 2
=
X

=—-4/4=-1 ie, x+y+ 1=0.
Moreover the curve has two asymptotes parallel to y-axis and they can be obtained
by equating to zero the coefficient of highest power of yi.e.y’ in the equation of the
curve.

So theyare x> — 4= 0 je. x=+ 2.

Case IV: Let the equation of the curve be of the form
(ax+ by+ C)Pn_l"" Qn_lzo» ..(1)
where P,_ ;and Q, _ ; contain terms none of which is of a higher degree than
n— 1,and P, _ | contains at least one term of degree n— 1 so as to ensure that the

equation (1) is of degree n. Obviously ax+ bywill be a factor of the n degree terms in
the equation of the curve. Now (1) can be written as
(ax+ by P,_ 1+ cP,_ 1+ 0Q,_1=0.
The asymptote of (1) corresponding to the factor ax+ by (if it occurs as a
non-repeated factor of the highest degree terms) is
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Lim 0,1
(ax+ by) + X —>00, y/x —>— a/b{c"' Pn }: 0

n—1

[
@

Lim Qn— 1
or (ax+ by+ c)+x—>tx>,y/x—>— a’b| p 1 =
—
Thus if the equation of a curve is given in the form (1), then there is no necessity
of collecting separately the n’* degree terms. A similar modification can be made in

case III.

Case V: Asymptotes by Inspection : If the equation of a curve of the n'* degree
can be put in the form F, + P= 0, where F, is of degree n (i.e., contains terms of degree n

and may also contain terms of lower degrees), and P is of degree n — 2, or lower, and if
F,= 0 can be broken up into n linear factors which represent n straight lines no two of

which are parallel or coincident then all the asymptotes of the curve are given by equating
to zero the linear factors of F,.

Letax+ by+ c= Obeanon-repeated factor of F,. Then the equation of the curve
can be written as (ax+ by+ c¢) F,_ .+ P= 0, where F,_, is of degree n — 1.
The asymptote of the given curve parallel to the line ax+ by+ c= 0is

lim P
ax+ by+ c+ X —>00, y/x —>— a/b[F Jz 0- ..(1)
n—1
Since F, _ | contains at least one term of degree n— 1 and P is of degree n — 2,

n
or lower, therefore we shall have

n

lim P
X —oo, y/x—>— a/b F,_, =0

Thus ax+ by+ c= 0is an asymptote of the given curve.

I!!ustrative Examlales

Example 1: Find all the asymptotes of the curve
(x—y— D22+ ¥+ 2+ 6(x—y— 1) (xy+ 7)— 82— 2x— 1= 0.
Solution : The asymptotes parallel to the line x— y— 1= 0 are

lim xy+ 7
(x—y= D2+ 6(x— y- 1) x_>oo,y/x_>1x2+y7y2+2
lim - 8- 2x—1_
+ x =00, y/x—1 x2+y2+2 =0,
vyl
li X x2
or (= y= D2+ 6(x= y= 1) x o0, y/x 1 -
1+ (y) + =
X X
a2
lim -0
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or (x—y- D?+3(x-y- 1)- 4= 0,
-3+
or (= y— )= —>F V2(9+ 10 _ _ 4

Thus x— y— 2= 0 and x— y+ 3= 0 are two parallel asymptotes of the given
curve. Since the remaining linear factors of the fourth degree terms in the equation of
the curve are imaginary, therefore the other two asymptotes are imaginary.

Example 2 : Find all the asymptotes of the curve

(2= ) (x+ 29+ 1)+ x+ y+ 1= 0.

Solution : The equation of the curve can be written as

=+ @+ 29+ )+ x+ y+ 1= 0.

Since no two of the straight lines x— y= 0,x+ y= 0 and x+ 2y+ 1= 0 are
parallel and x+ y+ 1isofdegree 1, therefore all the asymptotes of the curve are given
by x=—y»x+yx+ 2+ 1)=0.

@)mprehensive Exercise 3

Find all the asymptotes of the following curves :
1. (2= ) (- 42— 65+ 53y+ 302 — 2y — 2+ 3xy— 1= 0.
x(y— x2%- 3y(y— x)+ 2x= 0.

3. (y—x (- 2x)2+ (y+ 30 (y— 20+ 2x+ 2y— 1= 0. (Kanpur 2010;
Meerut 12B; Bundelkhand 14; Purvanchal 14)

4. (x— 2)%(x— ) — 4y(x— 2)) — (8x+ Ty) = 0.
(Meerut 2005B; Bundelkhand 07)

(y— a)? (- a® = *+ o

x(y=3)7=dy(x- 1>

(x= D22+ ) - 10(x— 22+ 1202+ 2x+ y= 0.
P+ Y- i+ ad(x—y - a?y=0.

x=—y+ H)(x—y=-2)(x+ y)= 8x— 1.

10. xv(2— P (P-4 + 902 —- P+ 2+ ¥-7=0.

@nswers 3

ol A e

I. y=xy=2xy+x+ 1=0,y+ 2x+ 1=0. 2. x=3,y—x=1,y— x= 2.
3. y=2x— 2,y=2x— 3,y— x= 4. 4. y=x+ 4,x— 2y= 2+ 33,
5. x=*a,y=x+a,y=-x+ a.

6. x=0,y=0,y= 2x+ %, 2y+ 4x= 15.

7. x—y—2=0,x—y—3=0.

8. x==*a,y=x+ a,yzix—%a.

9. y+x=0,y=x— 3andy= x+ 2.

10. x=0,y=0,x— y=0,x+ y= 0,x— 2y= Oand x+ 2y= 0.
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13.12 Intersection of a Curve and its Asymptotes

Let y= mx+ c ...(1)
be an asymptote of the curve
X0, (W) + X0, (X" 20,_ ,()+ .=0,  ...(2)

which is of degree n.
To find the points of intersection of (1) and (2), we should solve the two equations
simultaneously. So eliminating y between (1) and (2), we get

X0, (m+ e/ + x" Lo, (m+ /) + X" 20, ,(m+ /X)) + .= 0.

Expanding each term by Taylor’s theorem and arranging the terms in descending
powers of x, we get

xmo, (m)+ [cd’, (m)+ ¢,_ | (m)]x"~!

o <y o2, _
5 o (m) + N ne 1 m)+ 0, _,0m)|x +..=0. ..(3)

Since y= mx+ ¢ is an asymptote of (2), therefore the coefficients of x" and
x"~ Lare both zero in (3).
Hence (3) reduces to

CZ ’ & ’ n— 2
2j¢ a (m) + INAEE L (m)+ ¢, _ ,(m)rx + .= 0, (4

in which the coefficient of x” ~ 2 will be non-zero provided there is no other asymptote
of the given curve parallel to y= mx+ c.

Now (4) gives us the abscissae of the points of intersection of (1) and (2). Since
equation (4) is of degree n — 2 in x, therefore it will give n — 2 values of x.

Hence, in general, any asymptote of a curve of the n'* degree cuts the curve in
(n— 2) points.

Corollary 1: Thenasymptotesofa curve ofthe n™ degree cutitinn (n— 2) points.

Corollary 2: If the equation of a curve of degree n can be put in the form
F,+ P= 0,wherePis of degreen — 2 at the most and F, consists of n non-repeated linear

factors, then the n (n — 2) points of intersection of the curve with its asymptotes lie on the
curve P= 0.
The asymptotes of the curve F, + P= 0, are given by the equation F, = 0.

We know that if S= 0 and §” = 0 represent two curves, then S— AS"= 0
represents some curve through the points of intersection of S= 0 and S = 0.
If we take A= 1, then we see that (F,+ P)— F,= 0ie P= 0isacurve passing

through the points of intersection of F, + P= Oand F,= 0.

Thus, a curve of degree n — 2, or less, can be made to pass through the n (n — 2)
points of intersection of a curve of degree n with its n asymptotes.

Particular Cases :

(i) Ifthe given curve is of degree 3, then the 3 (3 — 2) i.e., 3 points of intersection
of the curve and its asymptotes lie on a curve of degree 3— 2= 1i.e., on a straight line.

(ii) Ifthe curve is of degree 4 then the 4 (4 — 2) i.e., 8 points of intersection of
the curve and its asymptotes lie on a curve of degree 4 — 2= 2i.e. on a conic.



D-282 Krisdwa’s DIFFERENTIAL CALCULUS

I!lustrative Examlales

Example 1: Show that the asymptotes of the curve
404+ W — 172 — (P - D)+ 22— 2)=0

cut the curve in eight points which lie on the ellipse x> + 4y* = 4. (Purvanchal 2007)
Solution : The equation of the curve can be written as
@xr+ 4= 172 ) — 44y x— O)+ 22— 4= 0. (1)
Here o, (m)= 4+ 4m* — 17m?2.

The slopes of the asymptotes are given by the equation
O (m)= 4m*— 1Tm%+ 4=0 e, (4m%— 1)(m?- 4)=0.

1

Therefore m= * 5 + 2.

. 4

Also  0;(m)=— 4(4m*— 1) and ¢’y (m)= 16m> - 34m.
Now c is given by ¢, (m) + ¢5(m)= 0

ie., c(16m3— 34m) — 4 (4m?— 1)= 0.
When m = %»cz 0; when m = — %»cz 0; when m = 2,¢c= 1;and when
m=—2,c=— 1.

Therefore the asymptotes are
y= %x,yz - %x,yz 2x+ land y= - 2x— 1
ie., 2y— x=0,2y+ x=0,y— 2x— 1= O0andy+ 2x+ 1= 0.
The combined equation of the asymptotes is
2y—x) (2y+ ) (y— 2x— 1) (y+ 2x+ 1)=0

or (4 = D) {(¥ - 4% — 4= 1}=0
or 47 =) (P = 4D — (4 = D) - 47+ =0
or 4t~ 172V + ot - 4@ x— ) - 42+ = 0. (2

Now each asymptote of (1) will cut it in 4 — 2 i.e. 2 points. Therefore the four
asymptotes will cut it in 4 X 2 i.e. 8 points.

Subtracting (2) from (1), we get 222 — 4+ 42 — 2= 0 ie. x>+ 4> = 4, which is
the equation of an ellipse. Hence the eight points of intersection of (1) and (2) lie on
the ellipse x2 + 4y> = 4.

Example 2: Find the equation of the cubic which has the same asymptotes as the
curve

B—6x2y+ 1lp?— 6+ x+ y+ 1=0
and which passes through the points (0, 0), (1, 0) and (0, 1).
Solution : The equation of the given curve can be written as
x=»x=2y(x—- 3+ x+ y+ 1= 0. (D
Byinspection, we findthatx— y= 0,x— 2y= 0,andx— 3y= Oarethe asymptotes
of (1).
The combined equation of the asymptotes of (1) is
Fi= (x—y) (x—= 2y) (x— 3y)= 0.
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Since the points of intersection of a cubic curve with its asymptotes lie on a
straight line, therefore the most general equation of the curve having F,= 0 as its
asymptotes is

(x=y»(x—2y)(x— 3y)+ ax+ by+ c=0
or X - 6x2y+ 12— 6y° + ax+ by+ c= 0. .(2)
If (2) passes through the points (0, 0), (1, 0) and (0, 1), then
c=0,1+4 a=0ie,a=— land— 6+ b= 0ie b= 6.
Hence the required curve is x> — 6x2y+ 1lx?— 6y° — x+ 6y= 0.

@)mprehensive Exercise 4

1. Find the asymptotes of the curve x> y— x>+ xy+ y*+ x— y= 0 and show that
they cut the curve again in three points which lie on the straight line x+ y= 0.
2. Show that the asymptotes of the cubic x> — 2y + xy(2x— Y+ y(x— y)+ 1= 0
cut the curve in three points which lie on the straight line x— y+ 1= 0.
(Kanpur 2009; Avadh 10)

3. Find the equation of the straight line on which lie the three points of intersection
of the curve (x+ a) y*= (y+ b) x% and its asymptotes.

4. Show that the eight points of intersection of the curve

(2= )+ 2+ Y= a2
and its asymptotes lie on a circle whose centre is at the origin.
5. Show that the four asymptotes of the curve
(=P (= ddD)+ 65— 52 y- 307+ 2 - 2+ 3py—- 1= 0
cut the curve in eight points which lie on the circle x2 + y*= 1.
6. Show that the eight points of intersection of the curve
=52+ 4t 2 P x+y+ 1=0
and its asymptotes lie on a rectangular hyperbola.

