LESSON 1
COMPLEX NUMBERS

This topic is a preparation to more complex engineering mathematics such as Laplace
Transforms, Fourier Series and Fourier Transform.

At the end of the discussion , the students are expected to

a. apply the properties of complex numbers in getting roots,

b. solve problems involving powers and logartithm

c. solve problems involvoving trigonometric and hyperbolic functions.

d. Apply Complex Numbers in Engineering Mechanics such as component and resultant of
forces .

1.1 Definition
The Complex Number z is the number z = x+ jy
where:
x is the real part
jy is the imaginary part
and | =+-1
(Note jand i are used interchangeably )

1.2 Integral Powers of j
j = A1
= -
P=pj=-=-
jpe(pp=(1p="1

Example 1
Simplify the following:
a.
b. j12
c.
Solution:
a. Divide 243 by 4 and get the remainder.
24314 = 60 %
P = (FRF = 1()=-]
b. 132/4= 33 j132= (j#)33=1
c. 182/4= 452/4  then j182 =j2=-1
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1.3 Arithmetic of Complex Numbers
Example 2
Let A=4+3] B=-8-7]
Addition:

A+ B=4+3j+ (-8-T7j)

= -4 -4
Subtraction:
A-B=4+3-(-8-7))
=12+ 10]

Mutiplication:

AB = (4 +3))(-8-7))
=4(-8) +4(-7]) +3j(-8)-21j?
-32 - 28) - 24j+ 21

=-11-52
Division:
AB = 4+—3J
-8-7]

Multiply numerator and denominator by
conjugate of -8-7j i.e. =8 +7]
AR = 4+3]_ .—8+7j-
-8-7) —-8+7]
(4+3))(-8+7j) —32-24j+28j+21j?

A/B= _ ~ = :
(-8-7j)(-8+7j) 64—49j°
= (-3 +4j)/ 113
= -53/113 + 4j/113
1.4 Theorems on Complex Numbers
a. Ifa+bj=0 then a=0andb=0.
b. If a+bj=c+dj then a=b andc= d.
c. If (a+bj)(c+dj)=0 then
a+tbj=0or c+dj=0 or bothareO.

Example 3

Find the values of x and vy if
(3x+4y)+(7x-2y+5)j= 4+2

Solution:

3x+4y=4 and 7x-2y+5 =2 or 7x-2y=-3
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Solve simultaneously:
x+4y= 4

7x-2y=-3

x=-217 and y= 37/34

Example 4:
Find the two square roots of -3 -4;j.
Solution:
Let x+ jy= V(-3-4j)
Then (x+jy)?2 =-3- 4
X2+ 2xyj +jy?=-3 -4
X2—y2 +2xyj =-3 -4

Using Theorem b of 1.4

-y =-3 (1)
2xy = -4 (2)
From (2) y=-2/x
Plug this to (1)
X2 - (-2/x)2 =-3
x4 - 4 = -3x2
x*+3x2-4=0

(x2-1)(x2+4)=0
xisreal thus x2-1=0
(x-1(x+1)=0
x=1,-1 y=-22
Theroots are (1,-2),(-1,2)
The 2 square roots are 1-2i and -1+ 2i

1.5 Geometric Representation of Complex Numbers.
A complex number x + jy is geometrically represented by a directed line segment (vector)

1 %)

that joins the origin and (x,y). (Figure 1)
Figure 1

where x=rcos® y=rsinB
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tan 6 = y/x

r=4x®+y?

0 is the argument
r is the modulus or absolute value of z (|z|)
0 is usually given in principal value.
—180deg < 6 <180 deg
1.6 Polar Form of Complex Number
Z=X+]y
z=rcosB+jrsind
z= r(cosB+jsinB)
or z=rcisB or z=rL8

1.7 Principal Value of 6
The argument is in its principal value if
-1800<B=< 1800

1.8 Exponential Form:
From Eulers Formula:
ef=cosB+jsin0
Then: r(cosB+ jsinB ) = reb®
where 0 is expressed in radians.
Exponential Form of z =x + jy
is z=re® where Bisinradians

and r=4x’+y?
The General Polar form of z=x +jy
is z=r L (0+k(360)) where
k= 0,1, +2...
The General Exponential Form is

z = re/ (k@) e

k= 0,+1,+2.... and 0 isinradians
(Note: + means counterclockwise rotation and — means clockwise rotation )

Example 4
Find the polar . general polar , exponential and general exponential formof -5-7j.
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Solution: Let z= -5-7]
Xx=-5 ,y=-7 (3d9quadrant)
r2 =x2+ y2 = (_5)2 + (_7)2

r= 8.6023
tana= y/x = 7/5 (Assumexandy areboth +)
o< = 54.460

Then 8= -180+54.460= -125.540
(quadrant 3) Note 6 is the principal value.
Polar Form:

z= 8.6023 L -125.540
General Polar Form:

z2=8.6023_[-125.54 + k(360)]
Exponential Form:

Convert -125.549 to rad
-125.540 =-2.191 rad

Exponential Form:

2 =8.6023 e219i
General Exponential Form

zZ= 86023 e-2.191j+ k(2m)

1.10 Phasor Algebra
Let A=riLLO® and B=rnlL a
It can be shown that:
AB = (L8 )(rL a)
=l (60+a)
AB = i L (6-0)
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Example 5
Let A= 20300 and B=14L -150

C= 131 1240
Evaluate (Express the result in rectangular form)
a. ABC
b. BIC
c. A(B+C)
Solution:

a. ABC= (2001300 )(14L_ -150)( 13 1249)
3640 L (30-15+124)
3640 L (139)
3640 (cos 139 +jsin 139)
-2747.14 + 2388.05 |
b. B/C = 141 -150 [ 131 1240
=14/13 L (-15-124)
= 14/13 L -1390
=14/13 (cos -139 + jsin-139)
= -0.813 -0.707
c. AJ(B+C)
B+ C=14L 150 + 131 1240=
14 (cos (-15) +jsin (-15) ) + 13 (sin 124 +sin 124)
= 13.52-3.62j+ -7.27 +10.78j
= 6.25+7.16i = 9.504 L_48.880
Then A/(B+C) =
2001300 /9.504_48.880 =
2104 (30-48.88)=2.104L_ -18.88
= 1.99- 0.68

Example 6
e?l +el
2]

Evaluate

Solution:
ed+ e =1L(2x57.30) + 1L (1x57.30)
Note: 1 rad =57.3 deg

=1 111460+ 1 L 57.3
-0.416+0.909 )+ 0.54 + 0.841]
0.124 + 1.75j
e’ +e

2]

Then

= (0.124 + 1.75)/ (2))
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= 0.875- 0.062j
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