7. Find the equation of the quartic curve which has x= 0, y= 0, y= xand y= — x
for asymptotes and which passes through (a, ) and which cuts its asymptotes
again in eight points that lie on a circle whose centre is origin and radius a.

8. Find the equation of the cubic which has the same asymptotes as the curve
X — 6x2y+ 1ln?— 6>+ x+ y+ 1= 0, and which touches the axis of y at the

origin and passes through the point (3, 2). (Agra 2007)
@nswers 4
1. y=0,x= l,x— y+ 2= 0. 3. @ (y+ b)= b’ (x+ a).

bxy((2— )+ a(b?>— a®) 2+ y¥*— a®) = 0.
r-62y+ 12— 6 — x= 0.
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13.13 Asymptotes to Non-Algebraic Curves

The definition of the asymptotes helps us in finding the asymptotes of
non-algebraic curves as is clear from the following example.

Example : Find the asymptotes of the curve y= sec x.

Solution : Here dy/dx= secxtanx.

Therefore the tangent at (x, y) to the given curve is Y — secx= secxtanx (X — x)
ie., Y cos? x— cosx= (X — x) sin x. (D

Now as x »>1/2,y —oo and the distance of (x, y) from the origin tends to infinity.
Therefore taking limit of (1) as x ->7/2, we get

Y.O—O:(X—%n}.l ie., X=
This is one asymptote. The other asymptotes are

1 3
X=-tntln...
ZTE’ ZTE’

.

N [ =

13.14 Polar Curves

Lemma : The polar equation of any line is p= rcos (60— o), where, p is the length
of the perpendicular from the pole to the line and Q. is the angle which the perpendicular
makes with the initial line.

Let O be the pole and OX the initial line. Let OM
be the perpendicular from O to the given line.

Then it is given that OM = p and ZXOM = o.

Let P be any point (r, 0) on the given line.

Then OP= r, Z XOP= 6 and Z MOP= 06— «.
From the right angled triangle OMP, we have
OM = OP cos £ POM
ie., p= rcos(0— o)),
which is the required equation of the line.

Asymptotes of Polar Curves : If o be a root of the equation f(0) = 0, then

rsin(0— a) = 1/f” (@) is an asymptote of the curve 1/r= f(0).
Take any point P (r, 0) on the curve
1/r= f(0). ...(1)

Drawaline through the pole O perpendicular to the radius vector OP and meeting

the tangent at Pin 7.

de
Then OT = polar subtangent of the curve at P = /2 o I
1 dr

But from (i), — ;%— f7(0).
do 1
R

Now suppose 0 tends to o. Since f(o) = 0,
therefore from (1), r — i.e. the distance of P from the
pole tends to infinity. Also PT tends to the asymptote

and OT —>[—

1
VANC)ATYpS



ASYMPTOTES D-285

1
f’ ((x)?
Also OP and PT will tend to become parallel as is obvious from the dotted lines
in the figure. Therefore the angle OTP will tend to a right angle and OT will tend to
1

(o)

i.e. OT —»— if f” (o) # 0.

OM where OM is perpendicular to the asymptote. Hence OM = —

When 6= q, suppose OP tendsto OP’.
Then ZXOP’ = q.

L LMOX = — (g— OC)’ negative sign indicating that it has been measured

clockwise.
The equation of the asymptote is

reos[0- - (3= of] = - 7t

1
f (o)

. E_ —
ie. rcos(6+ ) OC)

. . _ 1 . . B _ 1 )
ie. — rsin(0— o) = 7@ ie. rsin(6— o) = ()

13.15 ‘ Working Rule for Finding the Asymptotes of Polar Curves

(i) Put the equation of curve in the form lr: f(0).

(ii) Solve the equation f(08) = 0. Let a, 3, ... be its roots.
(iii) The asymptote corresponding to 0= o is

. 1 , ,
rsin (0— o) = m»wheref (=[f (e)]e:

o’

I!!ustrative Examlales

Example 1: Find the asymptotes of the curve r= 2a/(1 — 2 cos0).
Solution : The equation to the curve can be written as

l: i(1— 2COSG):f(e)» say.
2a

,
Now f(@=0ifl - 2cosO= 0ie2cosO= li.e.cosezé
ie. 0= 2nm £ g’where nis any integer
= q, say.

Also [/ ()= 271a (2sin 0) = i (sin ©).

1 T 1 T
’ = —sin| 2nmw + =%+ —sin_ =+ —
f (o) asm( nw ) as1n3

I | 2a
R
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Hence the asymptotes are given by

. T 2a
- + Zb= + 5%
rsm{@ (2nn_ 3)} SN

T T 2a
i + |- i + 2=+ ==
or rsmecos(2nn_ 3) rcos6s1n(2mt_ 3) SN
or (rsin 0) cosﬁ?rcosesinﬁ— + 2a
3 37 743
: : K . T 2a
ie. rsin O cos 3 rcos 0 sin 3= V3
. T . T 2a
and rs1n600s3 + rcos0Osin 3= 13
ie. rsin(e— %)z %and rsin(@—i— %): - %~

Also  f7(0)=

Example 2 : Find the asymptotes of the curve r= a cosec®+ b.
Solution : The equation of the curve can be written as
Nowf(0) = 0,if sin 0= 0 i.e. 6= nw, where n is any integer
= O, say.
(a+ bsin 0)?
cosnm. (a+ bsinnm)— sinnm.bcosnn

! 1 sin 0
F = acosecB+ b ax bsing S (®)say.
cos 8. (a+ bsinB) — sinB.bcos6
(a+ bsinnm)?

f (= f"(nm)=

_acosnmt 1
2 a

a
| a
f’ (o) cosnm

Hence the asymptotes are given by rsin (60— nn) =

COSNT
or (rsin®cosnm— rcosBOsinnm) cosnn= a
or rsin@cos?nm = a
or rsin®= a.

13.16 Circular Asymptotes

Definition : Let the equation of a curve be r= f(9).
If GTM f(0) = [, then the circle r= lis called the circular asymptote of the curve

r=f(6).

Example 1: Find the circular asymptote of the curve r= a - o- 1’
Solution : The circular asymptote is given by

_ lim 0

r—ae_>°° e_l—a.

Thus r= a is the circular asymptote.
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@)mprehensive Exercise 5

1. Ifaisaroot ofthe equation f(8) = 0,then write the equation of asymptote of the
1
—= i h .
polar curve . f(0) corresponding to the root o (Meerut 2001)
Find the asymptotes of the following curves :
2. y= tanx.
3. rsinmB= a. (Meerut 2000)
4. r06= a. (Meerut 2008, 12B)
5. 2/r= 1+ 2sin®.
6. (i) rsin®= 2cos?26. (ii) rsin = a cos 26.
7. (i) rcosO= asin®. (Meerut 2004B)
(ii) rsin®= 2cos6.
8. r= 4(sec6+ tan9).
9. rsin20= a.
10. rcos®= 4sin?6. (Meerut 2005)
11. rBcosO= acos?26.
12. r(f= 1)=a(+ 1).
26
13. r= sin @
Find the circular asymptotes of the following curves :
14. r(®- 1= a(db+ 1)
2
15, r= 30°+ 20+ 1
20+ 0+ 1
@nswers S5
1
1. rsin(0- )= —( 7 2. x=zxmn/2,x3n/2,...... .
O D= 17 @),
3. rsin (6— kn] = % . where kis any integer.
m m cos km
4. rsin®= a. 5. rsin[ei é }z 2/43.
6. (i) rsinB= 2. (ii) rsinB= a
7. (i) rcosB=t a. (i) rsin@= t 2.
rcos9= 8. 9. rsinb= =% %a,rcosez + %a.
10. rcos0= 4. 11. rsin®= a,rcos0= | > k is any integer.
[¢+3)- 2]
12. rsin0= 2a. 13. rsinO= 2km, k= =+ 1,% 2,...
14. r= a. 15. r= %
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10.

11.

12.
13.

enm W

@jective Type @Questions

Fill in the Blanks:
Fill in the blanks “...... ”, so that the following statements are complete and correct.

The asymptotes parallel to the axis of y are obtained by equating to zero the
coefficients of the ...... power of yin the equation of the curve.

A curve of degree n cannot have more than ...... asymptotes. (Agra 2008)

The only asymptote of the curve x3 + y3— 3axy= Ois ...... .
1
If aube a root of the equation f(0) = 0, then an asymptote of the curve o= f£(0)

is ...... .
Circular asymptote of the curve r (82 + 1) = a®*>— 1is...... . (Meerut 2001)

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

2 2
The number of asymptotes of the curve % - % = 1lis
X Yy
(a) 2 (b)3 (c) 4 (d) 1 (Bundelkhand 2006)

The asymptotes of the curve y2 (x2— a?) = x, which are parallel to the x-axis are
(a) x=xa ((b)y=xa(c) y=0,y=0(d) x=0

The number of oblique asymptotes of the curve y2 (x2 - a?) = x% (x2 - 4a4?) is
(a) 4 (b)3 (c) 2 (d) None ofthese

True or False:

Write ‘T’ for true and ‘F’ for false statement.

The number of asymptotes, real or imaginary, of an algebraic curve of the n'"
degree cannot exceed n.

The curve x2 (x— y)2+ a? (x2— y2) — a2xy= 0 has no asymptotes parallel to
y-axis.

The curve r= I—Lcose has no asymptotes.

An asymptote is a tangent of the curve at infinity.

An asymptote touch the curve at finite point. (Agra 2007)
@DSWGI‘S
highest. 2. n.
1
x+ y+ a= 0. 4. rsin(0— o) = ———> f'(c) # 0.
y (6= 0= o f '@
r= a. 6. (c). 7. (¢). 8. (¢).
T. 10. F. 11. T. 12. 7. 13. F.

[]
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Singular Points:
Curve Tracing

- Concavity and Convexity (Meerut 2009)

Let Pbe a given point on a curve and AB a given straight line which does not pass
through P. Then the curve is said to be concave or convex at P with respect to AB,
according as a sufficiently small arc of the curve containing P lies entirely within or
without the acute angle formed by the tangent at P to the curve with the line AB. Thus
in the figure 1 the curve at P is convexto AB, and in figure 2 it is concave to AB.

ra A
> E
B B
-
A . A R
o Y o )?
Fig. 1 Fig. 2

The property of concavity or convexity of a curve at any point is not an inherent
property of the curve. At a given point a curve may be concave with respect to some
line, while at the same point it may be convex with respect to some other line.
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Concavity upwards and Concavity downwards :
The curve shown in the Fig. 1 below is concave upwards and the curve shown in
the Fig. 2 below is concave downwards.

Y Y
0 >
0 > e
Fig. 1 Fig. 2
14.2 Point of Inflexion (Avadh 2014)

A point P on a curve is said to be a point of inflexion, if the curve is concave on one
side and convex on the other side of P with respect to any line AB. Thus at a point of
inflexion the curve changes its direction of bending from concavity to convexity or
vice-versa. The two portions of the curve on the two sides of P lie on different sides of
the tangent at P, i.e., the curve crosses the tangent at P.

Thus a point where the curve crosses the tangent is a Y1
point of inflexion. Therefore the position of a point of
inflexion of a curve will in no way depend on the choice
of coordinate axes. In particular, the positions of x and P
y axes may be interchanged without affecting the B
positions of the points of inflexion on the curve.

Inflexional tangent. The tangent at a point of A
inflexion of a curve is called inflexional tangent.

14.3| Test of Concavity or Convexity

We shall consider concavity and convexity with respect to the axis of x.
Let the equation of the curve be y= f(x) and let P be the point (x, y) on this curve.
Suppose the tangent at P is not parallel to y-axis so that at P the value of f"(x) is finite.

Y Y
Q
Q!
P
Q
-
Q!
1
1
1
1
0 0
N M N X
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Let Q be the point (x+ h,y+ k)onthe curve in the neighbourhood of P. The point
O may be taken on either side of P. Suppose the ordinate QN of Q meets the tangent to
the curve at Pin Q’.
The equation of the tangent at P is
Y—y=f"(®0X-x, (1)
where (X, Y) are the current coordinates.
Putting X = x+ hin (1), we get
NQ’' = y=f'(x) {x+ h— x}
or NQ’ = f(x) + hf’(x). ..(2)
[~ y=fW]
Also from the equation of the curve, we get

NQ= f(x+ h)

2
= fO)+ B + g—,f"(m g

' Wi lf(n— 1) (%)

(n—1)
+ %h”f"(ﬁ 0h), ...(3)
on expanding by Taylor’s theorem, where 0 < < 1.
From (2) and (3), by subtraction, we get
h? n "
NQ- NQ'= o f"(x)+ 31 )+ L+ ;ﬂ") (x+ Oh). (4

If f”/(x) # 0, then by taking & sufficiently small, the second degree terms in /& on
the R.H.S. of (4) can be made to govern its sign. Therefore (NQ — NQ’) will be of the

hZ
same sign as Ff"(x).

2
Obviously %f"(x) will be of invariable sign whether & is positive or negative

i.e., whether Q lies to the right or the left of P.

The curve at P will be convex with respect to the axis of xif NQ — NQ’ is positive
[See Fig. 1] and it will be concave at P with respect to the axis of x if NOQ — NQ’ is
negative [See Fig. 2].

Hence, the curve is convex at P to the axis of xif f”’(x) is positive, and concave if
f7’(x) is negative.

We have drawn the above figures for the case when the curve is above the axis of
x. If, however, the curve is below the axis of x, then NQ and NQ are both negative, and
NQ- NQ’'= - {|NQ| - |[NQ'| }.

Hence, in this case the curve at Pis convex with Y
respect to the axis of x if | NQ| — | NQ’| is positive 0
ie.,if NO— NQ’ isnegative ie., if f”'(x) is negative.

Similarly the curve at P will be concave with
respect to the axis of xif f”’(x) is positive.

From the above discussion we observe that
whether the curve lies below or above the axis of x, we
have the following criterion for concavity or convexity Y’
at P with respect to the axis of x.
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d2
A curve is convex or concave at P to the axis of x according as y — 12 is positive or

negative at P.
Test for concavity upwards or Concavity downwards :
The curve y= f(x) is concave upwards in [a,b] i.e., when a< x< b, if
f7(x)> 0¥ xe [a,b] and is concave downwards in [a, b] if f"'(x) < 0V x€ [a, b].
Concavity and Convexity with respect to the axis of y :
By considering y as the independent variable, we can easily show that a curve

x= f(y), at a given point P on it, is convex or concave to the axis of y according as
2
X. . .
X — is positive or negative at P.

dy?

I!lustrative Examlales

Example 1: Show that the curve y= e~ is everywhere concave upwards and the
curve y= logxis everywhere concave downwards.

Solution : First consider the curve y= e”*.

2
We have Z—)ycz e* and %: e*.
Obviously Tcz > 0,V xe R, where Ris the set of real numbers.

Hence , the curve y= e"is everywhere concave upwards.
Now consider the curve y= logx, 0< x< oo.

dy 1 d*y 1

h — = — —_— = = —

We have e x and 2 >
Obviously. 7d2y< 0,V xe ]0,00[
9 d :Z 9 9 .

Hence, the curve y= logxis everywhere concave downwards.

Example 2 : Find the intervals in which the curve y= e* (cos x+ sin x) is concave
upwards or downwards; x varying in the interval 10,2 1t[.

Solution : The given curve is y= e* (cosx+ sin x).

d . .
We havelz e*(cosx+ sinx)+ e*(— sinx+ cosx)= 2e*cosux.

dx
dzy: 2e*cosx— 2e*sinx= 2e*(cosx— sinx)
dx’
N n T
=2V2.e (COS)CCOS*— sin x sin )— 2N2 .e cos(x+ —).
4 4 4
2
When xe }O,E{ or when x € }Sn »2n{»we have 425 0.
4 4 2

Hence, the given curve is concave upwards in }0, %{ and }SI ’2n{~

. T 5{ dy
Again when x e }4 4 we have dx2<0
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. . . T 57
Hence, the given curve is concave downwards in 1 a4l

Example 3: Show that the sine curve y= sin x is everywhere concave with respect
to the axis of x excluding the points where it meets the axis of x.
Solution : The given curve is y= sin x.
dy 2

We have == cosx and Ly: — sinx.
dx

dx?
The function sin x is a periodic function with period 2. Hence, it is sufficient to
consider the given curve in the interval [0, 2 T].
In the interval [0,27], we have y= Owhen x= Qorx= Torx= 2m.
2

When x e ]0, nt[, we have y> 0 and %< 0.

2
Soydx2 < O when xe ]0, «t[.

Hence, the curve y= sin xis concave to the axis of xin the interval ]0, 7[.
dZ
When xe Ir, 27[, we have y< 0and oy > 0.

ax?
2
So y— 42 Y < 0 when xe Ir, 2x|.

Hence, the curve y= sin x is concave to the axis of x in the interval &, 27[.
Thus the curve y= sinx is everywhere concave with respect to the axis of x
excluding the points where it meets the axis of x.

14.4| Test for Point of Inflexion (Avadh 2014)

Let the equation of the curve be y= f(x) and let P
be the point (x,y) on this curve. Suppose the tangent at Y/
Pis not parallel to y-axis so that at P the value of f” (x) is
finite. Let Q be the point (x+ &, y+ k) onthe curve in the
neighbourhood of P. The point Q may be taken on either
side of P. Suppose the ordinate QN of Q meets the
tangent to the curve at Pin Q’.

The equation of the tangent at P is

Y- y=f"(x)(X- x), (1) o

where (X, Y) are the current coordinates.

Putting X = x+ hin (1), we get NQ" — y= f" (x) {x+ h— x}

or NQ' = f(x)+ hf" (0, [ y=f™ ..(2)
Also from the equation of the curve, we get NQ= f(x+ h)
’ hz ’7’
=f(®+ hf (0+ ;f (x)+ ...

L
(n—1)!
on expanding by Taylor’s theorem, if 0 < < 1.

From (2) and (3), by subtraction we get

R =D () + #h”f(”) (x+ Oh), ..(3)

3 n
NQ- NQ' = —f"( X+ —, ) et %ﬂ") (x+ 6h). (4)
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Iff”” (x) # 0, then by taking & sufficiently small, the second degree terms in /4 on
the R.H.S. of (iv) can be made to govern its sign. Therefore (NQ — NQ’) will be of the
same sign as (h2/2 1) £ (x). But (h2/21) f”’ (x) will be of invariable sign whether £ is
positive or negative i.e., whether Q lies to the right or the left of P. Therefore on both
sides of P the curve will be either concave or convex. Hence the necessary condition for
the existence of a point of inflexion at P is that

S x=0.
Now if f” (x) = 0, we have from (iv)
NQ- NQ' = LA (x) + Lagn (D) + ...+ ﬁﬂ") (x+ 6h) (5)
3] 40 S )

Iff”” (x) # 0, then for sufficiently small values of & the sign of the right hand side
of (5) is the same as that of (h3/3!) f””” (x), which changes sign when & changes sign.
Thus with respect to x-axis, the curve will be concave on one side of P and convex on
the other side of P. So there will be a point of inflexion at P.

Hence, there will be a point of inflexion at P, if d2y/dx® = 0 but d3y/dx> # 0.

Generalisation: If f” ()=f""(0=f"®=.. =fr"Dxw=0 and
£ (x) £ 0, it is easy to see from the value of NQ — NQ’, that there will be a point of
inflexion if n is odd. If, however, n is even, the curve does not cross the tangent and so
there will not be a point of inflexion at P. Such a point (if n is greater than 2) is called
a point of undulation. To the eye a point of undulation appears just like an ordinary
point.

Corollary : The position of a point of inflexion is independent of the choice of
coordinate axes. Therefore on interchanging x and y in the above results, we can say
that, there will be a point of inflexion at P, if d? x/dy* = 0, but d® x/dy’ # 0.

(Bundelkhand 2007)

It will become necessary for us to use this criterion if the tangent at P is parallel
to y-axis i.e., if dy/dx is infinite at P. It will also be useful where the equation of the
curve is of the form x= f(y).

14.5 Concavity and Convexity for Polar Curves

From the following figures it is obvious that if at any point P on the curve the
perpendicular p drawn from the pole on the tangent increases as rincreases, then the
curve is concave at P to the pole. Thus, a curve is concave at P to the pole if dp/dr is
positive there.

Similarly, a curve is convex at P to the pole if dp/dr is negative there.

If dp/dris zero at P, positive for points on one side of P and negative for the points
on the other side of P, there must be a point of inflexion at P.

P P
P
r 7
”
0] > O >
S~ o T~ al 900 O<< >
5/ * 7/ x / i
P ~
Curve concave at P Curve convex at P Point of inflexion at P

to the pole O to the pole O
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d .
But rl = radius of curvature at P

dp
d 2313/2
-
{rh (de) }
dr|? d*r
P+ 2(616) - rd62

d ? d>
r r
@_ r{rz—i- 2(616) — rdez}
dr 2132
dr
{rh (de) }
dr)2 d’r

Hence, if 1% + 2 (de -r @ = 0 at P, there is, in general, a point of inflexion

at P.

I!lustrative Examlales

Example 1 : Find the points of inflexion of the curve y= 3x* — 4 + 1.
(Rohilkhand 2010, 11B; Avadh 10; Meerut 12)
Solution : Differentiating the equation of the curve with respect to x, we get
dy/dx= 123 — 12x% and d2 y/dx> = 36x% — 24x.
For the points of inflexion, we must have d? y/dx2 =0

ie., 36x2— 24x= 0, ie, 12x(3x—2)=0,

ie., x=0 or % for the points of inflexion.

Now  d3y/d¥= 72x— 24.
When x= 0, d° y/d)c3 # 0, therefore x= 0 gives a point of inflexion.
Similarly, when x = % d3y/dx3 # 0;therefore x= % also gives a point of inflexion.

From the equation of the curve, we have

_ _ _ 1 _2
y= 1,when x= Oand y= % > when x= 3
2 11 . . . .
Hence (0, 1) and 3797 are the required points of inflexion.

Important : Instead of finding d> y/dx>, we can use another criterion for points

of inflexion. If d2 y/dx>= 0 at x= a and the sign of d? y/dx?> changes while x passes
through a, then there will be a point of inflexion at x= a.

Example 2 : Find the points of inflexion of the curve x= log( y/x).
(Purvanchal 2011; Rohilkhand 14)
Solution : The given curve isx= log( y/x) or y/x= e*
or y= xe~ (1)
Differentiating (1), we get
dy/dx= xe*+ e¥= (x+ 1) e*

and d>y/d = e*+ (x+ 1) e¥= e*(x+ 2).
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For points of inflexion d? y/dx* = 0.

. e*(x+2)=0 ie, x=-2, [ eX# 0]
Now  dy/dd= e*+ (x+ 2)e¥= eX(x+ 3)# Oatx= — 2.
there is a point of inflexion at x= — 2.

From (1), whenx= — 2,y= — 2¢~ 2= — 2/¢2.
Hence the point of inflexion is (— 2, — 2/€?).
Example 3 : Find the points of inflexion on the curve
x=a(20—- sin0),y= a(2— cosH). (Avadh 2013)
Solution : Differentiating w.r.t. 8, we have
dx/d0= a(2—- cos0) and dy/dO= asin9.
dy dy/d®  sin®

dx  dx/do 2- cos®

d?y d( sin® de
And dxzy:de(z— cose)’dx
(2— cos0) cos®— sin 0 (sin 6) 1
- (2— cos6)> " a(2- cos®)
_ 2c0s0— (cos?@+ sin?@)  2cosO— 1
- a(2— cos )3 T a(2- cos6)’
Now for the points of inflexion, we must have d2 y/dx*>= 0
ie., 2cos0— 1=0 or cosO= %: cos%n.

1 . .
0= 2nmt 3% where n is any integer.

Substituting the value of @ in the given equation of the curve we get the points of
inflexion as

[a(4nni ?rf]zﬂ [ sin(2nni %): (— 12n sin(i %): + V—ﬂ

Example 4 : Find the ranges of values of x for which the curve

y=xt— 65+ 1222+ 5x+ 7
is concave upwards or downwards.

Also determine the points of inflexion. (Purvanchal 2008)
Solution : We have 3—1: 43— 1822+ 24x+ 5,
@: 12x%2— 36x+ 24= 12(x— 1) (x— 2)
dx?
&y
and — = 24x— 36.
dx®
dzy
We have —=> 0,Vxe |- oo, 1],
dx® ] [
@< 0,V xe ]1,2[ and @> 0, Vxe ]2,
7 | R T

Hence, the curve is concave upwards in the intervals ]— o, I[ and ]2, e[ and
concave downwards in the interval |1, 2[.
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dzy
Now——==0=(x— )(x—2)=0 =>x=1 or x= 2.

dx?

2
At x= = —12# 0Oand at x= 2 Ly: 12# 0. Thus, there are points of

&
T dd " ax?
inflexion at x= 1 and at x= 2.
When x= 1, we have y= 19 and when x= 2, we have y= 33.
Hence, (1, 19) and (2, 33) are the two points of inflexion on the curve.
Example 5: Examine the curve y= sinx for concavity upwards, concavity
downwards and for points of inflexion in the interval [- 27, 27].
Solution : The given curve is y= sinx.

dy d*y . By
We have —~ = coSx, —5=— sinx and —5 = — COSX.
dx dx a3
We have @<O—V'xe - 27®,— 7.
b dxz 2 b 2
d*y d*y
—>OJ\+xe n,0, —< 0,Vxe ]0,n
dx? - [ dx? 107l
N~
and Y 0, Vxe n,2n
dx? ] 5

Hence, the curve is concave downwards in the intervals |- 27, — wt[ and ]O, [ and
concave upwards in the intervals |- @, O[ and =, 2 7[.

2
Now L—O:>s1nx-0=>x——27t0rx——7t0rx—0
dx?
or X=T or x= 2T.
At each of the points x= — 2@, x= — T,x= 0,x= 7 and x= 27, we have
d3
;t 0.
dx3

Thus there are points of inflexion at each of these points.

Also, y= 0 at each of these points.

Hence, the curve has points of inflexion at (— 27, 0), (— =, 0), (0, 0), (7, 0) and
(2m, 0).

Example 6 : Find the points of inflexion on the curve r (6% — 1) = a6?.
(Meerut 2013)
Solution: We have r= a82/(6*— 1).

Z(; al(6®*= 1) 20— 6%.201/(8*— )%= — 2a08/(6* - 1)
2
and %: —2a[(6%— D2 1-0.2(6%— 1) .2001/(82 - 1)*

= 2a (362 + 1)/(6%— 1)3.
We know that at the point of inflexion, the radius of curvature is infinite. Hence
at the point of inflexion, we have

P+ 2(dr/d®)? - r(d®r/d6?) = 0
a6t 8’6 26367+ 1) _
6>- 12 (&*- n* (6> n?

or
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or

or

a’ 0% (02— 3) (8% + 2) _

(62— 1)? ’
0% (8> 3) (’+ 2)= 0
6’=0,3,- 2.
Rejecting the values 82 = — 2 and 0 we see that the points of inflexion are given

by6%= 3ie, 0=+ V3.

@)mprehensive Exercise 1

1. Show that the points of inflexion upon the curve xX2y= a2 (x— y) are given by
x= 0,x=* aV3. (Meerut 2013B)
2. Find the points of inflexion of the curve y (a2 + xz) = . (Purvanchal 2010)
3. Find the points of inflexion of the curve xy= a?log (y/a).
4. Find the points of inflexion of the curve x= (log y)3. (Purvanchal 2009)
5. Investigate the points of inflexion of the curve y= (x— 1)* (x— 2)3. (Agra 2014)
6. Show that every point in which the sine curve y= c¢ sin (x/a) meets the axis of xis
a point of inflexion.
7. Show that points of inflexion of the curve y> = (x— a)2 (x— b) lie on the line
3x+ a= 4b; (Agra 2006; Avadh 11; Kashi 12)
8. Find the points of inflexion on the curve y2 = x(x+ 1)? and also obtain the
equations of the inflexional tangents.
9. Show that origin is a point of inflexion of the curve a” ~ !. y= x™ if m is odd and
greater than 2.
10.  Show that the abscissae of the points of inflexion on the curve y* = f(x) satisfy the
equation [f" (0)12= 2f(x) .f" (x).
11. Show that the line joining the points of inflexion of the curve
y2 (x—a)= > (x+ a) subtends an angle of ©/3 at the origin.
12. Prove that the curve y= 11;;2 > has three points of inflexion which lie in a
straight line.
13. Show that the points of inflexion on the curve y= be (/a)? are given by
x=+ a/N2. (Agra 2005)
14. Show that the points of inflexion of the curve r= b8 are given by
r=>b{-nm+ 1))"2.
@nswers 1
2. (0,0), (V3a,ma) ; (— V3a,w)~

4 4
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(%ae— 3/2, ae3/2}.

(0,1), (8, €.

AU O

9x+ 3V3y+ 1= 0.

14.6 Multiple Points

Points of inflexion at x= 2, (11 £ \/2)/7; point of undulation at x= 1.
Points of inflexion are (1/3,+ 4/3V3). Inflexional tangents are

(Meerut 2003)

A point through which more than one branches of a curve pass is called a multiple
point on the curve. A point on the curve is called a double point if two branches of the
curve pass through it, a triple point if three branches pass through it. In general, if r

branches pass through a point, it is called a multiple point of the r* order.

14.7 Singular Points

An unusual point on a curve is called a singular point. For example, at any point
the tangent does not usually cross the curve. But at a point of inflexion the tangent
crosses the curve and therefore it is a singular point. Similarly, through one point,
usually one branch of the curve passes. But through a multiple point, more than one
branches of the curve pass. Therefore multiple points are also singular points.

14.8 Classification of Double Points

(i) Node: Ifthe two branches through a double point
on a curve are real and have different tangents there, then the
double point is called a node. (Kumaun 2008; Kashi 11)

(ii) Cusp: Ifthe two branches through a double point
on a curve are real and have coincident tangents there, then the
double point is called a cusp. (Kashi 2011)

(iii) Conjugate Point : If there are no real points on
the curve in the neighbourhood of a point P on the curve, then
P is called a conjugate point (or an isolated point). The process
of finding the tangents usually gives imaginary tangents at such
a point.

P
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Since through a double point two branches of the curve pass, therefore in the
process of finding tangents at a double point we must get two tangents there, one for
each branch. If the two tangents are real and distinct, the double point will be a node.
If the two tangents are imaginary, the double point will be a conjugate point. If the two
tangents are real and coincident, the double point may be a cusp or a conjugate point.
The possibility of the point being a conjugate point in this case arises on account of
the fact that sometimes imaginary expressions A = iB become real by chance when
B = 0.1In such cases the double point will be a cusp if there are other real points of the
curve in its neighbourhood, otherwise it will be a conjugate point.

14.9 Species of Cusps

We know that two branches of a curve have a common tangent at a cusp. A cusp
is said to be single or double according as the curve lies entirely on one side of the
common normal or on both sides. Also it is of the first or second species according as
the two branches lie on opposite sides or on the same side of the common tangents. We
have the following five different types of cusps :

Y Y
0 0
Fig. 1 Fig. 2
ya YA A
~ ~ 0 ~
0 X 0 X X
Fig. 3 Fig. 4 Fig. 5

Single cusp of the first species as shown in Fig. 1.

Single cusp of the second species as shown in Fig. 2.

Double cusp of the first species as shown in Fig. 3.

Double cusp of the second species as shown in Fig. 4.

Double cusp with change of species as shown in Fig. 5. Here the two branches lie
on both the sides of the common normal but on one side they lie on the same and on the
other on opposite sides of the common tangent. Such a point is called a point of
oscul-inflexion.

14.10 | Tangents at Origin

In order to know the nature of a double point it is necessary to find the tangent
or tangents there. Now we shall find a simple rule for writing down the rangent or
tangents at the origin to rational algebraic curves.
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If a curve passes through the origin and is given by a rational integral, algebraic
equation, the equation to the tangent or tangents at the origin is obtained by equating to
zero the lowest degree terms in the equation of the curve.

Let the equation of the curve when arranged according to ascending powers of x
and ybe

(ayx+ ayy) + (by 2+ byxy+ by)?) va
+ (0 + o Xy+ )+ =0, (1)

where the constant term is absent since the curve
passes through the origin.

Let P (x, y) be any point on the curve. The slope
of the chord OP is y/x. Therefore the equation to OP
is Y= (y/x) X , where (X, Y) are current coordinates.

As P—0 ie. as x—0 and y >0, the chord OP 0 ),(
tends to the tangent at O.

Excluding for the present the case when the tangent is the y-axis i.e., when

li y .
xino L= T oo, we have the equation of the tangent at O as

- y
Y= {xlino [x]} X. .(2)

Casel: Leta,# 0.Dividing (1) by x and taking limit as x=0, we get

i y
a, + a, {xlgno [x]}: 0. (3)

Eliminating xlgno (ch) between (2) and (3), we get a; X+ a, Y= 0, as the

equation of tangent at the origin to the curve (1).
Replacing the current coordinates X, Y by x, y this equation becomes

a x+ a,y= 0, (4)
which is obviously the equation obtained by equating to zero the lowest degree terms
in (1).

If a, = 0, then ay is also zero from (3), and we get the next case.
CaseIl: Leta,= 0,a,= 0,but b, and by are not both zero. Dividing (1) by x?
and taking limit as x—0, we get
lim (Y lim (Y)?
by + b2x—>0( ]Jr bs x—>0( ] =0,

X X

or by + bym+ bym?>= 0, (5
lim (Y
where x—=0 | ]=m

Equation (5) is a quadratic in m , showing that there are two tangents at the origin
in this case. Eliminating m between (2) and (5), we get

by x>+ byxy+ byy*=0, ..(6)
asthe equation of the tangents at the origin to (1) in this case. In equation (6), we have

taken x, yas current coordinates. Obviously the equation (6) is obtained by equating to
zero the lowest degree terms in the equation of the curve (1), where
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a, = a,= 0.
If by= by= 0, then by(v),b;= 0.
CaselIl: Ifa,= a,= b= b,= by= 0, we can show by the same process that

the rule still holds; and so on.

If tangent at the origin is the y-axis, we can easily show by supposing the axes of
x and yto be interchanged for a moment, that the rule is still true.

Hence the equation of the tangent or tangents at the origin is obtained by equating to
zero the lowest degree terms in the equation of the curve.

Corollary : If the origin is a double point on a curve, then the curve has two
tangents at the origin. Therefore the equation of the curve should not contain the
constant and the first degree terms and the second degree terms should be the lowest
degree terms in the equation of the curve.

Example 1: Show that the origin is a node on the curve x> + y> — 3axy= 0.

(Meerut 2003; Purvanchal 14)

Solution : The curve passes through the origin as its equation does not contain
the constant term. Also equating to zero the lowest degree terms in the equation of the
curve, we get the equation to the tangents at origin as — 3axy= 0, i.e. xy= 0, i.e.
x= 0, y= Oare two real and distinct tangents at the origin. Therefore origin is a node.

Example 2 : Show that the origin is a conjugate point on the curve

a? X2+ by = (2 + )2

Solution : Obviously the curve passes through the origin. The equation to the

tangent at origin is

a2+ b2y2= 0, ie., axzx iby= 0.
Thus there are two imaginary tangents at the origin. Therefore origin is a
conjugate point.

14.11 | Change of Origin

Let (x, y) be the coordinates of aipoint P with y v *P (&, )
reference to Oxand Oy as coordinate axes.
Referred to Ox and Oy as coordinate axes, let T
(h, k) be the coordinates of a point O”. Draw a line
O’X parallel to Ox and a line O’Y parallel to
Oy.Let (X,Y) be the coordinates of P with
reference to O’X and O’Y as coordinate axes.

Obviously, we have

x=X+h and y=Y+ k.

Thus to obtain the equation of the curve referred to the point (k, k) as origin, the
coordinate axes remaining parallel to their original directions, we should put X + % in
place of xand Y+ kin place of yin the equation of the curve, where X, Y are the current
coordinates in the new equation.

If in the new equation also we take x, y as the current coordinates, then in order
to shift the origin to the point (&, k) , we should replace xbyx+ h and yby y+ k in the
given equation of the curve.
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14.12 Tangents at the Point (k, k) to a Curve

If we are to find the tangents at the point (4, k) to a curve, we should first shift the
origin to the point (A, k) in the equation of the curve. Then the equation of the tangents
at the new origin will be obtained by equating to zero the lowest degree terms in the
new equation of the curve.

Example : Show that the point (2, 1) is a node on the curve (x — 2)2 =y(y— 1)2.

Solution : Shifting the origin to the point (2, 1), the equation of the curve
becomes

{(x+2) = 2}2= (y+ D {(y+ - 1)?
ie. 2=y (y+ 1). (1)

Equating to zero the lowest degree terms in (1), the equation of the tangents at
the new origin is

2=y, ie y=+ x.
Thus there are two real and distinct tangents at the new origin. Therefore the new

origin is a node.
Hence there is a node at the point (2, 1) on the given curve.

14.13 Position and Character of Double Points

Letf(x,y) = Obe anycurve and Pbe any point (x, y) on it. The slope of the tangent
at Pis equal to dy/dxand it is given by the equation
dy__oppex o of o dv_
dx of/dy ox dy dx
At amultiple point of a curve, the curve has at least two tangents and accordingly
dy/dxmust have at least two values at a multiple point. The equation (1) isof first degree
in dy/dx. It can be satisfied for more than one value of dy/dx, if and only if,
of of
——=0,-=0.
ox dy
Therefore the necessary and sufficient conditions for any point (x,y) of the curve
f(x,y) = 0to be a multiple point are that
of of
——=0,-=0.
ox dy
Hence in order to find the multiple points of the curve f(x,y) = 0, we should
simultaneously solve the equations,
of of
= =0,="-=0,f(x,y)= 0.
. dy f(xy)
Differentiating (1) with respect to x again, we get

4(2), dforal_
dx\ox) dx|9dydx)

d(of\, d(of) dy o dy_
o dx(ax)+ dx(ay)’ dx " d dd 0

..(1)
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a(), 2y }iy}
or [ax(ax)+ ay(ax) d
+[ of +{ af} dy},iy+ﬁ,£y:
ox |\ dy dy\ dy dx] dx dy gy
O Pf dy f dy Pf(dy), o &y

ot axZ axay’ dx 9xdy dx 0y? (dx] - dy 2

Pf, 5 Pf dy, Pf (dy)_
dx2 axay dx = 9y* \dx B
since at a multiple point df/dy= 0.

0

or

i

Therefore at the multiple point, the values of % are given by the quadratic

in %}c’
Pf(dyV, 5 Pf (dy), Pf_
ayz(dx] +2axay(dx]+ axz_o. ...(2)
2 2 2
If% aigy gy{ are not all zero, the equation (2) will be a quadratic in dy/dx

and the multiple point will be a double point.
The two tangents will be real and distinct, coincident, or imaginary according as

2
4[821‘) LSS

>,=or< 0

dx dy 0y ox2
i.e., in general, the double point will be a node, cusp or conjugate point according as
i, (@) 2r),
ox dy TS5 > (Meerut 2003)
2 2 2
If ﬂ: of_ 9 f 0, then the point (x, y) will be a multiple point of order

a2 axdy 0y?
higher than the second.

14.14 | Nature of a Cusp at the Origin

Suppose the origin is a cusp. Then the curve will have two coincident tangents at
the origin. Therefore the equation of the curve must be of the form

(ax+ by)2+ terms of third and higher degrees = 0. (1)

The common tangent at the origin to the two branches of the curve is
ax+ by= 0. ..(2)
Let Pbe the perpendicular to (2) from anypoint (x, y) on (1) in the neighbourhood
of the origin. Then

__ax+ by
@@+ b
p= ax+ by. ..(3)
Eliminate x or y (whichever is convenient) between (1) and (3). Suppose we
eliminate y. Then we shall get a relation between p and x. Since p is small and also there

> which is proportional to ax+ by. Let us put
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are only two branches of the curve (2) through the origin, therefore terms involving
powers of p above the second will be neglected. Thus we shall get a quadratic in p of the
form

Ap*+ Bp+ C= 0, - (4)
where A, B and C are some functions of x. Solving (4), we get
p={— B+ (B2- 4AC)}/2A. (5
Also if py, p, are the roots of (4), we get
p1py= C/A. ...(6)

The following different cases arise :

(i) Ifforall valuesofx,positive or negative, provided theyare numerically small,
the values of p given by (5) are imaginary, the origin will be a conjugate point.

(ii) If for all numerically small values of x, positive or negative, the values of p
given by (5) are real, there will be a double cusp at the origin.

(iii) If the reality of the values of p given by (5) depends on the sign of x, there
will be a single cusp at the origin.

(iv) If for numerically small values of x for which p is real, the sign of p; p, is

positive, then p; and p, will be of the same sign. Therefore the two perpendiculars lie
on the same side of the common tangent and there will be a cusp of the second species.
If, on the other hand, the sign of p; p, is negative, then p;and p, are of opposite signs.

Therefore the two perpendiculars lie on opposite sides of the common tangent and
there will be a cusp of the first species.

Note : While investigating the sign of an expression for sufficiently small values
of x, we should keep in mind only those terms which involve the lowest power of x.

14.15 | Nature of a Cusp at any Point

If there is a cusp at the point (A, k), we should first shift the origin to (%, k) and
then apply the methods given in article 14.14.

I!lustrative Examlales

Example 1: Examine the nature of the origin on the curve
(2x+ y)2— 6xy(2x+ y)— 7= 0.

Solution : The tangents at the origin are (2x+ y)2= 0. Thus there are two
coincident tangents at the origin. Therefore the origin may be a cusp or a conjugate
point.

Letp= 2x+ y.

Putting y= p— 2xin the equation of the curve, we get

p2—6xp(p—-2x)— 78 =0
or pPr(l—6x)+ 122 p— 78= 0. (1)
Let py, p, be the roots of (1). Then

— 1222 + V{144x* + 2823 (1 - 6x)}
2(1- 6x)
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_ - 62+ NP - 6
h (1- 6x)

7
and P1Pry= — ﬁx (3)

...(2)

ie.,

From (2), we see that for sufficiently small positive values of x, p is real and for
numerically small negative values of x, p is imaginary. Therefore, there is a single cusp
at the origin.

Also when x is +ive and very small, then from (3) we notice that p,p, is —ive.

Therefore p, and p, are of opposite signs. Hence there is a single cusp of the first species

at the origin.
Example 2: Determine the existence and nature of the double points on the curve

Y= (x=2)2(x-1). (Meerut 2003)
Solution : The equation of the given curve is
fey =y = (@-2*(x-1)=0. (1)

We have df/dx= — 2 (x— 2) (x— 1) — (x— 2)2
- x-2){2(x—- D+ (x—2)}=- (x—2)(Bx— 4)
and of/dy= 2y.
For double points, df/dx= 0, df/dy= 0and f(x,y) = 0.
Here  df/dx= 0gives (x— 2) Bx— 4)= Oie,x= 2,4/3
and df/dy= 0 gives y= 0.
.. the possible double points are (2, 0), (4/3,0).
Out of these only (2, 0) satisfies the equation of the curve. Therefore (2, 0) is the
only double point on the given curve.

Nature of the double point at (2,0): Shifting the origin to the point (2, 0), the
equation of the curve becomes

V= (x+2-22x+2-1) ie, ¥=x2(x+ 1) (2)
Equating to zero the lowest degree terms in (2), the tangents at the new origin
are V- x2=0 ie, yY=x* ie, y=*=x.

Thus there are two real and distinct tangents at the new origin. Therefore the new
origin is a node.
Hence there is a node at the point (2, 0) on the given curve.
Example 3 : Examine the nature of the double points of the curve
203+ Y) = 3032+ YY)+ 12x= 4.

Solution : The equation of the given curve is

fN=2+ V) - 3062+ ¥+ 12x— 4= 0. (1)

o _ (o I e
We have > = 6x2— 18x+ 12 and 3= 6y* — 6y.

% 0. ¥ 0andfxy= 0.

For the doubl ints, = ,
or the double points, =~ dy

Here %: 0 gives 6x2— 18x+ 12= 0

ie., 2= 3x+2=0 ie, (x— 1) (x=2)=0ie,x=1,2
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and %‘: 0gives 62— 6y=0 ie, y(y—- 1)=0 ie, y=0,1.
.. the possible double points are (1,0), (1, 1),(2,0) and (2, 1).
Out of these only (1, 1) and (2, 0) satisfy the equation of the curve. Therefore

(1, 1) and (2, 0) are the only double points on the given curve.

2 2 2
af 12x— Saf af 12y- 6.

2 avay” g2
a2~ Ty g

2 £)2 2 2
-. at the point (1, 1),[826;) = Oand%. gyg: - 36.

awjz ?f P
Thus at the point (1, 1), [ > ax2~ ay2~
Therefore there is a node at the point (1, 1).
Pf_ o Ff _ 0
a2 Toxdy oy
azf)2 %f Pf

.. at the point (2,0), [8 dy > 22 o2

Thus there is a node at the point (2, 0).

Example 4 :  Find the nature of the origin on the curve a*y* = x* (x> — a?).
(Meerut 2006B)

Solution : The given curve is a* y2 = A2 - d?). ..(1)

Now

At the point (1, 1),

At the point (2,0), - 6.

Equating to zero the lowest degree terms in the equation of the curve, we get the
tangents at the origin as a*y*= 0i.e.,y= 0,y= 0are two real and coincident tangents
at the origin.

Thus the origin may be a cusp or a conjugate point.

From (1), y=* (Z/a)NGE - a?)

For small values of x# 0, + ive or —ive, (x> — a?) is —ive i.e., yis imaginary. Hence
no portion of the curve lies in the neighbourhood of the origin. Hence origin is a
conjugate point and not a cusp.

Example 5 : Show that the origin is a conjugate point on the curve

- axy+ axy*+ a>y*= 0.

Solution : Equating to zero, the lowest degree terms in the given curve, the

tangents at the origin are given by

a’y¥=0 ie, y*=0ie., y= 0,y= 0.
Thus there are two real and coincident tangents at the origin
origin is either a cusp or a conjugate point.
Now the equation of the given curve is
ay* (x+ a) — ay+ x*= 0.
Solving it for y, we have
axt+ \/{a2x4— dax* (x+ a)} axt+ xz\/(— dax— 3d?) )

2a(x+ a) B 2a (x+ a)
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Now for small values of x# 0, (= 4ax— 3a?) is — ive. Thus yis imaginary in the

neighbourhood of origin.

Hence origin is a conjugate point.

s

10.

11.

@)mprehensive Exercise 2

Write down the equations to the tangents at the origin for the following curves :
(1) Y (a-x=x2(a+ », (i) x*+ 35 y+ 2xy— ¥ =0,

(iil) 2+ ¥ 2a— x) = b%x.

For the curve y2 (@®>+ ) = 2 (a® - x?), show that the origin is a node.

Show that the origin is a conjugate point on the curve y> = 2x2 y+ x*y— 2x*

Show that the curve x3 + x2 y= ay? has a cusp at the origin.
Find the position and nature of double points of the following curves :

(1) Y=+ ax’ (Meerut 2013B)
(i) ¥+ 3ax®+ ¥ =0

(ii1) o+ y3 = 3axy. (Agra 2006; Rohilkhand 07; Kumaun 08; Meerut 12B, 13)
(iv) o+ y3 = 3xy. (Meerut 2001, 05; Agra 14)
V) a*y = ¥ (2x%2 - 3d?). (Meerut 2007B)
(vi)x* = 28— 32— 22+ 1= 0.

(vii) x*+ Y+ 222+ 3y2= 0. (Bundelkhand 2001; Meerut 07; Avadh 13)

Show that the curve y?> = bxtan (x/a) has a node or a conjugate point at the origin
according as a and b have like on unlike signs.

Prove that the curve ay*= (x— a)?(x— b) has at x= g, a conjugate point if
a< b,anodeifa> b,and acuspifa= b.

Show that the curve y> = (x— a)? (2x— a) has a single cusp of the first species at
the point (a, 0).

Examine the curve x> + 2x2+ 2xy— y*+ 5x— 2y= Ofor singular points and show
that it has a cusp of the first kind at the point (- 1,— 2).
Determine the position and character of the double points on :
1) y(y—6)=x2(x— 2)3- 0. (Rohilkhand 2008, 09)
(i) y(y—- D= (x— 2)% (Meerut 2000, 02; Gorakhpur 05; Rohilkhand 12)
(iii) 2 — Y= 72+ 4y+ 15x— 13= 0.
(iv) ¥ = x(x— a)?= 0,(a> 0).
v) y¥-x=0.
(vi) a*y?= x*(a®- 1.
(vii) = ¥ (9- ).
Find the position and nature of the double points on the curve
2y = (a+ )2 (B - P if
(i) b> a, (ii) b= a, (iil) b< a.
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12. Discuss the nature of double points of the curve (x+ y)3 - \/2(x— v+ 2)2 = 0.

13. Show that the curve (xy+ D2+ (x— D3 (x— 2)= Ohasa single cusp of the first
species at the point (1,— 1).

@nswers 2

1. (i) y= £ x, (ii)) y= 0,y= 2x, (ii1) x= 0.
5. (i) A cusp at the origin. (i) A conjugate point at the origin.
(iii) A node at the origin. (iv) A node at the origin.

(v) A conjugate point at the origin.
(vi) Nodes at the points (0,— 1), (1,0) and (- 1,0).
(vii) A conjugate point at the origin.
10. (i) (0,3)isaconjugate pointand at (2, 3) there is a single cusp ofthe first species.
(ii) (2, 1) is a node.
(iii) Node at (3,2).
(iv) Node at (a, 0).
(v) Single cusp of the first kind at (0, 0).
(vi) Double cusp of the first species at (0, 0).
(vii) Node at (0, 0).
11. (i) When b> aq, the point (0,— a) is a node.
(ii) When b= a, the point (0, — a) is a single cusp of first kind.
(iii) When b < a, the point (0,— a) is a conjugate point.
12. There is a single cusp of the first species at (— 1, 1).

14.16 | Curve Tracing (Cartesian Equations)

To find the approximate shape of a curve whose cartesian equation is given, we
should adopt the following procedure :

1. Symmetry: First we should find if the curve is symmetrical about any line.
In this connection the following rules are helpful :

(i) If in the equation of a curve the powers of y are all even, the curve is
symmetrical about the axis of x i.e., the shape of the curve above and below the axis of
x is symmetrical. The obvious reason is that the equation of the curve in this case
remains unchanged if we replace y by — y. Thus the parabola y* = 4ax is synmetrical
about the axis of x.

(ii) If in the equation of a curve the powers of x are all even, the curve is
symmetrical about the axis of y. For example, the parabola x> = 4byis symmetrical about
the axis of y.

(iii) If the equation of a curve remains unchanged when xis replaced by — x and

y isreplaced by — y, then the curve is symmetrical in opposite quadrants. For example,
the curve xy= ¢?is symmetrical in opposite quadrants.

(iv) If the equation of a curve remains unchanged when xand yare interchanged,
the curve is symmetrical about the line y= x, (i.e., the straight line passing through the
origin and making an angle 45° with the positive direction of the axis of x). For example,

the curve x> + y° = 3axyis symmetrical about the line y= x.
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2. Nature of the Origin on the Curve : We should see whether the curve passes
through the origin or not. If the point (0, 0) satisfies the equation of the curve, it passes
through the origin. In order to know the shape of a curve at any point, we should draw
the tangent or tangents to the curve at that point. Therefore if the curve passes
through the origin, we should find the equation to the tangents at origin by equating to
zero the lowest degree terms in the equation of the curve. If there are two tangents at
the origin, then the origin will be a double point on the curve. We should also observe
the nature of the double point.

3. Points of intersection of the curve with the co-ordinate axes :

We should find the points where the curve cuts the co-ordinate axes. To find the
points where the curve cuts the x-axis we should put y= 0 in the equation of the curve
and solve the resulting equation for x. Similarly the points of intersection with the y-axis
are obtained by putting x= 0 and solving the resulting equation for y. We should also
obtain the tangents to the curve at the points where it meets the co-ordinate axes. In
order to find the tangent at the point (4, k), we should shift the origin to (4, k) and then
the tangent or tangents at thisnew origin will be obtained byequatingto zero the lowest
degree terms. The value of dy/dx at the point (4, k) can also be used to find the slope of
the tangent at that point.

4. We should solve the equation of the curve for yor x whichever is convenient.
Suppose we solve for y. Starting from x= 0, we should see the nature of yas xincreases
and then tends to + oo . Similarly we should see the nature of y as x decreases and then
tends to — « . We should pay special attention to those values of x for which y= 0 or
— infinity.

If we solve the equation of the curve fory and the curve is symmetrical about y-axis,
then we should consider only positive values of x. The curve for negative values of x can be
drawn from symmetry and there is no necessity of considering them afresh.

However, if we solve the equation for y and there is symmetry only about x-axis,
then we are to consider both positive as well as negative values of x. If the curve is
symmetrical in opposite quadrants, or if there is symmetry about the x-axis, then only
positive values of yneed be considered.

If y — infinity as x —a, then the line x= a will be an asymptote of the curve.
Similarly if x = infinity as y = b, then the line y= b will be an asymptote of the curve.

5. Regions where the curve does not exist : We should find out if there is any
region of the plane such that no part of the curve lies in it. Such a region is easily
obtained on solving the equation for one variable in terms of the other. The curve will
not exist for those values of one variable which make the other imaginary. For example,
in the curve

a’y*= x2(x— a) 2a— x),
we find that for 0< x< a,)? is negative, i.e., y is imaginary. Therefore the curve does
not exist in the region bounded bythe linesx= Oandx= a.Fora< x< 2a, y*ispositive
i.e.,yis real. Therefore the curve exists in the region bounded by the lines x= a and
x= 2a. Thus if y is imaginary when x lies between a and b, the curve does not exist in
the region bounded by the linesx= a and x= b.

6. Asymptotes : We should find all the asymptotes of the curve. If an infinte
branch of the curve has an asymptote, then ultimately it must be drawn parallel to the
asymptote. The asymptotes parallel to the x-axis can be obtained by equating to zero
the coefficient of the highest power of x in the equation of the curve. Similarly the
asymptotes parallel to the y-axis can be obtained by equating to zero the coefficient of
the highest power of yin the equation of the curve.
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7. Thesignof dy/dx: We should calculate the value of dy/dxfrom the equation
of the curve. Then we shall find the points at which dy/dx vanishes or becomes infinite.
These will give us the points where the tangent is parallel or perpendicular to the x-axis.

Ifin anyregion a < x< b, dy/dxremains throughout positive, then in this region
y increases continuously as x increases. If in any region a< x< b, dy/dx remains
throughout negative, then in this region y decreases continuously as x increases.

8. Special Points : If necessary, we should find the co-ordinates of a few points
on the curve.

9. Points of inflexion : While drawing the curve if it appears that the curve
possesses some points of inflexion, then their positions can be accurately located by
putting d? y/dx? or d* x/dy* equal to zero and solving the resulting equation.

Taking all the above isolated facts into consideration, we can draw the
approximate shape of the curve.

Illustrative Examlales

Example 1 (a) : Trace the curve ay* = x3. (semi-cubical parabola).

Solution : We note the following facts about this curve :

(i) Since in the equation of the curve the powers of yare all even, therefore the
curve is symmetrical about the axis of x.

(ii) The curve passes through the origin.

(iii) Equating to zero the lowest degree terms in the equation of the curve, we
get the tangents at the origin. Therefore the tangents at origin are

ay*=0 e, y=0,y=0. Y
Thus the origin is a double point and it may be a

cusp since there are two coincident tangents at the origin.
(iv) The curve does not intersect the coordinate

axes anywhere except the origin. — |

(v) Solvingthe equation of the curve for y, we get X ¢ X
o

a

When x= 0,y>= 0. 7'

When x> 0,)? is positive i.e.,y is real. Therefore
the curve exists in the region x> 0.

As xincreases, y* also increases and when x —oo, y> —>00 .

When x< 0, is negative i.e., yis imaginary.

Therefore the curve does not exist in the region x< 0.

(vi) Obviously the curve has no asymptotes.

(vii) The curve exists in the neighbourhood of origin where x> 0. Also x-axis is
acommon tangent to the two branches of the curve passingthrough origin. Hence origin
is a cusp.

Taking all these facts into consideration, the shape of the curve is as shown in the
adjoining figure.

Example 1 (b) : Trace the curve y2 = . (Bundelkhand 2006)
Solution : Proceed asin part (a).

Example 2 : Trace the curve y2 (2a— x)= . (Cissoid)

(Meerut 2001, 11; Agra 06; Rohilkhand 06; Bundelkhand 08;
Avadh 12; Kashi 12, 14)
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Solution : We note the following particulars about the curve :

(i) Itis symmetrical about the axis of x, since the powers of y that occur are all
even.

(ii) The curve passes through the origin and the tangents at the origin are
2ay*= Oie.,y= 0,y= Oare two coincident tangents at the origin. Therefore the origin
may be a cusp.

(iii) The curve meets the coordinate axes only at the origin.

(iv) Solving the equation of the curve for y, we get y* = x°/(2a — x).

When x= 0,y*= 0. When x —2a,y*> —oo . Therefore x= 2a is an asymptote of
the curve.

When 0< x< 2a,)? is positive i.e., y is real. Therefore the curve exists in this
region.

When x> 2a,)? is negative i.e., y is imaginary. ¥
Therefore the curve does not exist in the region
x> 2a.Whenx< 0,)*isnegative. Therefore the curve
does not exist in the region x< 0. Since the curve
exists in the neighbourhood of origin where x> 0,
therefore there is a single cusp at the origin.

(v) Puttingy= m and x= 1in the third degree
terms in the equation of the curve, we get
b5 (m)= m%2+ 1. The roots of the equation

x=2a

<N

m?+ 1= 0are imaginary, therefore x= 2a is the only v
real asymptote of the curve.

. . ] 8372
(vi) For the branch of the curve lying above the x-axis, we have y= m~
dy (Ba-x) Vx
“dx (2a- x)?3
Butx= 3aisoutside the range of admissible values of x. Therefore dy/dxvanishes
at no admissible value of xexcept x= 0.
When 0< x< 2a,dy/dx is positive. Therefore in this region y increases
continuously as x increases.
Combining all these facts, we see that the shape of the curve is as shown in the
adjoining figure.

> which vanishes when x= 0, or 3a.

Example 3 (a) : Trace the curve y2 (a+ x)= ¥ (a— x).
(Meerut 2000, 13; Kanpur 10; Bundelkhand 11; Avadh 13)

Solution : (i) The curve is symmetrical about x-axis.

(ii) The curve passes through the origin. The
tangents at origin are a (Y*— x%)= 0 ie,y= * x. Since
there are two real and distinct tangents at the origin,
therefore the origin is a node on the curve.

(iii) The curve intersects the x-axis where
y= Oi.e.,xz(a— x)= 0.

Therefore the curve intersects the x-axis at
(0,0), (a,0).

The curve intersects the y-axis only at origin.

(iv) Tangent at (a,0). Shifting the origin to
(a, 0) the equation of the curve becomes
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y2 Qa+ )= (x+ a)?{a- (x+ a)}
or y2(2a+ x) = — x(®+ 2ax+ d?).
Equating to zero the lowest degree terms, we get x= 0 (i.e., the new y-axis) as the
tangent at the new origin. Thus the tangent at (a, 0) is perpendicular to x-axis.
(v) Solving the equation of the curve for y, we get
V= x2(a- x)/(x+ a).
When x= 0,y*= 0and when x= a, y*= 0.
When 0< x< a,y?is positive. Therefore the curve exists in this region.
When x> a,)? is negative. Therefore the curve does not exist in the region
x> a.
When x —>— a,y* —oo . Therefore x= — ais an asymptote of the curve.
When — a < x< 0, is positive. Therefore the curve exists in this region.
When x< — a,)? is negative. Therefore the curve does not exist in the region
X< — a.
(vi) Puttingy= mandx= 1inthe highesti.e,thirddegree termsin the equation
of the curve, we get ¢4 (m) = m?+ 1. The roots of the equation 05 (m)= 0 are

imaginary. Therefore x= — ais the only real asymptote of the curve.
(vii) For the portion of the curve lying in the first quadrant, we have
_aflle=nl (- vl
Y (a+ %) (1+ x/a)l2

When 0 < x< a,yislessthan x. Therefore the curve liesbelowthe line y= xwhich
is tangent at the origin.
For the portion of the curve lying in the second quadrant, we have

(1- x/a)l?2 ,
(1+ x/a)l”?
When — a< x< 0, yis greater than the numerical value of x. Therefore the curve

lies above the tangent y= — x.
Hence the shape of the curve is as shown in the figure.

y= — x< 0.

Example 3 : (b) Trace the curve yz (a+ x)= X2 (Ba— x). (Purvanchal 2011)
Solution : Proceed asin part (a).
Example 4 :  Trace the curve y* (x> + y*) + a®> (x> — y*) = 0.
Solution : (i) The curve is symmetrical about both the axes.
(ii) It passes through the origin and a? (x>~ y*) = 0 i.e., y= * x are the two
tangents at the origin. Therefore the origin is a node.
(iii) The curve intersects the x-axis only at origin. It intersects the y-axis at
(0,0),(0,a) and (0,— a).
(iv)  Shifting the origin to (0, @) , the equation of the curve becomes
b+ @2 (2+ (y+ @+ @ (2= (y+ @2} = 0
or (¥ + 2ay+ a®) {2+ ¥+ 2ay+ a®} + a*> (2= y¥* - 2ay— a®) = 0.
Equating to zero the lowest degree terms, we get
2a3 y+ 2a3y— 2a3y= 0ie,y= 0
as the tangent at the new origin. Thus the new x-axis is tangent at the new origin.
We need not find the tangent at (0, — a) as the curve is symmetrical about x-axis.
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(v) Solving the equation of the curve for x, we get
=y (@ - Y)/(@+ y).
When y= 0,x%= 0and when y= a,x*>= 0.
When 0< y< a,x? is positive. Therefore the curve exists in the region
0< y< a.
When y> a,x? is negative. Therefore the curve does not exist in the region
y> a.
We need not consider the negative values of yas the curve is symmetrical about
X-axis.
(vi) The asymptotes parallel to x-axis are given bya? + y*= Oie.,y= * ia.Also
b, (m)= m2(1+ m?2).Itsrootsare m= 0,0,i,— i. The asymptotes corresponding to
m = (0 are imaginary. Hence all the four asymptotes are imaginary.
(vii) In the positive quadrant, we have
x=y(a@® = P2+ )2 y> 0

[ ) yZZJl/Z

or X=yYr——~
1/2
[1+ yZJ

a2

When 0< y< a, we see that x is less than y.
Therefore the curve lies above the line y= x which is
tangent at the origin.

Combining all these facts, we see that the shape of
the curve is as shown in the adjoining figure.

Example 5: Trace the curve 22— 4d%) = y2 (2 - a?).

Solution : (i) Symmetry about both the axes.

(ii) The curve passes through the origin and ay?> — 4a®x*= Oie.,y= * 2x
are the tangents at the origin. Therefore origin is a node on the curve.

(iii) The curve cuts the x-axis at (0, 0), (2a,0), (— 2a,0). It cuts the y-axis only
at the origin.

(iv) Shifting the origin to (2a, 0), the equation of the curve becomes

(x+ 2a)2 (2 + 4ax) = y* (% + dax+ 3d?).

The equation to the tangent at the new origin is 164> x= 0 i.e., x= 0. Thus the
new y-axis is tangent at the new origin.

(v) Solving the equation of the curve for y, we get y* = W~

-a

When x= 0,y*= 0.

When x —a, y> —oo i.e., x= ais an asymptote of the curve.

When 0< x< a,)? is positive i.e., the curve exists in this region.

When x= 2a,y*= 0.

When a < x< 2a,?*is negative i.e., the curve does not exist in this region.

When x> 2a, y? is positive i.e., the curve exists in this region.

When x =0, y?> =0 . We need not consider the negative values of x as the curve
is symmetrical about the y-axis.

(vi) The asymptotes of the curve parallel to y-axis are given byx? — a?= 0.Thus
x= * aare two asymptotes of the curve.
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Also the equation of the curve can be written as

2 (P- D)= d® Y+ 4a> 2= 0.

0 (m)= m?— 1= 0givesm= =+ 1.
Also ¢4 (m) = 0.
For m= % 1,cis givenby c 0’y (m) + ¢5(m)= 0.
Whenm=1,c= 0.Alsowhenm= - 1,c= 0.
Therefore y= £ xare two oblique asymptotes of the curve.
(vii) In the positive quadrant, we have

_ 24’ )
V= @- D 0< x< a
XZ 172 XZ 172
or y= 2x[1—4a2J /[l—a2 .

When 0< x< a,y is greater than 2x. Therefore the curve lies above the line
y= 2x which is tangent at the origin.

Combining all these facts we see that the shape of the curve is as shown in the
above figure.

Example 6 : Trace the curve x> + y° = 3axy.  (Folium of Descartes)

(Meerut 2007, 08, 10B, 13B; Rohilkhand 08; Purvanchal 07)

Solution : (i) The curve is symmetrical about the line y= x, since its equation
remains unchanged on interchanging x and y.

(ii)) The curve passes through the origin and the tangents at origin are
3axy= 0ie.,x= 0,y= 0. Since there are two real and distinct tangents at the origin,
therefore the origin is a node on the curve.

(iii) The curve intersects the coordinate axes only at (0, 0) .

(iv) From the equation of the curve we see that x and ycannot be both negative
because then the left hand side of the equation of the curve becomes negative while the
right hand side becomes positive. Therefore the curve does not exist in the third
quadrant.

(v) The curve meets the line y= xat the point (3a/2, 3a/2) . From the equation
of the curve, we have

dy 32— 3ay’
dx 3y? - 3ax
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2 2) dx
this point makes an angle of 135° with the positive
direction of x-axis.
(vi) Asymptotes: ¢ (m)=m3+ 1.

At (361 ’ 361) &y = — 1.Therefore the tangent at

The onlyreal root of the equation ¢4 (m) = 0

ie., m3+ 1=0,ism=— 1.
Also ¢, (m)= — 3am.

Form= — 1,cisgiven byc (3m?2) — 3am= 0.
when m= - 1,¢c= - a.
Hence y= — x— ais the onlyreal asymptote of the curve.

Combining all these facts we see that the shape of the curve is as shown in the
figure.

Example 7: Trace the curve Y + x> = a® x.
(Meerut 2006, 10; Kanpur 08; Kashi 13)

Solution : (i) If we change the signs of xand yboth, the equation of the curve
does not change. Therefore the curve is symmetrical in opposite quadrants.

(ii)) The curve passes through the origin and the tangent at origin is x= 0 i.e.,
y-axis.

(iii) The curve cuts the x-axis where y= 0 i.e., x (x> — a%) = 0. Thus the curve
cuts the x-axis at (0, 0), (a,0), (- a,0).

The curve intersects the y-axis only at the origin.

2- 32
(iv) From the equation of the curve, we have ay =T

dx 3y?

At (a, 0), Z—)ycz oo i.e., the tangent is perpendicular to x-axis.

Also at (— a,0), %z — oo j.e., the tangent is perpendicular to x-axis.

(v) d—yz Oatx= + —~. Therefore the tangents at these points are parallel to
dx V3
the x-axis.
(vi) Solving the equation of the curve for y, we get > = x(a?— x?).
When x= O,y3= 0 and when x= a,y3= 0.
When 0< x< a, is positive i.e., yis positive in this region.
When x> a, )’ is negative i.e., yis negative in this region.
When x > ,y3 —— o e,y —>— oo,
We need not consider the negative values of x

as there is symmetry in opposite quadrants. Y
Asymptotes : ¢ (m)= m>+ 1,¢,(m)= 0.

The only real root of m3+ 1= 0ism= — 1. .

Also cis given by ¢ 3m?) + 0= 0. R '(a, 0)
Whenm=—-1,c= 0. of X
Hence y= — xisthe onlyreal asymptote of the o

curve. \\\\\\
Combining all these facts the shape of the TN

curve is as shown in the figure.
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@)mprehensive Exercise 3

Trace the following curves :

1. Sy=x+ 1.
2. x=(y- DH-2(y-3). (Kanpur 2009; Purvanchal 06)
3. y=x(x2-1).
4. y2= 4ax. (parabola)
5. xy2= 4a? (2a - x).(Witch of Agnesi)
6. x>y =a’(P+ y). (Gorakhpur 2006)
7. y(@2- 1= 2+ D). (Bundelkhand 2001; Kashi 11)
8. y()c2 + 4a%) = 84°. (Agra 2008)
9. Y(U-x)=x21+ 1. (Meerut 2007B; Bundelkhand 07, 10)
10. @y = ¥ (a®- ).
11. a?y?= ¥ (a- x).
12. Y @2+ 2= 2 (d?- 2. (Meerut 2001, 03, 12; Kumaun 08)
13. yx=a?(x- a).
14. 9ay’ = x(x— 3a)%
15. y2 (x+ a)= (x— a)3. (Meerut 2004, 06B)
16. 2y = (1+ y)2(@4- ).
17. y2 (x+ 3a)= x(x— a) (x— 2a). (Meerut 2005B)
18. a3y*= (x— a)* (x— b),a> b.
19. ¥ (2- 1) = x.
20. x(x— 2a)y*= a?(x— a) (x— 3a).
21. ¥*= (x— a) (x— b) (x— ¢),a> b> c.
@nswers 3
Y Yy A
<3
' 2>
j:"- -1, 0\ |0 :f /
. 5 =6 -& =2 0 T 2
YW Vi 4

Ex. 1. Ex. 2.
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14.17 | Polar Equations : Procedure for Tracing

1. Symmetry :

(i) If the equation of the curve does not change by changing the sign of 0, then
the curve is symmetrical about the initial line.

(ii) Ifthe equation ofthe curve remains unchanged by changing rinto — r, then
the curve is symmetrical about the pole and the pole is the centre of the curve.

2. Some Special points on the Curve : The curve will pass through the pole if
for some value of 8 the value of rcomes out to be zero. Also if r= 0 when 8= «, then
usually the line 6= o will be a tangent to the curve at the pole.

We should find the values of 8 for which r= 0, or ris maximum, or ris minimum,
Or r—oo .

3. Solve the equation of the curve for r and consider how r varies as 0 increases
from 0 to + oo, and also as O decreases from 0 to — . We should pay special attention
to the values of 6 found in the paragraph 2.

We should form a table of corresponding values of r and 6 which would give us a
number of points on the curve. Plotting these points we shall find the shape ofthe curve.

In the polar equations in which only periodic functions (sin 0, cos 0, tan 0 etc.)
occur, the values of 0 from 0 to 27 (or sometimes some multiple or sub-multiple of
27) need be considered, as the remaining values of 8 do not give any new branch of the
curve.

4. Regions where the curve does not exist: If ris imaginary when
o< B< B, then the curve does not exist in the region bounded by the lines 6= o and
0= B.

5. Asymptotes : Find the asymptotes if the curve possesses an infinite branch.
Ifr —o0 as® —a, we shouldnot assume that 6= aisan asymptote. The asymptote might
be parallel to the line 8= o or even might not exist at all. The asymptotes should be
found by the method given in the chapter on Asymptotes.

6. Find tan ¢ i.e., rd0/dr which will indicate the direction of the tangent at any
point. If for 8= o, ¢ comes out to be zero, then the line 6= o will be a tangent to the
curve at the point 0= o. If for 6= o, comes out to be /2, then at the point 6= «,
the tangent will be perpendicular to the radius vector 0= «.

7. Important: It is sometimes convenient to change the equation from the
polar form to the cartesian form. Remember that the relations between the cartesian
and polar coordinates are x= rcos 0, y= rsin 0.

Iltustrative Examlales

Example 1: Trace the curve r= a (1 + cos9). (Cardioid)
(Meerut 2009B; Bundelkhand 05; Rohilkhand 07)

Solution : (i) The curve is symmetrical about the initial line since its equation
remains unchanged by writing — 6 in place of 0.

(ii) r= 0,whencosO= —1ie,0=T,

ris maximum when cos0= 1,ie.,0= 0. Then r= 2a.
Also ris minimum when cos®= — 1ie.,0= m.Then r= 0.
(iii) %: — asin 0.

When 0< 0< 7, (dr/d0) is throughout negative.
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Therefore rdecreases continuously as 0 increases from 0 to 7.
do B a(l+ cos0)

(iv) Also tan ¢ = ra = 25in 0

0 = 0Owhen 6= w.Thenr= 0.

cotg
2

Therefore the line 6 = 7 is tangent to the curve at the pole.
¢ = 90°when 6= 0.Then r= 2a.Therefore the tangent at = 0is perpendicular

to the radius vector 6= 0.

(v) Since risnever greater than 2a,therefore the curve will have no asymptotes.

(vi) The following table gives the corresponding values of ® and r.

0 0 T T 2n T
3 2 3

r 2a éa a a 0
2 2

=" -
I

The portion of the curve lying in the region
T< 6< 2w can be drawn by symmetry. Hence the

shape of the curve is as shown in the figure.

Example 2 : Trace the curve r= a cos 20.

Solution : (i) The curve is symmetrical about the initial line.
(ii) r= 0,when cos20= 0,i.e.,20=* nw/2ie., 0= % /4.
Therefore the lines 6= + 7w/4 are tangents to the curve at the pole.

ris maximum when cos20= 1. Then 0= Oand r= a.

do 1
(iii) tan ¢ = = acos 20- ~2asin20
= - %cot 20.

) A=)

¢ = 90° when 20= 0 ie., 6= 0. Therefore at the point 6= 0, the tangent is

perpendicular to the radius vector 6= 0.

(iv) The following table gives the corresponding values of ® and r:

6 4 3 2 3 4 6
a 1 0 _ 1 - a _ 1 0 1
r a 54 54 5 a

The variation of 6 from & to 27 need not be
considered because of symmetry about the initial
line.

Hence the curve is as shown in the figure.
The curve consists of four similar loops, all lying
within a circle of radius a and centre at the pole.

Important: The above curve is a
particular case of the curves of the type
r= a cosn®which have nloops when nisodd and
2n loops when n is even.
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Example 3: Trace the curve r= a sin 30. (Meerut 2003; Rohilkhand 12)
Solution : (i) The curve is not symmetrical about the initial line.

(ii) r= Owhensin30= 0ie.,30=0,7,ie,0=0,7/3.

Therefore the lines 6= 0 and 6= 7/3 are tangents to the curve at the pole.
Also ris maximum when sin30= 1ie.,30= n/2i.e.,0= 1/6.

The maximum value of ris a.
(iii) tan ¢ = r@ = 1 tan 30.
dr 3
¢ = 90° when 360= nt/2ie.,0= /6.
Therefore at the point 6= ©/6, tangent is perpendicular to the radius vector

0= m/6.
(iv) The following table gives the corresponding values of ® and r:
39 | 0 n nT |3 [ 2¢ | 5S¢ | 3n | T | 4n | 9n | 5% | 1lmw | 6%
2 2 2 2 2 2
o | 0 | X | m | % om st m x| 4n | 3m|5% o lm| 2%
6 | 3 12 3 1]6 6 | 3 | 2 3 |6
r 0 a 0 |—-a| O a 0 [—a| O a 0 [—a| O

. . I L .
Here one loop ofthe curve liesin theregion 0 < 6 < 5 one loop liesin the region

T 0< 2n and one loop lies in the region
3 3 8 =2m/3 .
- \o|e=m e=m6
3 < 0< m.If Bincreases beyond 7 to 27, the same ~ N\ . PN
~ - A\

branches of the curve are repeated and we do not get N\ 0=0
any new branch. Hence the complete curve is as b=m ¢ X
shown in the adjoining figure. /| \

Important Note: The above curve is a 0 :41’1/3 *8 =5m/3
particular case of the curves of the type r= a sin n@
which have n loops when 7 is odd and 2n loops when
niseven.

Example 4 : Trace the curve r= a+ bcos0,whena< b. (Limacon)

Solution : (i) The curve is symmetrical about the initial line.
(ii) r= Owhena+ bcosB= 0ie, 0= cos ! (— Z]

Since % < 1, therefore cos™ ! (— Z] is real.

Therefore the radius vector 8= cos™ ! (— a) is tangent to the curve at the pole.

b
ris maximum when cos0= 1,ie.,0= 0. Thenr=a+ b.
Also ris minimum when cos6= — 1,ie.,0= 7.
Then r= a— b, which is negative, (cca< b).
dr .
(iii) i bsin 0.

¢ _ @__(a+ bcos@)’
ano=r, = b sin 0
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¢ = 90° when 6= 0 and 1. Therefore at the points 6= 0 and 6= 7, the tangent
is perpendicular to the radius vector.
(iv) The following table gives the corresponding values of rand 6.

0 0 /2 cos™ 1(— Z] cos” 1(— Z]< o<1 T
r a+ b a 0 ris negative a—b
Y.
A

The variation of 8 from 7 to 2% need not O%y\ |
be considered because of the symmetry about /\Q\\ | I ,
the initial line. Hence the curve is as shown in 2 @+5,0
the adjoining figure. X

Example 5: Trace the curve r= ae™®. (Equiangular Spiral)

Solution : (i) The curve is not symmetrical about the initial line.
(ii)) As B>, r—c and as 8 >— o, r—0. Also r is always positive. When
0=0,r=a.

L. dr mo
(iii) de—ame .

When — o< 0< m,% is throughout
(a,0)

positive. Therefore r increases continuously as 0 6
increases from — oo to oo . \_?/

. doe ae™® 1
(iv) tan¢ = ra: ameme: p

1
¢ = tan~ ! (m] = constant.

Thus in this curve the angle between the radius vector and the tangent always
remains constant.
Hence the shape of the curve is as shown in the adjoining diagram.

@)mprehensive Exercise 4

Trace the following curves :

1. r= 2acos0. (Circle)

2. r=a(l- cos®). (Cardioid) (Meerut 2001)
3. r=a+ bcosO,whena> b. (Limacon) (Meerut 2000)
4. = a%cos20. (Lemniscate of Bernouli) (Meerut 2002, 08; Agra 07)
5.

= a?sin 20. (Lemniscate)



SINGULAR POINTS : CURVE TRACING D-325

r= asin20. (Four leaved rose) (Bundelkhand 2009)
r= acos30. (Threeleaved rose) (Avadh 2010; Karshi 13)

2a/r= 1+ cos®. (Parabola)

1
r= 5+ cos 20. (Meerut 2004B)

10. (i) r= a(secO+ cos0).
[Hint. Changing to cartesian form, the equation becomes
Y (x— a)= x* (2a— x)].
(ii) rcos®= 2asin?@. (Cissoid. For figure, see Example 2 after article 14.16)

@nswers 4

© ® 3

L
o/

Ex. 1. Ex. 2.
YA
1\{]:% 0=m/4
| .\\ ,/.
1 ] b 4 ]
J-bm {@+5,0) N aNO = 0
> X s
Q | el e £
1 // \\
I Vi S
Vv 8=—-mn/4
Ex. 3. Ex. 4

¥ A
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t(Za. TUE)
|
|
I
o' =0
l X
! 1
|
|
I
Ex. 8
YA
- |
I :
xel
N
| 1
| 1
< : o >
X @& I 4 &
| 1
1
I
1
YW !
Ex. 9 Ex. 10

14.18 | Parametric Equations

If the equation to a curve is given in a parametric form, x= f(¢),y= ¢ (¢), then
in some cases the curve can be easily traced by eliminating the parameter. But if it is
not convenient to eliminate 7, a series of values are given to ¢ and the corresponding
values of x, yand (dy/dx) are found. Then we plot the different points and observe the
slopes of the tangents at these points given by the values of (dy/dx) .

I!Iustrative Examl:)les

Example 1: Trace the curve x= a(t+ sint), y= a(l— cost), when

- < <. (Cycloid)
on dx _ d_
Solution : Here e a(l+ cost)and e asint.
dy dy/dt asint t
Th f —_ = = =t —
SOt T awdr T a(1+ cosn . 2

(i) y= 0,whencost= lie.,t= 0.

When t= 0,x= 0,(dy/dx) = tan0= 0.

Therefore the curve passes through the origin and the axis of x is tangent at the
origin.

(ii) yis maximum when cost= — 1, ie.,t= T and — ®. When t= &, x= am,
y= 2a and (dy/dx) = oo.
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Therefore at the point = m, whose cartesian coordinates are (am, 2a), the
tangent is perpendicular to the x-axis. When t= - n,x= — an, y= 2a,
(dy/dx) = — oo

(iii) In this curve y cannot be negative. Therefore the curve lies entirely above
the axis of x. Also no portion of the curve lies in the region y> 2a.

(iv) Corresponding values of x, y and (dy/dx) for different values of 7 are given
in the following table :

t - _ 1 0 1 T
2T 2T

x Tt —aGme 1) 0 aGm+ 1) an

y 2a a 0 a 2a

dy/dx — oo -1 0 1 oo

. . . Y

If we put — rin place of 7in the equation of ¢ =-= t=mn
the curve, we get x= — a(t+ sinf), and if; o if; o

y= a (1 — cost). Thus for every value of y, there
are two equal and opposite values of x. Therefore
the curve is symmetrical about the y-axis. Hence
the shape of the curve is as shown in the diagram.

X

Example 2 :  Trace the curve X3 + y*/3 = ¢%/3.  (Astroid) (Rohilkhand 2013B)

Solution: The parametric equations of the curve are

3 3¢

X= acos’t,y= asin

dy dy/dt 3asin® t cos t
We have = = = - = — tant.
dx dx/dt 3a cos? tsin ¢

Also the equation of the curve can be written as

[;CZZJI/3+ [222}1/3: L

We observe the following facts about the curve.
(i) The curve is symmetrical about both the axes.
It is also symmetrical about the line y= x.

(ii) The curve does not pass through the origin.
(iii) The curve cuts the x-axis, where y= 0

1/3
ie., [sz =1 ie., %z 1 ie, x==a.
a

a2

Thus the curve cuts the x-axis at (a,0) and (- a,0).
Similarly the curve crosses the y-axis at (0, a) and (0, — a).
(iv) At the point (a,0), we have x= a.
Therefore cos® 7= 1 and thus 7= 0.

d

h =0,—7=0.
When ¢ O’dx 0
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Hence at the point (a, 0), the x-axis is tangent to the curve.
Again at the point (0,a), we have y= a.

Therefore sin3 7= 1 and thus ¢t = %

Tody

When 7= S Pl

Hence at the point (0, a), the y-axis is tangent to
the curve.

(v) The values of sint and cost cannot
numericallyexceed 1. Therefore in this curve the values
of xand y cannot numerically exceed a. Therefore the
entire curve lies in the region bounded by the lines
xX=a,x=—a,y=aandy= — a.

Hence the shape of the curve is as shown in the diagram.

@)mprehensive Exercise 5

Trace the following curves :
1. x=a(t+ sint),y= a(l+ cost),— n< t< . (Cycloid)
x=a(t— sint),y= a(l— cost). (Meerut 2005)

3. x=acost+ %alogtan2 (¢/2),y= asint. (Tractrix)

@nswers S5

¥
t=10
I I
| 2a I
an a @
t=-m 0 t=m x O ly=10 2an t=2m
Ex. 1 Ex. 2
YA
I =n/2,y=a
X=>—0co,t=>()
(@]

=

Ex. 3.
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10.

11.

12.

13.

@jective Type @Questions

Fill in the Blanks:

Fill in the blanks “...... ”, so that the following statements are complete and correct.
At the point of inflexion

d?y d?y

ﬁ = 0O and ﬁ ...... . (Agra 2007)
If the two branches through a double point on a curve are real and have different
tangents there, the double point is called a ...... . (Kumaun 2008)

The double point on the curve x> + y3 = 3axy is ...... .
The curve y2 (1 — x2) = x2 (1 + x2) is symmetrical about ...... )

If the equation of the curve r= f(0) does not change by changing the sign of 0,
then the curve is symmetrical about the ...... .

The curve x3 + y3 = 3axy is symmetrical about ...... . (Bundelkhand 2006)

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

The tangents at origin to the curve x>+ y3 = 3axyare

(a) x=0,y=20 (b) x=0,y=1

(¢) x=1,y=0 (d) x=1,y=1

The curve y= x> is symmetrical about the

(a) x-axis (b) y-axis

(c) both the axes (d) opposite quadrants

(Bundelkhand 2008)
The number of loops in the curve r= a cos20is

(a) 1 (b)y 2 () 3 (d 4

The curve r= a sin 30 is symmetrical about the

(a) initial line (b) pole

(c) theline 0= % (d) there is no symmetry
e d?y d3y

At the point of inflexion of the curve x= f(y), — = 0and —— is not equal to

dx? dx3

(a) 1 (b) 0

(c) —1 (d 2 (Bundelkhand 2007)

Equation of Lemniscate is

(a) r= acosH (b) r= asinB

(¢) r?’=a?cos20 (d) none (Rohilkhand 2008)

True or False:
Write ‘T’ for true and ‘F’ for false statement.

Ifthe two branches through a double point on a curve are real and have coincident
tangents there, then the double point is called a node.
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14. Ifthe equation of the curve r= f(0) remains unchanged on changing the signs of
rand O both, the curve is symmetrical about the line 6= % (Meerut 2001, 09)
15. Ifthe equation of a curve remains unchanged even when xand yare interchanged,
the curve is symmetrical about the line y= x.
16. A point of inflexion is a point at which a curve is changing concave upward to
concave downward, or vice-versa.
@DSWGI'S
1. # 0. 2. node. 3. (0,0). 4. both the axes. 5. initial line.
6. y=nx 7. (a). 8. (d). 9. (d). 10. ().
11. (b). 12. (¢). 13. F. 14. T. 15. T.
16. .
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